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Abstract— This paper describes an algorithm for building
fuzzy hierarchies. This is, hierarchies where the elements can
have fuzzy membership to the nodes. The paper presents an
approach that mainly follows a bottom-up strategy, and describes
the functions needed to operate with fuzzy attributes. An example
of the application of the approach is also presented.

I. I NTRODUCTION
Clustering algorithms have been studied for a long time,
and are used nowadays for a large number of applications.
They are sucessfully in use in systems for information access,
data mining or computer vision. Different algorithms have
been developed using different approaches and considering
different underlying assumptions on the data and on the final
set of clusters. c-means, fuzzy c-means, self-organizing maps
are some of the well known clustering algorithms. Existing
algorithms can be classified according to several dimensions.
Some of them are described below:
One of such dimensions is the direction of the clustering
process. In this case, methods are divided into agglomerative ones and partitive ones. Agglomerative algorithms build
clusters gathering together those records that are similar. This
situation corresponds to a bottom-up strategy (or a bottom-up
direction) i.e. from individual records to the set that contains
all records. Partitive algorithms, instead, follow a top-down
strategy. This is, clusters are defined by partitioning larger
sets of records.
Another dimension corresponds to the membership of
records to clusters. In this case, we can distinguish among
crisp, fuzzy and probabilistic clusters. In crisp clusters, membership of a record into a cluster is boolean. This is, the record
either belongs or not to the cluster. Instead, in the case of fuzzy
clusters, membership is a matter of degree (in [0, 1]). At the
same time, individual records can belong to several clusters. In
the case of probabilistic clusters, membership is boolean but
there is a distribution of probability of belonging to clusters.
A third dimension is the structure of the clusters. In short,
this is whether the clusters themselves define a structure and,
if so, which is the structure they define. The simplest case
is when no structure is defined. Each cluster is understood
as an independent object. Alternatively, clusters can define
hierarchies or other complex structures.
Such dimensions can be used to classify clustering methods.
For example, agglomerative clustering methods are bottom-up
(agglomerative) crisp methods that naturally lead to hierarchical cluster structures. c-means is a top-down (partitive) crisp

method where clusters do not have any particular relation.
Fuzzy c-means is also a top-down (partitive) algorithm that
lead to fuzzy clusters (fuzzy memberships of elements to
clusters). Self-Organizing Maps (SOM) is also a partitive crisp
algorithm but in this case, a grid structure is established among
clusters. Several variations of SOM exist, corresponding to
different structures established among clusters, being in most
of the cases two-dimensional structures of clusters.
In this paper we study an approach to hierarchical clustering. In particular, we propose a method to build hierarchies of
clusters where membership to clusters is fuzzy.
The structure of the paper is as follows. In the rest of
this section, we motivate our work and relate it with existing
approaches. Then, in Section II, we review fuzzy c-means.
In Section III we consider distance functions for fuzzy sets.
This is needed to compute the distance between pairs of
fuzzy sets when building fuzzy clusters from fuzzy clusters.
In Section IV, our new approach is described. Section V
describes some experiments. The paper finishes with some
conclusions and directions for future work.
A. Motivation and previous work
The motivation of this research is rooted in some research
we have done applying fuzzy clustering methods to information access and privacy preserving data mining. In our
GAMBAL system for information access and document visualization (partially described in [11]), users navigate through
sets of textual documents through a hierarchical structure of
clusters. The extension of GAMBAL using fuzzy clustering,
and fuzzy hierarchies, permits that the user access documents
through different points of the hierarchy. This increases the
flexibility of the system. With respect to privacy preserving
data mining, we have developed algorithms for database protection. Here, we understand database protection as the process
applied to a database so that confidentiality is assured for the
individuals represented in the database. A microaggregation
method based on fuzzy clustering was developed. Hierarchical
fuzzy clustering [10] is used to ensure that all clusters are small
enough for assuring a low information loss, but not too small
to avoid disclosure risk.
To work in such environments, we developed a system
for computing a hierarchical structure of fuzzy clusters that
used a top-down strategy. The approach started constructing
the hierarchy applying a partitive fuzzy clustering techique
(as fuzzy c-means) to a crisp set of elements. Then, once

