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Abstract

In this paper we study elements of models of
ordinary reasoning like conjectures, hypoth-
esis and speculations in the framework of t-
norm based fuzzy logics that arise from two
natural families of consequence operators de-
finable in these logics, with special empha-
sis in three particular logics: Gédel, Product
and Lukasiewicz logics.
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1 Introduction

The paper deals with models of ordinary reasoning de-
fined by Trillas et al. [2, 7, 4] through the definition
of the set of conjectures, and its partition into conse-
quences, hypotheses and speculations. Usually, these
models are defined from a prefixed algebraic structure,
for instance there are many publications regarding or-
thomodular lattices [2], but more recent papers deal
with very general mathematical structure called Basic
Flexible Algebras (BFA), that have as particular cases
Boolean algebras, ortolattices, orthomodular lattices,
De Morgan algebras and standard algebras of fuzzy
sets.

Originally, in earlier papers the different models of or-
dinary reasoning, also called CHC models (from “Con-
sequences, Hypotheses and Conjectures” [6]) were di-
rectly defined from a Tarski consequence operator, in-
dependently from the order of the underlying lattice.
However, in [§8] the CHC model is extended to resid-
uated lattices where the notion of consequence is al-
ready based on the implication operation, which is a
graded preorder, and in [7] the models are generalized
to the setting of to pre-ordered sets.

In this paper we study the sets of conjectures in rela-
tion to two natural different consequence operators in

the context of t-norm-based fuzzy logics [5, 3|, namely
the ones associated to the truth-preserving and degree-
preserving notions of logical consequence [1]. We show
they verify similar the properties of those described in
[4] and it can be divided into consequences, hypotheses
and speculations as well.

The paper is organized as follows. After some pre-
liminaries on CHC models and consequence operators
in the setting of t-norm-based fuzzy logics, we study
consistency for sets of formulas relative to every con-
sequence operator. Finally we study general the sets
of conjectures, consequences, hypothesis and specula-
tions for the main logics of a continuous t-norms, i.e.,
for Lukasiewicz, Gédel and Product logics.

2 Preliminaries

2.1 Preliminaries on CHC models

CHC models tries to collect the main properties of
some of the basic types of ordinary reasoning: deduc-
tion, induction, abduction and speculative reasoning.
These types of reasoning are represented, respectively,
by the sets of consequences, conjectures, hypotheses
and speculations. And all of them can be defined from
a consequence operator in the sense of Tarski.

Any reasoning process starts from a body of informa-
tion or, in logical terms, from a set of premises. If this
set is finite, to obtain their consequences is usually re-
duced to look for the consequences of the conjunction
(or meet in algebraic terms) of all the premises. This
is done for instance in [7], in the setting of preordered
sets, with the consequence operator Cx for which the
consequences are the elements greater or equal (with
respect to a given preorder) from the intersection of
premises.

Notwithstanding, there are different ways of defining a
consequence operator, even in that general setting. For
instance in [7], the authors also consider the operator
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Cy for which the consequences of a set of premises is
taken as the union of the consequences of each premise.

Once the set of consequences is defined, one can try to
characterize the information that is not inconsistent
with the set of premises P, where consistency refers
to the impossibility of deducing the negation from an
already deduced element (i.e. if ¢ € C'(P), then not-q
¢ C(P)), assuming a negation not is available in the
framework. Then the set of conjectures for a set of
premises P are those elements consistent with P.

On the other hand, the hypotheses for a set of premises
P will be those elements which allow to deduce every
premise in P. Finally, the set of speculations for P
is defined as the set of those conjectures that are nei-
ther consequences nor hypotheses. In this way, one
obtains a partition of the set of conjectures in terms
of consequences, hypotheses and speculations.

2.2 Preliminaries on t-norm based logics

(Continuous) T-norm-based fuzzy logics! are a family
of logics whose language £ is built from a countable set
of propositional variables using different connectives
&, A, V,—+,— and truth constants 0,1 for truth and
falsity. Semantically, they correspond to logical calculi
with the real interval [0, 1] as set of truth-values and
taking the conjunction &, the implication — and the
truth-constant 0 as primitive. Further connectives are
definable as: @ A = p&(p = V), eV = ((p —
V) = P)A (Y = 9) = ¢), 7p=¢ — 0and 1 =-0.

