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ABSTRACT
Participatory budgeting empowers citizens to take an active role in

shaping their government’s policies by influencing the allocation of

a limited budget. In this process, citizens file various proposals and

then collectively decide which ones should receive funding through

a voting system. While participatory budgets have garnered signifi-

cant attention in research and practice, one aspect so far overlooked

is the ethical dimension of the proposals. Thus, beyond just gaug-

ing citizen preferences, we propose also to consider how these

initiatives align with the government’s core values. Specifically,

we apply optimisation techniques to solve a multi-criteria decision

problem that considers both citizen support and value alignment

when choosing the proposals to fund. We illustrate our method in

two real case studies and analyse how we can combine both criteria

in an egalitarian way that does not necessarily compromise the

will of citizens and may encourage governments to broaden the

objectives and increase the allocated budget.
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1 INTRODUCTION
In democratic countries, the prevailing model is representative

democracy, wherein citizens limit their incidence to political life

to the election of their representatives. Alternatively, participatory

democracy pursues that citizens meaningfully contribute to politi-

cal decision-making[39]. In this context, participatory budgeting

constitutes an innovative mechanism that has lately gathered a lot

of attention. This is so because it empowers citizens to take an active

role in shaping their government’s policies. Through this process, a
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government allocates a budget to be spent on those proposals that

garner –through voting– the most citizen support.

Since their onset in the 80s in Brazil [43], governments have

widely adopted these processes
1
. However, as reported by the UN

[34], both participationnormally ranges between 1% and 15% of the

voting population and allocated budget represents between 1% and

10% of the total executed budget. Moreover, although research in

social choice has shown interest in participatory budgeting [1, 3, 13,

20], so far it has overlooked the ethical dimension of the proposals.

Against this background, in this paper we propose to consider, in

addition to citizen support, the alignment of the proposals with

the moral (strategic) values of the government. This serves a dual

purpose: it helps compensate for potential legitimacy limitations

in citizen participation and instils confidence in governments to

expand the scope of participatory budgeting to encompass a wider

range of decisions. Overall, we argue it poses a suitable/balanced

combination of representative and participatory democratic models.

Our proposal goes in line with the European Union technical

report highlighting the importance of value alignment in policy-

making both as a means to make decisions and also to explain

them [27]. For example, a proposal (or policy) that improves public

transportation infrastructures promotes (i.e., it is aligned with) the

value of environmentalism, and this can also be used to justify

an investment. Obviously, different political parties have different

preferences over values, but as they have been elected by the pop-

ulation as their representatives, we argue it is legitimate to also

consider (together with the citizens’ direct support) their value pref-

erences when choosing the proposals to fund. Importantly, the two

real-world participatory budgets we have studied so far show that

incorporating value alignment into the decision-making process

does not necessarily compromise the will of the people. Instead,

it enhances the synergy between representative and participatory

democracy, ensuring that the voice of the citizens resonates with

the overarching goals of the government. Hopefully, our proposed

method will encourage the governments to increase the budgets

allocated to participatory processes.

Within value alignment literature [12, 37], value inference con-

stitutes an open problem. Previous work in this area range from the

proposal of a general pipeline [23], to contextual value detection

1
According to the participatory budgeting atlas [10], there were 10081 participatory

budget processes in the world (all continents) in 2019. The pandemic reduced the

number down to 4032 in 2020. Most processes are set by local governments and large

cities. Some examples of cities that have adopted these processes are New York[7],

Santiago [9], Kakogawa[18], Madrid [28], Barcelona [2], Paris [35], or Cape Town[32].
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[24] or value system aggregation [22]. In our particular case, we

need to elicit the political or strategic values of the representatives

in the government. For that, we envision three alternative ways.

First, it could be done directly, through direct surveys, as done in

theWorld Value Survey [52]. Second, we could use different indirect

value elicitation mechanisms, such as using related indicators (e.g.,

Montes et Sierra [30] suggest the usage of the Gini index to model

inequiality) or by inferring them by applying Natural Language

Processing techniques in text (as done by Liscio et al. [24]). In this

paper, we opt for a third option to define the governmental value

system (i.e., the values and their relative preferences). In particular,

we resort to the government action plans (be it a municipal action

plan or a national action plan) to manually infer the values from

the chapters within, and then, map their associated expenditure to

value preferences.

This paper advances the state of the art in participatory budgets

by providing:

• A formal definition of a new approach to budgeting, consid-

ering value alignment as the main driver for the decision.

• A hybrid approach that combines both maximising citizen

satisfaction and value-alignment.

• Two new participatory budgeting solutions inspired by clas-

sic bargaining game solutions.

• An experimental evaluation to show the effects of our hybrid

approach to real-world participatory budget data.

As for the paper’s structure, Section 2 introduces participatory

budgets and their solutions. In Section 3 we introduce a first ap-

proach to solving participatory budgets, which aims at maximising

citizen satisfaction. Section 4 is devoted to introducing the value-

aligned approach. We describe the mixture of the two aforemen-

tioned approaches in Section 5. Section 6 then details how to solve

our proposed mixed approach, and in Section 7 we test it with real

data. Finally, Section 8 provides conclusions and future work.

2 PARTICIPATORY BUDGETS
Within a participatory budgeting process, citizens collectively de-

cide which proposals should receive funding through a voting sys-

tem. The social choice literature has explored a range of such voting

methods[20]: some permit unlimited votes (e.g., approval voting),

others limit the number of votes (e.g., k-approval voting or knapsack

voting[13]), and still others use ordered ballots (where participants

express their preferences by ranking proposals). Moreover, some

researchers include fairness criteria when allocating budgets.

In this paper though, we encompass most contemporary (real-

world) participatory budgeting processes by abstracting from the

actual voting process and by simply evaluating proposals in terms

of the votes they gather and their cost. Thus, from a set of proposals

𝑃 , we formalise 𝑣𝑜𝑡 : 𝑃 → N such that 𝑣𝑜𝑡 (𝑝) counts the number

of votes received by a proposal 𝑝 ∈ 𝑃 . Similarly, we define a cost

function 𝑐𝑜𝑠𝑡 : 𝑃 → R+, such that 𝑐𝑜𝑠𝑡 (𝑝) is the cost of implement-

ing 𝑝 ∈ 𝑃 . Moreover, we abuse notation to compute the overall cost

of a set of proposals 𝑆 ⊆ 𝑃 as 𝑐𝑜𝑠𝑡 (𝑆) = ∑
𝑝∈𝑆 𝑐𝑜𝑠𝑡 (𝑝).

