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Abstract
Fuzzy integrals are commonly used as aggregation operators. In this paper we present new composite models based on fuzzy
integrals with several t-conorms. These models permit to further increase the computational power of the previous models. Basic
properties of new composite models are studied. In particular, it is shown that for composite models, the only meaningful case is
when not all the t-conorms are the same.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Aggregation operators are used for a large variety of purposes [8,27,28]. Due to these needs, different families of
aggregation operators have been deﬁned (see e.g., [3] for a review of some of them). The weighted mean, the OWA
operator and the fuzzy integrals are some examples of operators that can be used to aggregate numerical values. Fuzzy
integrals [1,2,6,16,22], in general, are useful tools for this purpose as they allow for some additional ﬂexibility in
relation to other operators as the weighted mean or the OWA. This additional ﬂexibility is due to the fact that data is
fused with respect to a fuzzy measure. This fuzzy measure can be used to represent some knowledge on the sources.
For example, they can be used to express that the sources are not independent. See [7,10] for recent results on fuzzy
measures and integrals.
To further increase the computational power of such operators and to augment their modeling capabilities, composite
models have recently been developed. Some initial steps in this direction include multi-step Choquet integrals [11,12,23].
The twofold integral [19,26] and the new construction method developed by Calvo et al. [4,5] also follow this approach.
In this work we study new composite models, based on fuzzy integrals. In [14,12] t-conorm systems (or t-systems)
and t-conorm integrals were introduced. T-conorm systems are a generalization of addition and multiplication. Then,
the t-conorm integral results into a generalization of both Choquet and Sugeno integrals. Nevertheless, it was proven
that from a purely mathematical point of view, the only essential fuzzy integrals are the Choquet and Sugeno integrals.
Narukawa and Murofushi [17,18] deﬁne the Choquet Stieltjes integral and show the basic properties and some examples
demonstrating its use in practical situations.
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In this paper, we deﬁne ﬁrst a generalized transformed t-conorm (GTT) integral and, then, a generalized t-conorm
multifold integral (GTM) based on t-conorm systems (or t-system)[14] for integration, that is a generalization of both
t-conorm integral and the Choquet Stieltjes integral. Finally, we deﬁne a multifold Choquet integral and a multifold
Sugeno integral, and we show that a multifold Choquet integral can be expressed as a Choquet integral and that a
multifold Sugeno integral is equivalent to the Sugeno integral. This fact shows that the only meaningful multifold
integrals are the ones whose t-system is different.
The structure of the paper is as follows. First, in Section 2 we review some results that are needed in the rest of the
paper. Then, in Section 3 we introduce the generalized transformed t-conorm integral and we show its relation with a
generalized Losonczi’s mean. Section 4 is devoted to the generalized t-conorm multifold integral. Some properties are
studied. The paper ﬁnishes with some conclusions.

2. Preliminaries
This section reviews main results on fuzzy integrals. In particular, we focus on the Choquet [6] and Sugeno [22]
integrals and the t-conorm system for integration.
2.1. Choquet integral
In this subsection, the well known deﬁnition of the Choquet integral and some of its basic properties will be given
(see [6] or [3] for details).
Throughout this paper we assume that X is a ﬁnite set, that is, X := {1, 2, . . . , n}. Let [0, 1]n be the space of all
non-negative real functions x from X to the unit interval [0, 1].
The ith order statistic x (i) [29] is a functional on [0, 1]n which is deﬁned by arranging the components of x =
(x1 , . . . , xn ) ∈ [0, 1]n in increasing order
x (1)  · · · x (i)  · · · x (n) .
Now, we present the basic deﬁnition of a fuzzy measure.
Deﬁnition 1 (Sugeno [22]). A fuzzy measure  on (X, 2X ) is a real valued set function,  : 2X −→ [0, 1] with the
following properties;
(1) (∅) = 0, (X) = 1.
(2) (A) (B) whenever A ⊂ B, A, B ∈ 2X .
A triplet (X, 2X , ) is said to be a fuzzy measure space.
Deﬁnition 2 (Choquet [6], Murofushi and Sugeno [13]). Let  be a fuzzy measure on (X, 2X ). Then, the Choquet
integral of x ∈ [0, 1]n with respect to  is deﬁned by