In this framework, each continuous t-norm * uniquely
determines a logic L, as a propositional calculus over
formulas interpreting the conjunction & by the t-norm
*, the implication — by its residuum = and the truth-
constant 0 by the value 0. More precisely, evalu-
ations of propositional variables are mappings e as-
signing to each propositional variable p a truth-value
e(p) € [0,1], which extend univocally to compound
formulas as follows:

e(0) = 0
e(pley) = e(p)*e(¥)
elp=9) = elp) =e®)

From these defintions, it follows that e(p A 1) =
min(e(e), e(¢)), e(p V ¢) = max(e(p), e()), e(-p) =
e(p) = 0 and e(p = ) = e(p = ¥) xe(h = ).

For each logic L,, we consider two kinds of finitary
consequence relations, = and ==, defined as follows,
where I' U {¢} is a finite set of formulas from L:

n fact the framework also cover logics defined by left-
continuous t-norms but in this work we only deal with the
case of continuous t-norms.

o I' = ¢ if e(p) =1 for every evaluation e : £ —
[0,1], such that e(yp) = 1 for every ¢ € T.

o T == ¢ if min{e(y)) | ¥ € T} < e(p) for every
evaluation (morphism) e : £ — [0, 1],.

The consequence relation |= is usually called “I-
preserving" while == is called “degree-preserving”, for
obvious reasons. Observe that {¢1,...,¢,} ES ¢
iff = (Y1 A... Aty,) = ¢, so that deductions from
premises with == can be translated to deductions of
theorems with |=.

Well-known axiomatic systems, like Lukasiewicz logic
(L), Godel logic (G) or Product logic (II), syntactically
capture the “l-preserving" consequence relation for L,
when * is Lukasiewicz, min or product t-norm respec-
tively [5]. It is worth noticing that Godel logic is the
only t-norm based fuzzy logic such that |= coincides
with 7.

3 Consequence operators on L, logics

Given a logic L,, we consider the consequence opera-
tors associated to logical consequences |= and ==:

e OI) ={¢|I' = ¢}, and
o C=(0) ={p [T = ¢}

For each consequence operator C' and C= we also con-
sider the consequence operators C, and C’E (used in
Trillas et al.’s paper [4]) defined by

o Cu(l) ={¢ |7 E ¢ for some v € '}, and

o C5(T) ={p |7 = o for some y € T'}.

Since = is a stronger notion of consequence than )zg,
we have the following chains of inclusions among these
operators:

CSCCsCCCCL (1)
C5CC,CcCCCL (2)

where CIL denotes the consequence operator of classi-
cal propositional logic (CL) in the language £ where
we identify the connectives & and A. In the particular
case of Godel logic (* = min), since |= coincides with
=<, it turns out that C' = C< and Cy, = C5.

Observe that, unlike C, the operators CE and C, are
not closed by modus ponens, which makes the asso-
ciated notion of inference quite weak. Actually C'<
is neither closed by modus ponens but its closed by
a restricted version of modus ponens: if ¢ — 9 is a
theorem, from ¢ derive .
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All these operators are consequence operators in the
sense of Tarski, that is, any C* € {C,C=<,Cy,CS}
verifies:

o VI, T C C*(T).
L] VFI,FQ, if Fl g Fg then C*(Fl) g C*(F2)
o VT, C*(C*(I)) = C*(I).

The following lemmas highlight several properties of
the above defined consequence operators. In what fol-
lows, given a finite set of formulas I', we will write
'™ for A{¢p | ¥ € T}. Moreover, to simplify no-
tation we will also write C*(¢) for C*({¢}) for any
C* e {C,Cs,0,,C5).

Lemma 1 For C* € {C,C<}, it holds that C*(T) =
C*(Th).

Lemma 2 C and CS are closed by the weak con-
junction A: if o € CS(T) and ¢ € CS(T') then
oA € CS(D).

Lemma 3 C is closed by the strong conjunction &: if
p € C(T) and ¢ € C(T) then p&p € C(T).

These results do not hold in general for the operators
Cy and CE, while Lemma 3 does not even hold for
C=.

On the other hand, by definition, it is clear that the
Cy and CS operators satisfy the following property.

Lemma 4 Let C* € {C,,CS}.
\/<p€F C*(SO)

It is known that in the family of logics L,, C and C'<
(and also C_, and C5) coincide if and only if % is the
min t-norm. For Product and Lukasiewicz logics it is
easy to compute that p&p belongs to C(¢) and does
not belong to C=(y), see Lemma 3.

Then C*(I') =

4 Notions of consistency relative to
the consequence operators C, C'<,
Cy, and C5

In this section we study the notion of consistency with
respect to our four consequence operators C, C<, C
and CUS within the framework of L, logics.