When deciding which proposals to fund, we must also consider

the relations they may have. Hence, proposals may be exclusive

if they cannot be executed simultaneously (e.g. pedestrianising a

street and improving its traffic lanes) or may have a generalisation

relationship (e.g. pedestrianising the city centre is more general

than pedestrianising a single street) that implies redundancy. On

the one hand, we define proposal exclusivity as an irreflexive, sym-

metric, intransitive binary relation R𝑥 , such that (𝑝1, 𝑝2) ∈ R𝑥
means 𝑝1 and 𝑝2 are exclusive. On the other hand, generalisation

is defined as an irreflexive, antisymmetric, and transitive binary

relation R𝑔 , such that (𝑝1, 𝑝2) ∈ R𝑔 means 𝑝1 is generalised by 𝑝2.

Overall, we need to distribute a given budget 𝑏 ∈ R+, thus, the
set of chosen proposals must be in budget and should not include

exclusivity or generalisation relationships. Formally:

Def. 1. A feasible solution of a participatory budgeting process
is any subset 𝑆𝑜𝑙 ⊆ 𝑃 satisfying: i) 𝑐𝑜𝑠𝑡 (𝑆𝑜𝑙) ≤ 𝑏; ii) ∀𝑝1, 𝑝2 ∈
𝑆𝑜𝑙, (𝑝1, 𝑝2) ∉ R𝑥 ; iii) ∀𝑝1, 𝑝2 ∈ 𝑆𝑜𝑙, (𝑝1, 𝑝2) ∉ R𝑔 .

From the set of all feasible solutions, we aim at finding those

that maximise some criteria. Subsequent sections consider citizen

satisfaction and value alignment.

3 CITIZEN SATISFACTION
In most real-world participatory budgeting processes, citizens ini-

tially cast their votes for preferred proposals so that proposals can

be subsequently selected by following a descending order of gath-

ered votes (𝑣𝑜𝑡 (𝑝)) as long as the given budget 𝑏 is not exceeded

[11]. This process can be naturally seen as a proxy for maximising

citizen satisfaction. However, considering proposals in this order

does not guarantee that the selected proposals actually maximize

the total number of accumulated votes [39].

Alternatively, we consider the problem of finding the combina-

tion of proposals that maximize citizen satisfaction. The solution

to this problem can then be defined as follows:

Def. 2. Given a participatory budget with proposals 𝑃 , the maxi-
mum citizen satisfaction solution 𝑃∗𝑠𝑎𝑡 ⊆ 𝑃 is such that:

𝑃∗𝑠𝑎𝑡 = argmax

P
′⊆P

∑︁
𝑝𝑖 ∈𝑃 ′

𝑣𝑜𝑡 (𝑝𝑖 ) (1)

subject to: ∑︁
𝑝𝑖 ∈𝑃∗

𝑠𝑎𝑡

𝑐𝑜𝑠𝑡 (𝑝𝑖 ) ≤ 𝑏 (2)

∀𝑝𝑖 , 𝑝 𝑗 ∈ 𝑃∗𝑠𝑎𝑡 , (𝑝𝑖 , 𝑝 𝑗 ) ∉ R𝑥 (3)

∀𝑝𝑖 , 𝑝 𝑗 ∈ 𝑃∗𝑠𝑎𝑡 , (𝑝𝑖 , 𝑝 𝑗 ) ∉ R𝑔 (4)

where 𝑣𝑜𝑡 (𝑝𝑖 ) stands for the number of votes of proposal 𝑝𝑖 ∈ 𝑃 ,
𝑐𝑜𝑠𝑡 (𝑝𝑖 ) represents its cost, 𝑏 is the allocated budget, and 𝑅𝑥 and 𝑅𝑔
stand for exclusive and generalisation relations.

To find this solution, we encode a binary integer program (BIP)

which can be solvedwith state-of-the-art solvers such as CPLEX[16]

or Gurobi[14]. This encoding assigns a binary variable 𝑥𝑖 ∈ {0, 1}
to each proposal 𝑝𝑖 ∈ 𝑃 to denote whether the proposal is selected

(1) or not (0) and uses the target function:

𝑀𝑎𝑥𝑖𝑚𝑖𝑠𝑒
∑︁
𝑝𝑖 ∈𝑃

𝑥𝑖 · 𝑣𝑜𝑡 (𝑝𝑖 ) (5)

subject to the constraints relating to Eq. 2, 3, 4 respectively:∑︁
𝑝𝑖 ∈𝑃

𝑥𝑖 · 𝑐𝑜𝑠𝑡 (𝑝𝑖 ) ≤ 𝑏 (6)

𝑥𝑖 + 𝑥 𝑗 ≤ 1 ∀(𝑝𝑖 , 𝑝 𝑗 ) ∈ R𝑥 (7)



𝑥𝑖 + 𝑥 𝑗 ≤ 1 ∀(𝑝𝑖 , 𝑝 𝑗 ) ∈ R𝑔 (8)

4 VALUE ALIGNMENT
As previously argued in the introduction, we propose to consider

the ethical dimension of the proposals to choose in participatory

budgeting processes. Within ethics, moral values express the moral

objectives worth striving for [49, p.72]. Examples of human values

include fairness, respect, freedom, security, and prosperity [4]. Ad-

ditionally, both Sociology and Psychology have long studied human

values
2
as well as their relative importance across individuals and

societies. As governments do also have value (strategic) preferences,

we can include them in the proposal decision process by borrowing

the concept of value system from [41].

Def. 3. A value system is a structure ⟨𝑉 , ⪰⟩, where 𝑉 is a set of
values and ⪰ is a ranking over them (that is a total preorder or, in
other words, a total, reflexive, and transitive binary relation).

It is worth noticing that proposals can demote or promote values.

For example, a proposal to pedestrianise a city centre promotes

the value of environmentalism but demotes the value of mobility.