the hierarchy was already defined, an iterative process was
applied to partition those clusters that were too large. In each
iteration, one large fuzzy cluster was selected and a partitive
fuzzy clustering technique was applied to it. In this way, new
subclusters were obtained and the hierarchy was enlarged to
include them. This is detailed in Algorithm 1.
Algorithm 1 Top-down algorithm
Algorithm TopDown (X: data) returns fuzzyHierarchy
begin
P := Partition (X);
while exists p ∈ P such that |p| is large do
select p with large |p|;
p0 := Partition(p);
include p0 in P and link p0 with p;
end while
return(P );
end
As indicated, when a fuzzy set µ was selected for being too
large, it was partitioned again using a fuzzy clustering method
into fuzzy clusters µi . At this point, as we used standard
fuzzy c-means the algorithm required to start with a crisp
partition. Such partition was defined from the support of the
fuzzy cluster, selecting those elements that had membership
above a certain threshold α. This is, we defined X 0 := {x|x ∈
X, µ(x) ≥ α}. The partition of X 0 lead to a value µ0i (x) for
each subcluster i. Once the domain X was partitioned into
fuzzy sets µ0i , the new clusters were added to the tree and the
membership of x to each subcluster in the tree was defined as a
combination of the membership of x to µ and the membership
of x to subclusters µi . In short, membership of x to each
subclusters was defined as the product of the membership
to the original cluster µ(x) and to the new one. This is,
µi (x) = µ(x) · µ0i (x). In this way, when an element x had
a low membership to µ it should also have a low membership
to each of the subclusters. An important consequence of this
construction is that the tree defines at any point of the iteration
process a fuzzy partition. This is, the memberships of x into
all leaves of the hierarchy add to one.
This approach for building fuzzy hierarchies implies that
elements x with a low membership to X 0 have the same
influence on the partition of x than elements x with large
influence. Also, depending on the threshold α we can have
large sets of elements (X 0 ) where almost all sets have low
memberships. This situation is even more noticeable when
partitions are partitioned again, as memberships are reduced
on everystep due to their combination via the product operator.
In this paper we develop an alternative approach for building
a fuzzy hierarchy of elements. The new approach mainly
follows a bottom-up strategy, using fuzzy c-means in this
process.
The work developed here has some similarities with some
recent work on clustering. For example, with the work in [3]
were fuzzy clusters are computed using fuzzy c-means and
then the similarity between clusters is established to build a

dendrogram. The approach developed here is different as our
ultimate goal is to build a fuzzy hierarchical structure. Some
other differences can be found in relation to the way distance /
similarity among fuzzy clusters is computed. Other approaches
on building hierarchies of clusters (as in hierarchical SOM or
hierarchical clustering methods) are also different for the same
reason.
II. F UZZY c- MEANS
This section reviews the fuzzy c-means, one of the existing
clustering methods for building fuzzy partitions. This method
will be used in this paper as the basic tool for building a fuzzy
hierarchy.
In the description, we will use the following notation:
xk ∈ Rp for k = 1, . . . , n stands for the elements (in a given
p dimensional space) that are to be clustered and uik is the
membership of element xk to the i-th cluster.
Fuzzy c-means is a fuzzy clustering method that generalizes
c-means (also known by k-means). While c-means builds a
crisp partition with c clusters, fuzzy c-means builds a fuzzy
one (also with c clusters). Due to this fuzzy nature, in this
latter case elements are allowed to belong to more than one
cluster. As said, uik is used to formalize the membership of
element xk to the i-cluster. The crisp case corresponds to have
uik as either 0 or 1 (boolean membership) while the fuzzy case
corresponds to have uik in [0, 1]. In this latter case, uik = 0
corresponds to non-membership and uik = 1 corresponds to
full membership to cluster i. Values in-between correspond
to partial membership (the largest the value, the greatest the
membership).
Formally speaking, fuzzy c-means is defined as the solution
of the following minimization problem (see [1] or [8] for
details):
JF CM (U, V ) = {

c X
n
X

(uik )m ||xk − vi ||2 }

(1)

i=1 k=1

Pc
subject to the constraints uik ∈ [0, 1] and i=1 uik = 1 for
all k. We will denote the values u that satisfy these constraints
by M .
In this formulation, vi corresponds to the centroid (cluster
center/cluster representative) of the i-th cluster and m is a
parameter (m ≥ 1) that plays a central role. With values of
m near to 1, solutions tends to be crisp (with the particular
case that m = 1 corresponds to the crisp c-means). Instead,
larger values of m yield to clusters with increasing fuzziness
in their boundaries.
To solve this problem, an iterative process is applied. The
method interleaves two steps. One that estimates the optimal
membership functions of elements to clusters (when centroids
are fixed) and another that estimates the centroids for each
cluster (when membership functions are fixed). This iterative
process is described in Algorithm 2.
This method does not assure to find the optimal solution of
the minimization problem given above but a local optimum.
Different starting points can lead to different solutions.