In the setting of the consequence relation =, in “math-
ematical fuzzy logic” [3] it is customary to define a set
of premises I' to be consistent whenever T' £ 0. How-
ever this notion of consistency does not make much
sense in the setting of the consequence relation )25,
since == is paraconsistent, i.e. it is not always the

case that {p, ~p} == 0. Because of that we will adopt
the following general definition.

Definition 5 Let C* € {C,C<,CL,CS}. We say
that a set of premises T' is C*-consistent whenever
the following condition holds: if ¢ € C*(I') then

—p & C7(I).
Notice that if I is C*-consistent, then so is C*(T').

Next we provide equivalent conditions for different
particular cases of consequence operators and partic-
ular choices of the t-norm * in the logic L,.

4.1 The case of C and C< operators

Lemma 6 For any logic Ly, the following conditions
are equivalent:

e I' is C-consistent

o I' £ 0 (i.e. there exists an evaluation e such that

e(y) =1 forallypeT)

o TN £ 0 (i.e. there exists an evaluation e such that
e(f)=1)

The proof is an immediate consequence of Lemma 3
since if I is C-inconsistent then I’ = p&—¢, and p&—p
is equivalent to 0.

Lemma 7 For any logic Ly, the following conditions
are equivalent:

o T' is C=-consistent

e For all formula o, if = T — ¢ then = TN — —¢.

This follows directly from the definition of == in terms
of =

Next we show some specific conditions for different
choices of the t-norm x in the logic Ly, namely * = min
(Godel logic), x = product t-norm (Product logic) and
* = Lukasiewicz t-norm (Lukasiewicz logic).

Lemma 8 For L, being Gddel or Product logic, C-
consistency and C<-consistency coincide.

Proof: The case of Godel logic has already been men-
tioned. For Product logic it is true by using the fol-
lowing equivalences: T' is C<-consistent iff T' [£< 0 iff
there is an evaluation e such that e(T') > 0 iff there
is an evaluation e’ (¢/(p) = e(——p) for each proposi-
tional variable p) 2 such that ¢/(I'") = 1 iff T" [~ 0 iff
T" is C-consistent a

2Recall that in Gédel or Product algebras ——z = 1 if
z >0 and -—0 = 0.

- 437 -



ESTYLF 2014 XVII CONGRESO ESPANOL SOBRE TECNOLOGIAS Y LOGICA FUZZY

Lemma 9 For L, being Gddel or Product logic, let
C* € {C,C=}. Then the following conditions are
equivalent:

(i) T is C*-consistent
(it) there exists an {0,1}-evaluation e s.t. e(T") =1

Proof: The proof is easy taking into account that the
evaluation €’ defined in the proof of previous lemma is
crisp (¢/(p) € {0,1} for al formula ¢). —1

This previous lemma amounts to say that, in the case
of Godel or Product logic, T' is C*-consistent if and
only if T' is classically consistent (identifying the weak
and strong conjunctions).

However, in Lukasiewicz logic C-consistency is not
equivalent to C'<-consistency and condition (ii) is not
satisfied neither for C' nor for C<.

Lemma 10 For L, being Lukasiewicz logic, the fol-
lowing conditions are equivalent:

o T is C=-consistent

o there exists an Ly-evaluation e s.t. e(T) > 1/2

Proof: Assume there exists an evaluation e such that
e(T™) > 1/2, then if T' S ¢, necessarily e(p) >
e(T'S) > 1/2, and thus e(—p) = 1 — e(p) < 1/2 and
T S =

Conversely, assume e(I'") < 1/2 for any evaluation e.
Then, we would have both T' == T'" (by definition of
E<), but also I' == —I'" (by hypothesis), and hence
I" would be C=-inconsistent. =

To see that C-consistency is not equivalent to C=-
consistency take for example I' = {p, ¢, p — ¢}, then
T is obviously C-inconsistent (there is not e such that
e(pA—gA (p — q) = 1) while it is C=-consistent (take
the evaluation e such that e(p) = 0.6, e(q) = 0.4. Then
e(pA—=g A (p—q)=0.6>0.5).

4.2 The case of C, and C’E operators

Lemma 11 For any logic L,, the following are equiv-
alent:

o I' is C-inconsistent
o there exists 1, x € T, such that ¢, x E 0

o there exists 1, x € I' and n € N such that =(x") €
CY (), where X" = x& 7. &x; or equivalently,

Y E (")

o there exists i, x € I' andn € N such that for every
evaluation e, if e()) = 1 then e(x)* .. xe(x) = 0.

Proof: If T' is Cy-inconsistent, there exist x,¢ € I’
such that x = ¢ and ¥ = =y, then x,% | 0. More-
over, this is is equivalent in turn to the fact of the
existence of n € N such that ¢ | —~x".?