Furthermore, a proposal 𝑝 ∈ 𝑃 can relate to the values in a value

system ⟨𝑉 , ⪰⟩ with different degrees. Thus, a proposal to pedestri-

anise the whole city centre will promote environmentalism more

than the one just considering a single street. Next, we define the

proposal promotion function that captures this relationship:

Def. 4. Given a set of proposals 𝑃 and a value system ⟨𝑉 , ⪰⟩,
the promotion function 𝑝𝑟𝑜𝑚 : 𝑃 ×𝑉 → [−1, 1] defines the degree
of promotion or demotion between each proposal and each value.
Negative degrees [-1, 0) represent demotion, while positive ones (0, 1]
represent promotion, and 0 denotes the lack of relation.

In general, a participatory budget solution contains several pro-

posals promoting and/or demoting (with different degrees) several

values, which in turn are more or less preferred than other values.

Hence, in order to take all these aspects into account, we define

the value alignment score by considering three dimensions: the

value preferences, the proposals’ relation to values, and the multiple

proposals in a solution. We first look at the value preferences and

consider a value relevance function in line with [42]

Def. 5. Given a value system ⟨𝑉 , ⪰⟩, a value relevance function is
a function 𝑟 : 𝑉 → R+ satisfying that ∀𝑣, 𝑣 ′ ∈ 𝑉 𝑣 ⪰ 𝑣 ′ ⇔ 𝑟 (𝑣) ≥
𝑟 (𝑣 ′).

Thus, if 𝑣 is more preferred than 𝑣 ′, then its relevance 𝑟 (𝑣) must

be greater than 𝑟 (𝑣 ′) (and if 𝑣 and 𝑣 ′ are indifferently preferred,

then 𝑟 (𝑣) = 𝑟 (𝑣 ′)). Note that the value relevance function 𝑟 is

very general, as it just requires that the more preferred a value

is, the higher its relevance. Therefore, decision-makers may opt

for alternative computations. For simplicity, here we compute the

relevance of a value 𝑣 as the sum of relevances of its less preferred

values (with the least preferred values having a relevance of 1).

Hence, given a value system ⟨𝑉 , ⪰⟩, we define the relevance of a
value 𝑣 ∈ 𝑉 as:

𝑟 (𝑣) = 1 +
∑︁
𝑣≻𝑣′

𝑟 (𝑣 ′) (9)

2
Different value models have been proposed and compared [4], rendering Schwartz’s

value model [38] as the most comprehensive one [15].

Second, as each proposal might be related to more than one

value, we assess each proposal’s value alignment by combining both

the degree of promotion/demotion to each value and the value’s

relevance.

Def. 6. Given a proposal 𝑝 ∈ 𝑃 , a value system ⟨𝑉 , ⪰⟩, a relevance
function 𝑟 , and a promotion function 𝑝𝑟𝑜𝑚 , the value alignment of 𝑝
is:

𝑎𝑙 (𝑝) =
∑︁
𝑣∈𝑉

𝑟 (𝑣) · 𝑝𝑟𝑜𝑚(𝑝, 𝑣) (10)

Finally, a feasible solution will usually contain more than one

proposal. Hence, the overall value alignment of a set of proposals

is the sum of the individual value alignment of its proposals
3
:

Def. 7. Given a feasible solution 𝑆𝑜𝑙 ⊆ 𝑃 and a relevance function
𝑟 , the value alignment of 𝑆𝑜𝑙 is:

𝑎𝑙 (𝑆𝑜𝑙) =
∑︁
𝑝∈𝑆𝑜𝑙

𝑎𝑙 (𝑝) =
∑︁
𝑝∈𝑆𝑜𝑙

∑︁
𝑣∈𝑉

𝑟 (𝑣) · 𝑝𝑟𝑜𝑚(𝑝, 𝑣) (11)

Similar to the citizen satisfaction problem introduced in Section

3, here we consider the problem of finding the subset of proposals

that maximise value alignment.

Def. 8. Given a participatory budget with proposals 𝑃 , the maxi-
mum value alignment solution 𝑃∗

𝑎𝑙
⊆ 𝑃 is such that:

𝑃∗
𝑎𝑙

= argmax

P
′⊆P

∑︁
𝑝𝑖 ∈𝑃 ′

𝑎𝑙 (𝑝𝑖 ) (12)

Subject to the constraints in Eqs. 2, 3, and 4.

As before, we can solve this problem using optimisation tech-

niques. Thus, we encode it as a BIP by assigning again a binary

variable 𝑥𝑖 ∈ {0, 1} to each proposal 𝑝𝑖 ∈ 𝑃 and by considering the

following target function:

𝑀𝑎𝑥𝑖𝑚𝑖𝑠𝑒
∑︁
𝑝𝑖 ∈𝑃

𝑥𝑖 · 𝑎𝑙 (𝑝𝑖 ) (13)

subject to the constraints in Eqs. 6, 7, and 8.

5 LEVERAGING VALUE ALIGNMENT AND
CITIZEN SATISFACTION

In order to create synergies between representative and participa-

tory democracy, we now focus on combining value alignment and

citizen satisfaction into the decision-making process of participa-

tory budgeting. Thus, we aim to ensure that the voice (votes) of the

citizens resonates with the strategic values of the government. We

formalise this as a bi-objective problem, the so-called value-aligned

participatory budgeting problem (VAPBP), and solve it utilizing

optimisation techniques in Section 6.

The value-aligned participatory budgeting problem (VAPBP)

aims at maximising both citizen satisfaction and value alignment

in participatory budgeting processes. Thus, by considering the

number of gathered votes as a proxy for citizen satisfaction, it can

be formalised as a bi-objective problem:

3
We assume that the proposals in 𝑃 are as all-encompassing as possible, i.e., that

there are no two proposals in 𝑃 that could be combined into one meaningfully. This

is because dividing proposals into smaller ones could affect their value alignment. It

is worth mentioning though, that good democratic practices recommend to check

proposals for possible combinations before moving into the voting phase.