Algorithm 2 Fuzzy c-means
Step 1: Generate an initial U and V
Step 2: Solve minU ∈M J(U, V ) computing:
c 
1 
X
−1
||xk − vi ||2  m−1
uik =
2
||xk − vj ||
j=1
Step 3: Solve minV J(U, V ) computing:
P
m
k=1 n(uik ) xk
vi = P
n
m
k=1 (uik )

Step 4: If the solution does not converge, go to step 2;
otherwise, stop

Recently an alternative fuzzy clustering method was proposed [5] (see also [6]). It is the so-called entropy-based fuzzy
c-means (EFCM). While fuzzy c-means introduces fuzziness
in the solution by means of the parameter m, the entropy-based
fuzzy c-means uses a term based on entropy and a parameter
λ (λ ≥ 0) to force a fuzzy solution.
A variation of these clustering methods was introduced [7]
to introduce a size variable for each cluster. Such parameter
was introduced to reduce misclassification when there are
clusters of different size. Otherwise, two adjacent clusters
have equal membership function (equal to 0.5) in the midpoint between the two centroids. The size of the i-th cluster is
represented with the parameter αi (the largest is αi , the largest
is the proportion of elements that belong to the i-th cluster).
A similar approach is given in [4].
III. D ISTANCE

FUNCTIONS ON FUZZY SETS

Nowadays, several expressions have been defined for computing distances between fuzzy sets. Bloch [2] and [12]
reviews some of them. We offer below a classification of such
measures with respect to two dimensions. The first dimension
corresponds to the type of outcome of the distance:
Real number. The distance is just a real value in a
particular interval (e.g. the [0, 1] interval).
Fuzzy number. The distance between two fuzzy
sets is another fuzzy set. The definition of a fuzzy
distance in terms of the extension principle is an
example of this situation.
The second dimension corresponds to the type of information that is extracted from the fuzzy sets and used when computing the distance. This is, whether only membership values
are used or other spatial characteristics are also considered.
Particular indices can also be integrated when defining the
distance. This classification is detailed below:
Distance comparing the membership values. A
typical case is to compute just the difference between
the membership function for two sets. For example,
let δ be a distance function for real numbers, then
the distance between fuzzy sets µ1 and µ2 is defined
as:

d δ µ1 , µ2 =

X

δ(µ1 (x), µ2 (x))

x

Different instances of δ lead to different distances.
A similar approach are the distances that compare
the union and the intersection of both fuzzy sets µ1
and µ2 .
All such distances have the same drawback: when
fuzzy sets are disjoint, the distance is always constant, no matter the distance between the supports of
µ1 and µ2 .
Distance considering spatial characteristics. This
is the case of defining the distance between two fuzzy
sets µ1 and µ2 in terms of the distance between the
α-cuts of µ1 and µ2 . The distance between α-cuts
give information about the spatial characteristics.
Representing the α-cut of µ by µα this measure is
defined as:
d(µ, µ0 ) =

Z

1

δ(µα , µ0α )dα

(2)

0

where δ is a distance over crisp sets.
Another approach is to compute the distance between
two fuzzy sets mapping fuzzy sets in a n dimensional
space into a n + 1 space. Thus, fuzzy sets are transformed into crisp sets. This is to exted the original
elements x in the original n-dimensional space into
(x|µ(x)). In this case, standard distances can be
used for comparing the elements in the (n + 1)dimensional space.
Now, as distances include spatial characteristics the
problem of equal distance when sets are disjoint is
solved. Nevertheless, the computation cost becomes
a relevant issue.
Distance based on indices. In this case, indices
representing characteristics are extracted from the
membership functions, and a distance is applied to
such indices. When characteristics are represented as
vectors, distance between two vectors can be used.
The fuzzy cardinality of the set is an example of such
indices.
In our application, distance functions will be used to help
in the construction of a hierarchical fuzzy structure using a
bottom-up strategy. To do so, we need the distance functions
to compute distances between pairs of fuzzy clusters. As our
approach is integrated with a fuzzy c-means, and as in such
method the spatial characteristics of the data is used, we will
follow here the same approach. Thus, spatial characteristics of
fuzzy sets are taken into account when computing distances
between fuzzy sets.
Accordingly, we follow the approach described in Equation 2. This is, the distance between two fuzzy sets is computed
from the distance between α-cuts. Nevertheless, instead of using Equation 2 straightforwardly, we will exploit the structure