Reciprocally, if ¢,x € I' are such that there exists

n € N verifying ¢ = —x", then x = x™ and ¢ | —x™.
Therefore, I" is C-inconsistent. B

In the case of Lukasiewicz logic, it can be shown the
possibility of having x, 1 € T, such that x, v = 0, with
¥ = —x and x £ . For instance, it is enough to take
X = p&(q = p®p) and ¢ = r&(—qg = r®@r). Therefore,
for Lukasiewicz logic the previous lemma does not hold
with n = 1 in the third and fourth items. However,
this holds true for Goédel and Product logics.

Lemma 12 For L, being Gddel or Product logic, let
C* € {Cy,C5Y. Then the following conditions are
equivalent:

o I' is C*-consistent

o forany ¢, x €T, x £ 9.

o for any v, x € I, there exists an evaluation e such
that e(y A x) > 0.

o for any v, x € I, there exists an evaluation e such
that e(v A x) =1

Proof: We prove the case C* = C, the case of C* =
C’E being similar. If " is Cy-inconsistent, there exist
1, x € I" such that ¥ = ¢ and x = — for some ¢. Let
us prove that x = —. The hypothesis implies that
for all evaluation e, if e(¢p) = 1 then e(p) = 1, and if
e(x) = 1, then e(¢) = 0. Therefore, e(x) = 1 implies
e(1) < 1. Then we have two cases: either e(y)) = 0
and we are done, or e(¢) > 0. In the latter case,
define a new evaluation e’ by putting €'(p) = e(——p)
for all propositional variable p. It can be checked (see
e.g. [5]) that €/(p) = e(——p) for any formula ¢, and
hence? €/(x) = €/(¢) = €/(v) = 1, contradicting the
hypothesis that x = —.

Reciprocally, assume that for all evaluation e such that
e(x) = 1, we have e(—) = 1. Therefore, ' is Cy-
inconsistent, since ¢ = ¢ and x | .

The last item is an easy consequence of previous one.
_|

3Here we are using the local deduction theorem that is
valid for all t-norm based logics, namely I' U {¢} = ¢ iff
there exists n € N such that I' |= p& .7. &p — ¢ (see e.g.
[5, 3]).

4Recall that in Godel or Product algebras ——z = 1 if
x>0 and -0 =0.
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In fact this lemma simply says that in Gdel and Prod-
uct logics, a set of formulas is consistent with respect
to the consequence operators Cy and CS iff they are
pairwise consistent in the usual sense of the operators
C and C< respectively, which is very natural accord-
ing to the definition of the consequence operators C
and CUS.

Lemma 13 For L, being Lukasiewicz logic, I" is C’E—
consistent

o iff forallp,x €T, =x & Cé(w)

o for all ¢, x € ' there exists an evaluation e such
that e(y) > e(—x), i.e. e(&x) > 0.

Proof: If T is C’E—consistent, there exist ¥, x € I' and
¢ such that, for all evaluation e, e(¢) < e(p), and

e(x) < e(—x). Therefore, e(v) < e(p) < e(—x).

Reciprocally, if there exist ¢, x € I" such that e(¢)) <

e(—x), then T' is inconsistent since obviously e(y) <
_|

e(x)-
5 Hypothesis and conjectures

In this section we study how the notions of conjecture,
hypothesis and speculation can be characterized un-
der the different notions of consequence operators and
logics we have considered. We start by recalling the
usual definitions adapted to our framework.

Definition 14 Let T’ be a set of premises. We re-
spectively define the set of hypotheses, conjectures and
speculations of T' wrt C* € {C, C’S,CU,CS} as fol-
lows:

o Conjo+(I) ={¢ | T U{p} is C*-consistent}

o Hyp5.(T) = {p | ¢ is C*-consistent and T C
C*(¢)}
Hypc-(T) = Hypg. (L) \ C*(T)

e Specos(I') = Conje«(T) \ (C*(T') U Hype« ().

From this definition, it readily follows the next inclu-
sions for any set of formulas T':

C*(I') U Hypc- (L) € Conjc-(I).
The following general properties also trivially hold:

- Conjc«(I') may be not C*- consistent

- Conjc’*s(r) =
U{T | T C T, T is maximally C*-consistent}

- If Ty C Ty, then Conjeo«(I'y) C Conjox(T'y).
- (Conjc+,V,1) is a V-semilattice.

If 'y C Ty, then Hype«(Ta) € Hype« (1)

If Cy C C5 then Conje, (T') C Conje, (T)

If Cy C C5 then Hype, (T) C Hype, (T)
If C; C C5 then Spece, (I') € Spece, (T)

From the chains of inclusions (1) and (2), and the last
three items we have corresponding chains of inclusion
for Conjectures, Hypothesis and Speculations with re-
spect to the of the consequence operators C,C<,Cy
and CS.