Def. 9 (VAPBP). Given a set of proposals 𝑃 with exclusivity rela-
tions in R𝑥 and generalisation relations in R𝑔 , an available budget
𝑏, a citizen satisfaction function 𝑣𝑜𝑡 (𝑝), and an ethical alignment
function 𝑎𝑙 (𝑝), the value-aligned participatory budgeting problem
(VAPBP) is that of finding the subset of proposals 𝑃∗ ⊆ 𝑃 such that:

𝑃∗ = argmax

P
′⊆P

©­«
∑︁
𝑝𝑖 ∈𝑃 ′

𝑣𝑜𝑡 (𝑝𝑖 ),
∑︁
𝑝𝑖 ∈𝑃 ′

𝑎𝑙 (𝑝𝑖 )ª®¬
subject to the constraints in Eqs. 2, 3, and 4.

A feasible solution for a VAPBP must satisfy the conditions in

Def. 1. Henceforth, we refer to the set 𝑆𝑆 ⊆ P(𝑃) containing all

the feasible solutions of a VAPBP as its solution space.
The VAPBP is a bi-objective combinatorial optimisation prob-

lem. In multi-objective optimization, the goodness of a solution is

determined by dominance. Informally, a solution 𝑥1 dominates

another solution 𝑥2 if: (i) solution 𝑥1 is no worse than 𝑥2 in all

objectives, and (ii) solution 𝑥1 is strictly better than 𝑥2 in at least

one objective. In our case, we can formalise dominance as follows.

Def. 10 (VAPBP solution dominance). A solution 𝑆𝑜𝑙 ∈ 𝑆𝑆

dominates another solution 𝑆𝑜𝑙 ′ ∈ 𝑆𝑆 if:
• 𝑣𝑜𝑡 (𝑆𝑜𝑙) ≥ 𝑣𝑜𝑡 (𝑆𝑜𝑙 ′) and 𝑎𝑙 (𝑆𝑜𝑙) ≥ 𝑎𝑙 (𝑆𝑜𝑙 ′).
• 𝑣𝑜𝑡 (𝑆𝑜𝑙) > 𝑣𝑜𝑡 (𝑆𝑜𝑙 ′) or 𝑎𝑙 (𝑆𝑜𝑙) > 𝑎𝑙 (𝑆𝑜𝑙 ′).

Hence, our aim is to find the feasible solutions in the solution

space that are not dominated by others. We say that these solutions

satisfy strong Pareto optimality.

Def. 11 (Strong Pareto optimality). A solution 𝑆𝑜𝑙 ∈ 𝑆𝑆 is
strong Pareto optimal if there is no other solution �𝑆𝑜𝑙 ′ ∈ 𝑆𝑆 domi-
nating it.

Notice that all strong Pareto-optimal solutions form what is

usually called the Pareto front, which we formalise hereunder.

Def. 12 (Pareto front of the VAPBP). Given a VAPBP with
proposals 𝑃 , exclusivity relations R𝑥 , generalisation relations R𝑔 ,
budget 𝑏, citizen satisfaction utility 𝑣𝑜𝑡 , and alignment utility 𝑎𝑙 , the
Pareto front of the problem is 𝑃𝐹 ⊆ 𝑆𝑆 , such that ∀𝑃∗ ∈ 𝑃𝐹, �𝑃 ′ ∈ 𝑆𝑆

with 𝑃 ′ dominating 𝑃∗.

Regarding participatory budgeting, ensuring that the selected

solutions are Pareto-optimal (they lay within the Pareto front) is

crucial. Neither the citizens nor the government are interested in

spending money on a sub-optimal selection of proposals. Without

strong Pareto-optimality, there might be another set of proposals

that is better concerning one of the two criteria (either citizen

satisfaction or ethical alignment) while being at least as good for

the other criterion.

Hence, any solution within the Pareto front (𝑃𝐹 ) is a potential

candidate to be selected in a participatory budgeting process. How-

ever, we are interested in those that provide a good compromise

between both criteria.

We can regard a VAPBP as a bargaining game [31]. In short, a

bargaining game consists of two or more parties bargaining over

some goods (e.g., a buyer and seller that must agree on the price

of some good they want to trade). As to participatory budgeting,

a VAPBP is a bargaining game between the citizens and the gov-

ernment, who must decide on the proposals to approve. Citizens

want some proposals to be approved (and cast their votes to favour

them), while the government (representing non-participating citi-

zens) defines their preferences over proposals through alignment.

The bargaining between these two parties will lead to a solution (a

selection of proposals) between both parties’ preferences.

The literature has explored several rules for finding solutions in

bargaining games (e.g., the survey by Thomson et al. [48]). However,

these rules typically assume that the feasible set is an infinite, con-

vex, and compact subset of the Euclidean space. As to participatory

budgeting, our feasible set, the solution space 𝑆𝑆 , is finite. Hence,

while we can redefine the rules in [48], their properties may differ

from those discussed there. Here we focus on two of the classic

bargaining game rules: the Nash product and Kalai-Smordinsky

rules.

First, the Nash product is commonly considered in bargaining

games and other areas like multi-agent resource allocation [5].

Given a feasible solution for the VAPBP, the Nash product obtains

the value of the solution as the product of citizen satisfaction and

ethical alignment. The Nash rule would select as solutions the

feasible solutions with maximum Nash product. We formally define

the Nash product rule as follows.

Def. 13 (Nash product rule for the VAPBP). Consider a
VAPBP with a solutions space 𝑆𝑆 . Let 𝑝𝑟𝑜𝑑 (𝑃 ′) be the product of
the citizen satisfaction and alignment utilities for a set of proposals
𝑃 ′ ∈ 𝑆𝑆 :

𝑝𝑟𝑜𝑑 (𝑠𝑜𝑙) =
∑︁
𝑝𝑖 ∈𝑃 ′

𝑣𝑜𝑡 (𝑝𝑖 ) ·
∑︁
𝑝𝑖 ∈𝑃 ′

𝑎𝑙 (𝑝𝑖 )

The Nash value-aligned participatory budget rule selects the following
feasible solution:

𝑃∗
𝑁𝑎𝑠ℎ

= argmax

P
′∈SS

𝑝𝑟𝑜𝑑 (𝑃 ′)