C (x) :=

1
0

x (r) dr,

where x (r) = ({i | xi r}).
Using the ith order statistics, the Choquet integral can be rewritten as
C (x) =

n


(x (i) − x (i−1) )({(i) · · · (n)}),

i=1

where we deﬁne x (0) := 0.
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Deﬁnition 3 (Sugeno [22]). Let  be a fuzzy measure on (X, 2X ). The Sugeno integral of x ∈ [0, 1]n with respect to
 is deﬁned by
S (x) := sup [r ∧ x (r)],
r∈[0,1]

where x (r) := ({i | xi r}).
Using the ith order statistics, the Sugeno integral can be rewritten as
S (x) =

n


(x (i) ∧ ({(i) · · · (n)})).

i=1

2.2. Generalized t-conorm integral
In this section, we use t-conorms and t-norms. They are binary operators that generalize addition and multiplication,
and also max and min.
A triangular conorm (t-conorm) ⊥ is a binary operation on [0, 1] fulﬁlling the conditions:
(T1)
(T2)
(T3)
(T4)

x⊥0 = x.
x⊥y u⊥v whenever x u and y v.
x⊥y = y⊥x.
(x⊥y)⊥z = x⊥(y⊥z).

A t-conorm is said to be strict if and only if it is continuous on [0, 1] and strictly increasing on [0, 1)2 . A continuous
t-conorm ⊥ is said to be Archimedean if and only if x⊥x > x for all x ∈ (0, 1).
Example 1. (1) The maximum operator x ∨ y is a non-Archimedean t-conorm.
(2) The bounded sum x +̂y := 1 ∧ (x + y) is an Archimedean t-conorm. This is non-strict t-conorm.
(3) The Sugeno operator x + y := 1 ∧ (x + y + xy) (−1  < ∞) is an Archimedean t-conorm, which is strict
only if  = −1.
Let m be a fuzzy measure on (X, 2X ). We say that m is ⊥-decomposable if m(A ∪ B) = m(A)⊥m(B) whenever
A ∩ B = ∅ for A, B ∈ 2X .
The continuous t-conorms we consider in this chapter are restricted to Archimedean ones or to the maximum
operator. The ﬁrst reason is that any non-Archimedean continuous t-conorm is represented by Archimedean continuous
t-conorms and ∨. This fact is mentioned by Weber [30]. The second reason is the decomposition theorem by Sugeno
and Murofushi [24]: if ⊥ is a non-Archimedean t-conorm which is not ∨ and m is a ⊥-decomposable fuzzy measure,
the fuzzy measure space (X, 2X , m) can be decomposed into fuzzy measure spaces {(Xi , Xi , mi )} where {Xi } is a
partition of X, Xi := {A ∩ Xi | A ∈ 2X }, mi is ⊥i decomposable measure and ⊥i can be regarded as an Archimedean
t-conorm or ∨.
Deﬁnition 4 (Murofushi and Sugeno [14]). A t-conorm system for integration (or t-system for short) is a quadruplet
(F, M, I, ⱓ) consisting of F := ([0, 1], ⊥1 ), M = ([0, 1], ⊥2 ), I = ([0, 1], ⊥3 ), where ⊥i , i = 1, 2, 3 are continuous
t-conorms which are ∨ or Archimedean, and a non-decreasing operator ⱓ : F × M → I satisfying:
(M1)
(M2)
(M3)
(M4)

ⱓ is left continuous on (0, 1].
aⱓx = 0 if and only if a = 0 or x = 0.
if x⊥2 y < 1 then aⱓ(x⊥2 y) = (aⱓx)⊥3 (aⱓy).
if a⊥1 b < 1 then (a⊥1 b)ⱓx = (aⱓx)⊥3 (bⱓx).

The t-system is expressed by (⊥1 , ⊥2 , ⊥3 , ⱓ) instead of (F, M, I, ⱓ). For example, a t-system is expressed by
(+ , ∨, +̂, ·) in the case where ⊥1 = + , ⊥2 = ∨, ⊥3 = +̂, ⱓ = · (the ordinary multiplication), and by (∨, ∨, ∨, ∧)
in the case where ⊥1 = ⊥2 = ⊥3 = ∨ and ⱓ = ∧.
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For a given t-conorm ⊥, we deﬁne an operation −⊥ by
a −⊥ b := inf{c | b⊥c a}
for all (a, b) ∈ [0, 1]2 . Note that if ⊥ = ∨ (maximum operator) we have