of the membership functions in the computation of the distance
so that the computation time is reduced.
It is known that fuzzy c-means returns a fuzzy partition of
the application domain where each membership function µi
is normal in exactly one point. Formally speaking, for each
µi there is only one xi ∈ [0, 1]N such that µi (xi ) = 1. Such
normal point is the centroid of the fuzzy set µi and corresponds
to vi using the terminology described in Section II. Also, fuzzy
sets generated by Fuzzy C-Means have memberships that are
decreasing with respect to the distance. Taking into account
this fact, the distance between two fuzzy sets µ1 and µ2 are
defined in terms of the distance between the α-cuts having
them restricted to the convex set αv1 +(1−α)v2 for α ∈ [0, 1],
where v1 and v2 are the normal points of µ1 and µ2 .
Formally speaking, we consider the following distance:
Z 1
0A
0
δ(µA
(3)
d(µ, µ ) =
α , µα )dα
0

where δ is a distance over crisp sets, A = {x|αv1 + (1 −
α)v2 , α ∈ [0, 1]} and µA
α is the α-cut of µ restricted to the set
A
And, more specifically, we use as δ(C1 , C2 ) as the euclidean
distance between the nearest points in the crisp sets C1 and
C2 .
IV. H IERARCHICAL FUZZY CLUSTERING
Given a set of elements X, we have applied a mixed
approach to build a fuzzy hierarchical structure. The process
starts building a fuzzy partition of X applying fuzzy c-means.
This results into a set of fuzzy membership functions µi , each
one built on the centroid vi . This fuzzy partition bootstraps
the process.
Then, the iterative process is applied to build the hierarchical
clustering following a bottom-up strategy. At each step of the
process, we start with a fuzzy partition of X represented by
a set of membership functions µi . Such set of membership
functions is partitioned using a partitive clustering method
for fuzzy sets. Such partitive clustering method returns a new
fuzzy partition µ0i that is used as the starting point of the new
step.
This is represented in the next algorithm:
Algorithm 3 Bottom-up algorithm
Algorithm BottomUp (X: data) returns fuzzyHierarchy
begin
P := fuzzy partition (X);
while not the root(P ) do
P 0 := fuzzy partition of P ;
link P 0 and P ;
set P := P 0 ;
end while
return(P );
end
In this algorithm, we use the fuzzy c-means algorithm for
building the initial fuzzy partition. Such fuzzy partition is

obtained by applying the fuzzy c-means algorithm to X. In
this case, the algorithm is applied with a large number of
clusters (i.e., c is large). This selection of c is to have a large
number of leaves in the fuzzy hierarchy.
In the iterative process, we use a fuzzy c-means based
clustering method. Given a set of fuzzy sets, we build a fuzzy
partition following the scheme of the fuzzy c-means described
in Algorithm 2.
Differences consist on the way the distance ||xk − vi || is
computed. Note that here, xk and vi represent fuzzy sets.
More specifically, xk stands for the k-th fuzzy set to be
partitioned and vi is one of the fuzzy sets in the new partition.
Accordingly, ||xk − vi || is a distance between fuzzy sets. We
use here, the distance defined in Equation 3.
Following the standard approach in fuzzy c-means, the
fuzzy membership of a fuzzy set with centroid v is defined
considering all other centroids vi . In our case, the membership
of the fuzzy set with centroid xk is computed for all x taking
into account all other centroids xj as follows:
µxk (x) =

c 
1
−1
X
d(xk , x)2  m−1
d(xk , xj )2
j=1

Similarly, the membership of the fuzzy set with centroid vi
is computed for all x taking into account all other centroids
vj as follows:
c0 
1 
X
−1
d(vk , x)2  m−1
µvk (x) =
2
d(vk , vj )
j=1

Note that here, xj are the centroids of the fuzzy sets being
clustered and vj are the centroids of the clusters we are
constructing with the fuzzy c-means. Similarly, c is the number
of centroids xj and c0 is the number of centroids in vj .
Then, the distance between a fuzzy set with centroid xk and
another with centroid vi will be computed using Equation 3
taking into account that the distance is restricted to the set
A = {x|αvi + (1 − α)xk , α ∈ [0, 1]}.
Another element to be taken into account is how to compute
the new centroid, once the membership are known. This is,
how to determine the new vi . For fuzzy c-means, this is done
as follows:
P
m
k=1 n(uik ) xk
vi = P
n
m
k=1 (uik )

Here, we apply the same expression, using as xk the centroids of the clusters being clustered and uik the corresponding
membership values. Although we could use at this point the
fuzzy extension to aggregate the fuzzy clusters (taking xk as
the fuzzy cluster itself instead of its centroid) we avoid such
operation as that would increase the fuzziness of the whole
result, and at the same time that would imply that vi is a
fuzzy centroid instead of a crisp one.
Note that this approach leads to different membership values
than the one described in Section I-A. In particular, in the new
approach it is possible that the membership of x to a cluster µ
is smaller than the membership of x to a subcluster µj of µ.