The Nash product rule satisfies Pareto-optimality. Note that

given two sets of proposals, if one of them is better in terms of

either (or both) criteria, its Nash product will be greater
4
. Besides

Pareto-optimality, Mariotti et al. [29] study other properties of the

Nash product rule which we inherit. In particular, their axiomati-

sation
5
considers the following additional properties: Covariance

with scale transformations, Symmetry, and Independence of irrele-

vant alternatives. Without entering into formal details, we describe

what these properties mean in participatory budgeting terms. First,

covariance with scale transformations ensures that the solution re-

mains the same independently of the linear transformations applied

to criteria utilities (e.g., the solution will be maintained indepen-

dently of measuring citizen satisfaction and ethical alignment in

[0,1] or [0,100] and multiply all utilities by 100). Second, Symmetry

ensures that if the citizens and government utilities are exchanged,

then the solution will remain the same. Third, Independence of

irrelevant alternatives guarantees that the solution is maintained if

we add “irrelevant” proposals (e.g., a proposal that is more expen-

sive and worse in terms of citizen satisfaction and alignment than

any other proposal).

4
Assuming there is at least one proposal with non-zero utilities for all criteria con-

sidered (citizen satisfaction and ethical alignment in our case). This is a common

assumption in bargaining games.

5
Notice that in their axiomatisation they consider weak Pareto optimality because

that is enough to fully axiomatise the Nash rule, but it also satisfies strong Pareto

optimality as discussed above.



Second, say that we represent each set of proposals in 𝑆𝑆 in

the two-dimensional Euclidean space where the x-axis represents

citizen satisfaction and the y-axis represents ethical alignment.

Then, the Kalai-Smordinsky (abbreviated KS) rule would select

the set of proposals that is closer to the line drawn between the

status quo point (0,0) and the utopia point (represented by the

maximum value of citizen satisfaction and the maximum alignment

achieved by any solution), hence favouring solutions closer to the

utopia point. Formally, a solution 𝑃 ′ ∈ 𝑆𝑆 , would be represented

by point

( ∑
𝑝∈𝑃 ′ 𝑣𝑜𝑡 (𝑝),∑𝑝∈𝑃 ′ 𝑎𝑙 (𝑝)

)
. We obtain the utopia point

as

(
𝑣𝑜𝑡𝑚𝑎𝑥 , 𝑎𝑙𝑚𝑎𝑥

)
, where 𝑣𝑜𝑡𝑚𝑎𝑥 = 𝑎𝑟𝑔𝑚𝑎𝑥𝑃 ′∈𝑆𝑆

∑
𝑝∈𝑃 ′ 𝑣𝑜𝑡 (𝑝),

and 𝑎𝑙𝑚𝑎𝑥 = 𝑎𝑟𝑔𝑚𝑎𝑥𝑃 ′∈𝑆𝑆
∑
𝑝∈𝑃 ′ 𝑎𝑙 (𝑝). Therefore, we obtain the

distance between a feasible solution 𝑃 ′ ∈ 𝑆𝑆 and the line going

through the status quo and ideal points as:

𝑑𝑖𝑠 (𝑃 ′) =
|𝑎𝑙𝑚𝑎𝑥

∑
𝑝∈𝑃 ′ 𝑣𝑜𝑡 (𝑝) − 𝑣𝑜𝑡𝑚𝑎𝑥

∑
𝑝∈𝑃 ′ 𝑎𝑙 (𝑝) |√︃

𝑣𝑜𝑡2𝑚𝑎𝑥 + 𝑎𝑙2𝑚𝑎𝑥

Thus, we can formalise the KS rule as follows.:

Def. 14 (Kalai-Smordinsky rule for the VAPBP). Given a
VAPBP with solution space 𝑆𝑆 , the Kalai-Smordinsky (abbreviated
KS) rule selects the set of proposals 𝑃∗

𝐾𝑆
= argmin

P
′∈SS

𝑑𝑖𝑠 (𝑃 ′).

As for the properties of the KS rule, Nagahisa et al. [17] provide

an axiomatisation for cases with a finite feasible set. They identify

the following properties: Continuity, Independence, Monotonicity,

Symmetry, and Invariance. Despite some changes in properties’

names, Nagahisa’s axiomatisation is fairly similar to Mariotti’s on

the classic Nash solution, as described above. Thus, Symmetry is

the same for both authors. Nagahisa et al. [17] call Invariance what

Mariotti calls Covariance with scale transformations. Continuity

for the KS solution replaces Weak Pareto Optimality for the Nash

solution. Continuity ensures the stability of a solution so that a

small change in its set of proposals will not lead to a large change

in the solution.

Independence of irrelevant alternatives for a Nash solution is

traded for two other properties: a weaker version of it (referred

to as “Independence” by Nagahisa et al. [17]) and, most notably,

Monotonicity. Informally, Monotonicity ensures that solutions im-

prove if the set of available proposals improves. For instance, this is

the case when adding low-cost and highly-preferred proposals (by

either citizens or the government, or both) to the set of available

proposals. We regard Monotonicity as a desirable property for a

participatory budgeting process whose proposals change dynami-

cally. For instance, if some proposal is expanded during the voting

phase or if new proposals need to be considered due to a sudden

new necessity of the city/region.

Importantly, note that while the KS solution for an infinite feasi-

ble set satisfies strong Pareto-optimality [48], Nagahisa et al. [17]

show that this is not the case when the feasible set is finite. This

means that if there are two solutions, 𝑃 ′ and 𝑃 ′′, with different

citizen satisfaction but equal alignment, then the KS solution might

be the one with less citizen satisfaction. Since, as discussed above,

strong Pareto-optimality is important for participatory budgeting,

we tweak the KS solution to ensure it satisfies this property. To do

so, given a VAPBP, instead of applying the KS rule to the whole

solution space 𝑆𝑆 , we apply it to the Pareto front of the problem.

We call this the Pareto Kalai-Smordinsky (abbreviated Pareto KS)

rule, which we formalise as follows.

Def. 15 (Pareto Kalai-Smordinsky rule for the VAPBP).

Given a VAPBP with solution space 𝑆𝑆 and Pareto front 𝑃𝐹 , the
Pareto Kalai-Smordinsky rule selects the set of proposals 𝑃∗

𝑃𝐾𝑆
=

argmin

P
′∈PF

𝑑𝑖𝑠 (𝑃 ′).