a if a b,
a −⊥ b =
0 if a < b.
Using the operator −⊥ , a function x : X → [0, 1] can be expressed as
x = ⊥1 ni=1 (x (i) −⊥ x (i−1) )1Ai ,
where Ai := {(i), . . . , (n)} for i = 1, . . . , n and x (0) := 0.
Deﬁnition 5 (Murofushi and Sugeno [14], Narukawa and Murofushi [15]). Let (X, 2X , m) be a fuzzy measure space
and (⊥1 , ⊥2 , ⊥3 , ⱓ) be a t-system. For a function x : X → [0, 1] (x = ⊥1 ni=1 (x (i) −⊥ x (i−1) )1Ai ) the generalized
t-conorm integral is deﬁned as follows:

(GT ) xⱓdm := ⊥3 ni=1 (x (i) −⊥1 x (i−1) ) ⱓm(Ai ).
If m is a normal ⊥2 decomposable fuzzy measure, the generalized t-conorm integral coincides with the t-conorm
integral [14].
Example 2. (1) In the case of ⊥1 = ⊥2 = ⊥3 = + and ⱓ = ·, the generalized t-conorm integral coincides with
Choquet integral.
(2) If ⊥1 = ⊥2 = ⊥3 = ∨ and ⱓ = ∧, the generalized t-conorm integral is the Sugeno integral.
In the deﬁnition of generalized t-conorm integral, we do not need the ⊥2 decomposability for the fuzzy measure m.
Almost all important fuzzy integrals assume that ⊥1 = ⊥3 . Therefore, in the following, we address a t-system (⊥, ⱓ),
that means ⊥1 = ⊥2 = ⊥3 = ⊥, although we may assume that ⊥1 , ⊥2 and ⊥3 are different.
The t-system can be generalized by a pseude-addition ⊕ and a ⊕-ﬁtting pseudo multiplication [1,2].
3. Generalized transformed t-conorm integral
Deﬁnition 6. Let (X, 2X , m) be a fuzzy measure space, (⊥, ⱓ) be a t-system and  : [0, 1] → [0, 1] be a nondecreasing function.
For a function x : X → [0, 1] (x = ⊥ni=1 (x (i) −⊥ x (i−1) )1Ai ), a generalized transformed t-conorm integral (GTT )
with respect to m and  is deﬁned as follows:
(GTT )m, (x) := ⊥ni=1 ((x (i) ) −⊥ (x (i−1) )) ⱓ m(Ai ).
Since  is non-decreasing, we have
m({j | xj xi }) = m({j | (xj ) (xi )}).
Therefore we have the next proposition.
Proposition 7. Let (X, 2X , m) be a fuzzy measure space, (⊥, ⱓ) be a t-system and  : [0, 1] → [0, 1] be a nondecreasing function.
A GTT integral of x ∈ [0, 1]n with respect to m and  is equal to the generalized t-conorm integral of (x) with
respect to m, that is,

(GTT )m, (x) = (GT ) (x)ⱓ dm
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Example 3. (1) Suppose that ⊥ = + and ⱓ = ·, the GTS integral is a Choquet Stieltjes integral [17], that is,

(GTS)m, (x) = (C) (x) dm
:= CS m, (x)
(2) Suppose that ⊥ = ∨ and ⱓ = ∧, then we call the GTS integral transformed Sugeno integral (TS), that is,
(TS)m, (x) =

n


((xi ) ∧ m({j |xj > xi })).

i=1

That is, the transformed Sugeno integral of x ∈ [0, 1]n is Sugeno integral of (x).
Applying Proposition 7, we can characterize a Choquet Stieltjes integral as a generalized Losonczi mean [9].
Deﬁnition 8. Let w : [0, 1]n → [0, 1]n be weighting functions, that is, w(x) := (w1 (x), w2 (x), . . . , wn (x)) for
x ∈ [0, 1]n , let  be a non-decreasing function. The generalized Losonczi mean of x ∈ [0, 1]n for i ∈ {1, . . . , N} is
deﬁned as:


i wi (x)(xi )
−1

LM w (x) = 
i wi (x)
where x := (x1 , . . . , xn ).
In the original deﬁnition of Losonczi [9], the weighting function w is deﬁned as w(x) := (w1 (x1 ), w2 (x2 ), . . . ,
wn (xn )) for x = (x1 , x2 , . . . , xn ). The deﬁnition above is one of the generalizations of the original deﬁnition.
Theorem 9. Let (X, 2X , m) be a fuzzy measure space, and  : [0, 1] → [0, 1] be a non-decreasing function and let
x ∈ [0, 1]n .
Then, there exists a weighting function w such that the Choquet Stieltjes integral of x with respect to m and  can
be represented as a generalized Losonczi mean. That is,
(CS)m, (x) = (LM w (x)).
Proof. Applying Proposition 7, we have