This situation was not possible in our previous approach. In
that case, µj (x) = µ(x) · µ0i (x) and, therefore, µi (x) ≤ µ(x)
for all µi subset of µ.
V. E XPERIMENTS
We have tested our approach with the IRIS database (from
the UCI repository [9]). This database contains 3 sets of
50 instances (records), each set corresponding to a different
class of the iris plant. Each record is described in terms of
4 numerical attributes. Instead, the class is categorical. For
testing the algorithm, we have considered the records as having
(4 + 1) variables, where the last one is the class (codified as
1, 2 or 3).
The algorithm has been applied to this data, starting with
a partition of the original set into 30 fuzzy clusters. This
corresponds to a standard application of the fuzzy c-means.
Then, only one step of the iteration process has been applied,
where the set of fuzzy sets is partitioned into 3 clusters. These
fuzzy clusters are given in Table V. These fuzzy sets are a
fuzzy partition of the fuzzy sets described in Table V. In both
cases, only the centroids of the sets are given. This process
has been computed with a value of m = 1.3.
The experiments show that only small values of m can be
used in the second step. Otherwise, the partition of the set
of fuzzy sets (the iterative process) tend to lead to fuzzy sets
with very large fuzziness. Only for values of m near to 1, we
obtain different centroids in the second step. For larger values
of m, all centroids are exactly the same, thus all fuzzy sets
having the same membership function in the whole domain
(i.e., µi (x) = 1/c for all x and where c is the number of
clusters).
Besides of that, the experiments have confirmed that there
is a neeed of large computational power to compute the fuzzy
partition of the fuzzy sets. This is due to the need of computing
the similarity between all pairs of fuzzy sets in each step of
the iterative process within the fuzzy c-means.
VI. C ONCLUSIONS
In this paper we have described our approach for building
a fuzzy hierarchy of clusters and given an example of their
application.
The algorithm presented in this paper permits the construction of a fuzzy hierarchy in a simpler way than our previous
approach. The method requires less parameters and obtains
a fuzzy partition without further manipulation of the fuzzy
memberships obtained by the clustering techniques.
As future work, we include the application of this approach
to information access and privacy preserving data mining. On
the one hand, we plan to extend our GAMBAL system using
the algorithm described here. On the other hand, we plan to test
whether the approach presented here is suitable for preserving
numerical databases. To do so, we will compare the results
obtained with the ones presented in [10].
In the development of the applications, we will also consider
alternative fuzzy clustering methods. In particular, we plan to
consider variable size fuzzy clustering.

TABLE I
C ENTROIDS OF FUZZY CLUSTERS
i-th
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30

v1
5.40
7.67
7.27
6.64
4.84
6.14
6.24
4.58
6.54
4.40
5.57
5.54
7.66
6.81
6.07
6.06
4.96
4.95
5.10
5.83
6.60
5.69
6.15
6.40
4.99
5.64
5.65
5.25
6.07
5.14

v2
2.50
3.75
2.98
3.09
3.07
2.59
2.25
3.30
2.98
2.80
2.52
2.89
2.82
3.04
2.90
3.29
3.41
2.35
2.50
2.56
3.23
2.68
2.76
2.81
2.00
4.13
2.86
3.80
2.89
3.45

v3
3.97
6.45
6.02
5.26
1.48
4.99
4.44
1.29
4.46
1.27
3.70
4.48
6.66
4.82
4.62
4.66
1.68
3.30
3.00
3.99
5.73
5.00
4.94
5.55
3.50
1.40
4.16
1.55
4.16
1.43

v4
1.33
2.18
1.87
2.16
0.17
1.55
1.39
0.21
1.39
0.20
1.08
1.41
2.15
1.50
1.37
1.66
0.38
1.00
1.10
1.10
2.33
1.98
1.74
1.86
1.00
0.27
1.27
0.27
1.36
0.23

v5
2.01
2.99
2.99
2.99
1.00
2.00
2.00
1.00
2.00
1.00
2.00
2.01
2.99
2.00
2.00
2.00
1.00
2.00
2.00
2.00
2.99
2.99
2.99
2.99
2.00
1.00
2.00
1.00
2.00
1.00

TABLE II
C ENTROIDS OF THE
i-th
1
2
3

v1
5.09
6.70
5.42

CLUSTERS OBTAINED FROM

v2
3.34
3.03
2.90

v3
2.07
5.46
3.12

v4
0.56
1.87
0.92

TABLE V

v5
1.21
2.68
1.70
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