Our Pareto KS rule satisfies strong Pareto-optimality trivially

and satisfies the properties of the classic KS rule if we restrict them

to the Pareto front. Nonetheless, we can only guarantee Pareto-

optimality from the point of view of the whole solution space.

As a final comment, note that when the solution space is fi-

nite, the proposed rules may not select a unique set of proposals.

Different solutions may have the same Nash product value. Or

there might be two solutions whose distance to the line used by

the Pareto KS rule is equal. Although unusual, those cases would

benefit from defining some criterion to select a single solution (e.g.,

the one with greater citizen satisfaction).

Having formally defined the rules to select solutions out of the

VAPBP Pareto front, next section details how to compute solutions.

6 SOLVING THE VAPBP
Note that the VAPBP is an instance of thewell-knownmulti-objective

knapsack problem (MOKP)[26] with a single knapsack (whose ca-

pacity corresponds to the allocated budget).

A classic multi-objective optimisation method is the weighted

sum method, which scalarises a set of objectives into a single ob-

jective by adding each objective pre-multiplied by a user-supplied

weight. The weighted sum method allows solving a MOKP using

off-the-shelf LP libraries. The disadvantages of this method are: (i)

it is difficult to set the weight vectors to obtain a Pareto-optimal

solution in a desired region in the objective space, and (ii) it cannot

find certain Pareto-optimal solutions in the case of a non-convex

objective space. This second disadvantage is important since our

solution space is not convex (as shown in the experiments in Sec. 7).

As discussed in the previous section, the importance of the Pareto-

optimal property means we only consider Pareto-optimal solutions

(the Nash and Pareto KS solutions). Since these will always be on the

Pareto front, instead of the weighted sum optimisation approach,

we advocate for computing the whole Pareto front and selecting

our solutions out of it. As discussed by Visée et al. [51], this is a

complex task as the so-called non-supported efficient solutions (the

ones which “break the convexity of the set”) are not straightforward

to compute. Fortunately, there are several exact methods (complete

algorithms) in the literature to find the whole Pareto front of the

MOKP as surveyed in [26]. For example, researchers have defined

highly efficient, exact algorithms, as discussed in [53] or [47].

From the Pareto front, which in our case is a finite set, we can

assess the Nash product of the points on the front to select the

one maximising it as the Nash solution. On the other hand, we can

also employ the Pareto front to compute the Pareto KS solution by

applying the rule described in Def. 15.



7 EXPERIMENTAL EVALUATION
Here we illustrate how our proposal succeeds in leveraging value

alignment and citizen satisfaction in the real-world participatory

budgeting processes of Barcelona[6] and Warsaw[33]. We chose

them due to data availability and extensive documentation.

We provide a github repository [40] with the supplementary

material and code of our experiments and the data in an extended

version of Pabulib format [45] that includes value relevance.

7.1 Barcelona
The participatory budget of Barcelona 2020-2023[6] involved about

40,000 people and initially distributed an overall budget of 30M€

among its 10 city districts (e.g., Les Corts was allocated 2M€, Sants

3.6M€, or Nou Barris 3.6M€). Subsequently, the process continued

with 5 different phases that mostly consisted of: citizens making,

debating about, and prioritising proposals; city technicians specify-

ing how much they would cost and their categories (i.e., areas such

as education or ecology); and citizens voting for the proposals. The

voting method was knapsack voting [13] and votes were used to

rank proposals for each district. Proposals were finally approved

from top to bottom until the district’s budget was spent (skipping

those proposals whose cost exceeded the remaining budget).

Alternatively, as we aim at considering both votes and value-

alignment in the participatory budget, we need to infer the values

involved. As previously discussed in the introduction, different

methods –such as surveys or indirect indicators– can be applied.

Here we resort to the municipal action plan –where the municipal

expenditure is detailed for different areas/chapters– and assume

that the more money spent on an area, the more relevant the moral

value related to that area. For instance, we assume that a munic-

ipality that invests the most money in schools is a government

that values education the most. The first two columns in Table 1

show Barcelona’s spending in categories related to values
6
. Value

relevance 𝑟 (𝑣) in the third column is then computed as the value

spending over the total spending, which is 2065.6 million euros

(M€) if just considering categories related to values.

Next, in order to avoid speculation, we simply define promotion

as 𝑝𝑟𝑜𝑚(𝑝, 𝑣) = 1 if proposal 𝑝 is related to value 𝑣 (i.e., categorised

in the related area) or 𝑝𝑟𝑜𝑚(𝑝, 𝑣) = 0 otherwise. Then, from 𝑟 (𝑣)
and 𝑝𝑟𝑜𝑚(𝑝, 𝑣) we can apply Eq. 10 to compute the alignment 𝑎𝑙 (𝑝)
of all proposals. Table 2 lists some example proposals. In particular,

the alignment for 𝑝6 is the sum of the relevance of all the values it

promotes (Equality and Ecology, in this case).

Finally, considering the citizen satisfaction function 𝑣𝑜𝑡 (𝑝) and
the alignment function 𝑎𝑙 (𝑝) as described above, we are ready to

formalise each VAPBP according to Def. 9 and solve it by applying

social choice functions over the Pareto front as described in Section

5. As for the algorithm to build the Pareto front we use the one by

Tamby et al.
7
[47]. In particular, we employed the implementation

provided in Jump the package by Lubin et al. [25]. Figure 1 shows

6
For the sake of simplicity, in a few cases, values were defined as the addition of a

couple of areas (e.g., the “Economic growth” value came from “R+D+i” and “commerce,

tourism, SMEs” areas, which had spending of 1.6M€ and 106.6M€ respectively).

7
This is an exact algorithm that is an extension of the classic epsilon-constraint method.

Surprisingly, while epsilon-constraint is not exact we have seen it produces the same

solutions in almost all cases.

Value Spending (M€) Relevance 𝑟 (𝑣)
Equality 392.4 0.18997

Social Welfare 403.2 0.19520

Housing 163.5 0.07915

Healthcare 23.8 0.01152

Education 161.8 0.07833

Culture 164.2 0.07949

Sport 28 0.01356

Ecology 246.7 0.11943

Security 373.8 0.18096

Economic growth 108.2 0.05238

Table 1: Barcelona’s spending [8] in areas/related values.