(CS)m, (x) = (C) (x) dm.
It is proved in [25] that there exists a probability Pm,(x) on (X, 2X ) such that


(C) (x) dm = (x) dPm,(x) .
Then deﬁning a weighting function w : [0, 1]n → [0, 1]n by
wi (x) := Pm,(x) (i)
for i = 1, 2, . . . , n, we have that

n

(x) dPm,(x) =
(xi )Pm,(x) (i)
=

i=1
n
i=1 wi (x)(xi )
n
i=1 wi (x)

= (LM w (x)),
that is,
(CS)m, (x) = (LM w (x)).
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Remark. The probability Pm,(x) in the proof above is a weighting function w that depends on , x and m. This means
that if a non-decreasing function  is   = , we have, in general, that Pm,(x)  = Pm,(x) . Nevertheless, when  and
 are strictly monotone, we have Pm,(x) = Pm,(x) = Pm,x since (x), (x) and x are strongly comonotonic [25].
Since for (x) = x the Choquet Stieltjes integral is a Choquet integral, the following corollary holds:
Corollary 10. For every fuzzy measure m there exists a weighted function w : [0, 1]n → [0, 1]n such that
n

wi (x)xi
(C) x dm = i=1
.
n
i=1 wi (x)
4. Generalized t-conorm Multifold integral
Let mk be fuzzy measures on (X, 2X ), Tk := (⊥k , ⱓk ) be a set of t-systems for k = 1, 2, . . . and x : X → [0, 1].
We deﬁne a function k,x : [0, 1] → [0, 1] by:
k,x (a) = ⊥k 0  x (i)  a (k−1,x (x (i) ) −⊥k k−1,x (x (i−1) )) ⱓk mk (Ai ),
for k = 1, 2, . . ., where 0,x (a) := a is a non-decreasing function for a ∈ [0, 1]. It is obvious that k,x is nondecreasing. Then we can deﬁne a generalized t-conorm multifold integral (GTM) of x with respect to mi for i = 1, 2, . . .
by
GTM (mi )i=1,2,...,k (x) := k,x (1).
It is obvious that
GTM (mi )i=1,2,...,k (x) = GTT mk ,k (x).
Example 4. Let T1 , T2 be t-systems such that T1 := (∨, ∧) and T2 := (+, ·). Then we have

1,x (a) =
(x (i) ∧ m1 ({j |x (j ) x (i) })),
GTM (m1 ,m2 ) (x) =

0  x (i)  a
n


(1,x (ak ) − 1,x (ak−1 ))m2 ({j |aj ak })

k=1

=

n

k=1

−

⎛
⎝



(x (i) ∧ m1 ({j |x (j ) x (i) }))