5.1 The case of C and C< operators

From Lemma 1 it follows that, for C* € {C,C<},
Conje«(I) = Conje+(T'") and Hype«(T) =
Hypc- ().

Moreover for L, being Gédel or Product logics the
notion of consistency for C' and C=< coincide and thus
the following results hold.

Lemma 15 Let C* € {C,C=} and let L, be Gddel or
Product logics. Then

o ¢ € Conjo-(T') iff there exists an evaluation e
such that e(T* A p) = 1.

e Conjc-(T) = o= (Conjcr (a(T)))

where « is the mapping formulas of the logic Ly to
formulas of classical logic obtained by identifying the
weak and strong conjunctions.

Obviously « is the identity in Godel Logic. Therefore,
for this logic, the set Cong«(T') is the same than in
classical logic.

Lemma 16 Let C* € {C,C<} and let L, be Gédel or
Product logics. Then Conjc-(T) = £\ Hypf. (—=I').

Proof: A formula ¢ does not belong to Conje«(TI") iff
{T", ¢} = 0 iff there is a natural n such that ¢ &=
(D) =0, e, ¢ (T)") iff @ = () iff g €
Hypf. (~(T")). 3

For L, being Lukasiewicz Logic we need to distinguish
the cases of consequence operator C' and C'S since their
notion of consistency are different. In that logic we
have.

Lemma 17 Let L, be Lukasiewicz logic. The follow-
ing conditions hold:
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o x € Conjc(I) zﬁ there exists an evaluation e such
that e(T* A x) =
(I

e x € Conjo<(T) iff there ezists an evaluation e
such that e(T" A x) > 3.

5.2 The case of C_, and C’E operators

From the notion of C-consistency, it follows that the
set of conjectures of a set formulas I' is Conje, (') =

{p VW eT gy E0}={p |V €T, Vn, ¢} "}
In the case of Gddel or Product logic it is enough to

take n = 1, and then the above expression could be
simplified to

Conjo, (T) ={o | VY € T, ¢ =~} (3)

It turns out that this condition is also true for CE
since, for Goédel and Product logics, Cé-consistency
coincides with C\-consistency. However, (3) is not
valid for FLukasiewicz logic as we have shown in Section
4.2.

The results of Lemmas 15 and 16 translate into the
next characterizations, where we denote by Cgpo
the following consequence operator related to classi-
cal logic: CLy(T) = {¢ | ¢ € CL(y) for some ¢ € T'}.

Lemma 18 Let C* € {Cy,CS} and let L, be Gidel
or Product logics. Then,

e Conjo-(T) = al~U(CLy(a(T)))
e Conjo-(I') = L\ Uyer Hypg (—1)).

Proof: The first item basically follows by the same rea-
soning used in the first property in Lemma 15. As for
the second one, we have the following equivalences:
¢ & Conje« () iff there exists ¢ € T such that ¢ E -

iff o € Uyer Hypd- (—1)). e

Finally we present a summary of results organized by
logics: For Godel logic it holds that, for any I*:

(i) C=(T) =C(I) ¢ CL(T)
(ii) Conjo< = Conjec = Conjer
(i) Hypc= = Hype & Hypew
(iv) The same inequalities hold for the C_, and C5
operators and the corresponding classical ones,

while for Product logic it holds that:

( ) o) ¢ ‘1(<CL(a[FD)
= Conjc = a~(ConjeL(a())
C Hypc & Hypco
The same inequalities hold for the Cy and C’U
operators and the corresponding classical ones.

i) C
i) ¢
ii’) H
iv’)

6 Concluding remarks

Regarding the notion of consistency, in this paper we
have obtained some results very similar to those of [7]
in two aspects. First, some spaces for sets of premises
are defined in order to preserve the consistency of a
Tarski consequence operator:

e The space {A; A" }£ 0}, where a set of premises
T" belongs to in case there exists an evaluation e
such that e(T'"") = 1 or that e(T"") > 0. (Product
and Godel logics.)

e The space {A\; A" S A"}, where a set of
premises I' belongs to just in case there exists an
evaluation e such that e(T'"") > 1/2. (Lukasiewicz
logic.)

Second, the sets of conjectures are defined based on
the notion of consistency, since conjectures are those
elements that are “not inconsistent” with the body of
information.

As for future research, we plan to get a deeper insight
into CHC models for t-norm based logics, with more
general characterizations and new applications.
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