#𝑝 Proposal desc.

Promoted

Values

𝑎𝑙 𝑐𝑜𝑠𝑡 𝑣𝑜𝑡

𝑝1 Improve E.I. Park Ecology 0.11943 0.85 3351

𝑝2 Reform spt camp Sport 0.01356 1.6 2890

𝑝3 Pedestrianise o.S. S.Welfare 0.1952 0.2 2483

𝑝6
Renew veget. &

children’s area

Ecology,

Equality

0.3094 0.535 2132

𝑝7 Superblock Sants Ecology 0.11943 0.55 2004

𝑝8 Cit. Usage F.G.C. S.Welfare 0.19520 0.3 1927

𝑝9 Led screens spt Sport 0.01356 0.07 1824

𝑝12 Pedestrianise C.s. S.Welfare 0.1952 0.4 1626

𝑝17 Changing rooms Sport 0.01356 0.275 1083

𝑝18 Redevelop Co.Sq. S.Welfare 0.19520 1.3 790

𝑝19 Reform Casa. St. S.Welfare 0.19520 0.588 518

Table 2: The related values, alignment 𝑎𝑙 (𝑝), cost (in M€), and
votes of a subset of proposals10 from Barcelona’s Sants dis-
trict. Proposals are numbered in decreasing order of 𝑣𝑜𝑡 (𝑝).

the results for a sample of 3 out of the 10 districts in Barcelona
8
.

For all plots, the x-axis represents the citizen satisfaction achieved

by each solution and the y-axis represents its value alignment.

The blue dots represent the solutions laying in the Pareto front

(𝑃𝐹 , see Def. 12) of the VAPBP for each district. The red cross (×)
represents the Nash solution (𝑃∗

𝑁𝑎𝑠ℎ
, see Def. 13), the pink triangle

the Pareto KS solution (𝑃∗
𝑃𝐾𝑆

, see Def. 15), the green square the

solution maximising citizen satisfaction only (𝑃∗𝑠𝑎𝑡 , see Def. 2), and
the black star is the utopia point (i.e., the maximum possible for

each criterion). If solutions coincide we paint them as an orange

cross (×) and note it in the legend.

We can see in the plots that considering only one criterion may

hinder the other one, whereas our proposed solutions present a

good compromise between the two. For example, in the case of Les

Corts (Figure 1a) maximising citizen satisfaction produces a solu-

tion 𝑃∗𝑠𝑎𝑡 with 92,9% of the maximum possible value alignment (i.e.,

the green square gets 1.63 out of 1.76), whereas maximising value

alignment produces a solution 𝑃∗
𝑎𝑙

(see Def. 8) that only accounts

for around 79.5% of the maximum citizen satisfaction possible (i.e.,

8
For space constraints we only show the 3 most interesting plots, nonetheless we refer

the reader to our supplementary material and code [40] where the rest of the plots

can be found.
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Figure 1: Results for a sample of 3 out of the 10 processes in Barcelona (see all 10 in supplementary material [40]).

the blue dot on the left gets 6548 out of 8241). This difference would

be more noticeable if citizens votes did not favour the government’s

values. In contrast, our proposed solutions succeed in finding a suit-

able balance between representative and participatory democratic

models, as they both get closer to the utopia point. In particular,

both 𝑃∗
𝑁𝑎𝑠ℎ

and 𝑃∗
𝑃𝐾𝑆

(orange cross) achieve 96,8% of maximum

citizen satisfaction (7977 out of 8241) and 97,2% of maximum value-

alignment (1,71 out of 1.76). Interestingly, the Nash and the Pareto

KS solutions coincide in most districts of Barcelona. Conversely,

they are not coincident in Sants (Figure 1b and Table 2
9
).

In the case of Sants, the maximum citizen satisfaction solution

(𝑃∗𝑠𝑎𝑡 , green square) selects proposals ⟨𝑝1, 𝑝3, 𝑝6 − 𝑝11, 𝑝13, 𝑝14, 𝑝16⟩
(𝑃∗𝑠𝑎𝑡 just has 86,6% of 𝑎𝑙 ). Alternatively, the Nash solution (𝑃∗

𝑁𝑎𝑠ℎ
,

red cross) selects proposals ⟨𝑝1, 𝑝3, 𝑝6, 𝑝8 − 𝑝14, 𝑝16⟩ thus exchang-
ing 𝑝7 for 𝑝12 (as this has higher alignment)(𝑃∗

𝑁𝑎𝑠ℎ
reaches 98,2%

of 𝑠𝑎𝑡 and 90,53% of 𝑎𝑙 ). Finally, the Pareto KS solution (𝑃∗
𝑃𝐾𝑆

pink

triangle) selects proposals ⟨𝑝3, 𝑝6, 𝑝8 − 𝑝14, 𝑝16, 𝑝17, 𝑝19⟩ by select-

ing 𝑝17 and 𝑝19 instead of the most voted 𝑝1 to accumulate higher

alignment and thus, to get closer to the diagonal between (0, 0) and
the ideal solution (black star) (𝑃∗

𝑃𝐾𝑆
gets 90,1% of 𝑠𝑎𝑡 and 95,2% of

𝑎𝑙). On the other end of the spectrum, the solution 𝑃∗
𝑎𝑙

that max-

imises alignment is ⟨𝑝3, 𝑝6 − 𝑝8, 𝑝10 − 𝑝14, 𝑝16, 𝑝19⟩, which includes

𝑝7 instead of 𝑝9 and 𝑝17 (𝑃
∗
𝑎𝑙

though just gets a 85,9% of 𝑠𝑎𝑡 ). Addi-

tionally, in order to measure the similarity between solutions, we

apply the overlap Szymkiewicz–Simpson coefficient[50] by com-

puting the size of their intersection divided by the smaller of the

size of the two solutions (i.e., 𝑜 (𝑃𝑖 , 𝑃 𝑗 ) = |𝑃𝑖 ∩ 𝑃 𝑗 |/𝑚𝑖𝑛( |𝑃𝑖 |, |𝑃 𝑗 |)).
Then, we have that 𝑜 (𝑃∗

𝑎𝑙
, 𝑃∗𝑠𝑎𝑡 ) = 𝑜 (𝑃∗

𝑃𝐾𝑆
, 𝑃∗𝑠𝑎𝑡 ) = 9/11 = 0.82,

whereas 𝑜 (𝑃∗
𝑁𝑎𝑠ℎ

, 𝑃∗𝑠𝑎𝑡 ) = 10/11 = 0.91, so that we can conclude

that 𝑃∗
𝑁𝑎𝑠ℎ

is more similar to 𝑃∗𝑠𝑎𝑡 than 𝑃∗
𝑃𝐾𝑆

or 𝑃∗
𝑎𝑙

10
.