0  x (i)  ak



⎞

(x (i) ∧ m1 ({j |x (j ) x (i) }))⎠ m2 ({j |aj ak }),

0  x (i)  ak−1

where a0 a1  · · · an , that is, in this case, GTM(m1 ,m2 ) is a twofold integral [26].
Suppose that x is a characteristic function of A ⊂ X that is, x := 1A . Then, we have 1,1A (1) = 1ⱓ1 m1 (A) and
2,1A (1) = (1ⱓ1 m1 (A))ⱓ2 m2 (A). Therefore we have the next proposition by induction.
Proposition 11. Let mk be fuzzy measures on (X, 2X ), Tk := (⊥k , ⱓk ) be a set of t-systems for k = 1, 2, . . . and 1A
is a characteristic function of A ⊂ X. Then we have
GTM (mi )i=1,2,...,k (1A ) = (((1 ⱓ1 m1 (A)) ⱓ2 m2 (A)) ⱓ3 . . .) ⱓk mk (A)
for k = 1, 2, . . ..
Let f and g be functions on X :→ [0, 1] with f g. Since 1,f 1,g , we have the next proposition by induction.
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Proposition 12. Let mk be fuzzy measures on (X, 2X ), Tk := (⊥k , ⱓk ) be a set of t-systems for k = 1, 2, . . . and f
and g be a function X → [0, 1] with f g. Then we have
GTM (mi )k=1,2,...,k (f )GTM (mi )k=1,2,...,k (g).
for k = 1, 2, . . ..
In the following we will study a special class of GTM integral. In particular, we study the multifold Choquet integral
(MC) and the multifold Sugeno integral (MS).
Deﬁnition 13. Let mk be fuzzy measures on (X, 2X ), Tk := (⊥k , ⱓk ) be a set of t-systems for k = 1, 2, . . . .
(1) Suppose that T1 = T2 = · · · = Tk = (+, ·). We say that a GTM integral is a multifold Choquet integral with
respect to (mi )1  i  k .
(2) Suppose that T1 = T2 = · · · = Tk = (∨, ∧). We say that a GTM integral is a multifold Sugeno integral with
respect to (mi )1  i  k .
Theorem 14. Let (mi )1  i  k be fuzzy measures on (X, 2X ) then:
(1) A multifold Choquet integral with respect to (mi )1  i  k is a Choquet integral with respect to  := m1 · m2 · · · · · mk .
(2) A multifold Sugeno integral with respect to (mi )1  i  k is a Sugeno integral with respect to  := m1 ∧m2 ∧· · ·∧mk .
Proof.
(1) Using ith order statistics, we have
k,x (x (i) ) − k,x (x (i−1) )
= (k−1,x (x (i) ) − k−1,x (x (i−1) ))mk−1 ({(i), (i + 1), . . . , (n)}).
By induction we have
k,x (x (i) ) − k,x (x (i−1) ) = (x (i) − x (i−1) )(m1 · · · · · mk−1 )({(i), (i + 1), . . . , (n)}).
Therefore, we have
MC(mi )i=1,2,...,k (x) :=

n


k,x (x (i) ) − k,x (x (i−1) ) mk ((i) · · · (n))

i=1

=

n


(x (i) − x (i−1) )(m1 · · · · · mk−1 mk )({(i), (i + 1), . . . , (n)})

i=1



= (C)

x dm1 m2 · · · mk .

(2) Using ith order statistics, we have
k,x (x (i) ) −∨ k,x (x (i−1) )
= (k−1,x (x (i) ) −∨ k−1,x (x (i−1) )) ∧ mk−1 ({(i), (i + 1), . . . , (n)}).
By induction we have
k,x (x (i) ) −∨ k,x (x (i−1) )
= (x (i) −∨ x (i−1) ) ∧ (m1 ∧ · · · ∧ mk−1 )({(i), (i + 1), . . . , (n)}).
Therefore, we have
MS(mi )i=1,2,...,k (x) :=

n

i=1

k,x (x (i) ) −∨ k,x (x (i−1) ) ∧ mk ((i), . . . , (n))
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=

n


1391

(x (i) −∨ x (i−1) ) ∧ (m1 ∧ · · · ∧ mk−1 ∧ mk )({(i), (i + 1), . . . , (n)})

i=1

= (S)


xd(m1 ∧ m2 ∧ mk ).

It follows from the Theorem above that if all the t-systems Tk are the same, the generalized t-conorm multifold
integral is essentially represented by one generalized t-conorm integral. Therefore, the GTM integral is meaningful
when the t-systems are different, as it is the case with the twofold integral.
5. Conclusions
In this paper we have studied several composite models. We have shown that the generalized transformed t-conorm
integral can be expressed as a generalized Losonczi’s mean. Then, we have deﬁned the Generalized t-conorm Multifold
integral in terms of t-conorm systems for integration. We have deﬁned multifold Choquet integrals and multifold Sugeno
integrals as examples of such integrals, and we show that a multifold Choquet integral is, essentially, a Choquet integral
and that a multifold Sugeno integral is, essentially, a Sugeno integral. In a similar way, it follows that if all the t-systems
Tk are the same, the generalized t-conorm multifold integral is essentially represented by one generalized t-conorm
integral. Therefore the only meaningful multifold integrals are the ones in which the set of t-systems used for their
deﬁnition are not all the same. This is the case of the twofold integral deﬁned in [19,26].
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