Considering all 10 districts, the Nash solution selected a set of

proposals with an average of 98.3% of the maximum possible citizen

satisfaction (standard deviation 𝜎 =1.1%, with a minimum of 96.8%)

and an average of 96.6% of the maximum possible value alignment

(standard deviation 𝜎 =3.33%, with a minimum of 90.53%). While

9
See the complete set of proposals for Sants in the supplementary material [40].

10
The proposals that were actually chosen in Sants by ranking by 𝑣𝑜𝑡 were ⟨𝑝1 −

𝑝4, 𝑝9 ⟩, as the first 4 proposals consumed most of the available budget and 𝑝9 just

costs 70,000€. Its overlap coefficient with 𝑃∗
𝑠𝑎𝑡 is 3/5=0,6 (so it is not very similar).

Obviously, this solution is not plotted in Fig.1b because it does not belong to the Pareto

front: it just gets 60,4% (12961) of 𝑠𝑎𝑡 and only 24% of 𝑎𝑙 (0,46118).

the Pareto KS selected a set of proposals with an average of 96.73%

of 𝑠𝑎𝑡 (𝜎 = 3.43%, min=90.08%) and an average of 97.27% of 𝑎𝑙

(𝜎 = 2.22%,min=94.27%). Moreover, the average similarity with 𝑃∗𝑠𝑎𝑡
is 𝑜 (𝑃∗

𝑁𝑎𝑠ℎ
, 𝑃∗𝑠𝑎𝑡 ) = 0.916 (𝜎 = 0.051) and 𝑜 (𝑃∗

𝑃𝐾𝑆
, 𝑃∗𝑠𝑎𝑡 ) = 0.896

(𝜎 = 0.067), so they are fairly similar.

Overall, we consider that the obtained solutions 𝑃∗
𝑁𝑎𝑠ℎ

and 𝑃∗
𝑃𝐾𝑆

are suitably balanced with respect to both criteria, and this balance

compensates for potential legitimacy limitations in citizen participa-

tion and encourages governments to increase the budget allocation.

7.2 Warsaw
We consider the data from Warsaw’s 2021

11
participatory budget

[46]. The budget was distributed among the 18 districts of the

city plus a city-wide chapter (to include city-wide proposals). The

process in Warsaw is similar to that of Barcelona (see [36]).

We proceed as for Barcelona to elicit values, to compute the

corresponding value-alignment, and solve the VAPBP problem for

each district. Figure 2 depicts the results for 6 districts considering

citizen satisfaction (x-axis) and value alignment (y-axis). Again,

blue dots signal the Pareto front. As before, we can see in the plots

that considering only one criterion may highly hinder the other

one, whereas our proposed Nash and Pareto KS solutions present

a good compromise between the two. For example, in the case of

the Warsaw city-wide participatory budget (Figure 2e) maximising

value alignment produces a solution 𝑃∗
𝑎𝑙

that only accounts for

around 71.9% of the maximum citizen satisfaction possible (𝑠𝑎𝑡 ),

whereas maximising citizen satisfaction produces a solution 𝑃∗𝑠𝑎𝑡
with 81,8% of the maximum possible value alignment (𝑎𝑙). On the

other hand, our proposed solutions 𝑃∗
𝑁𝑎𝑠ℎ

and 𝑃∗
𝑃𝐾𝑆

achieve 95.1%

or more in terms of 𝑎𝑙 and 𝑠𝑎𝑡 . Considering all 18 districts (and

city-wide participatory budget), the Nash solution 𝑃∗
𝑁𝑎𝑠ℎ

selected a

set of proposals with an average of 97.32% of 𝑠𝑎𝑡 (standard deviation

𝜎 =1.31%, with a minimum of 95.32%) and an average of 96.53% of

𝑎𝑙 (𝜎 =2.13%,𝑚𝑖𝑛 =92.61%). The Pareto KS solution 𝑃∗
𝑃𝐾𝑆

selected

a set of proposals with an average of 96.74% of 𝑠𝑎𝑡 (𝜎 =1.19%,

𝑚𝑖𝑛 =94.15%) and an average of 96.7% of 𝑎𝑙 (𝜎 =1.09%,𝑚𝑖𝑛 =94.08%).

As for average similarity with 𝑃∗𝑠𝑎𝑡 , we obtained 𝑜 (𝑃∗𝑁𝑎𝑠ℎ, 𝑃
∗
𝑠𝑎𝑡 ) =

0.941 (𝜎 = 0.019) and 𝑜 (𝑃∗
𝑃𝐾𝑆

, 𝑃∗𝑠𝑎𝑡 ) = 0.931 (𝜎 = 0.033), so again,

they are similar to the solution with highest citizen satisfaction.

11
As of writing, the most recent year for which government spending is available [44].
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Figure 2: Results for a sample of 6 out of the 19 processes in Warsaw (see all 19 in supplementary material [40]).

7.3 Experiments conclusions
We used real-world data to illustrate how our proposed rules man-

age to find solutions in line with citizen preferences and govern-

ment’s values. We can conclude that, on the one hand, if there

is a reasonable coincidence between the citizens’ interests and

the government’s strategic values, then our approach manages to

successfully balance representative and participatory democratic

models, that is, to consider the government’s strategic values with-

out compromising the will of the people. In fact, we accomplish

almost optimal results in terms of value alignment and citizen satis-

faction. On the other hand, our proposal would also become useful

to objectively signalling fundamental discrepancies between the

citizens’ will and the government representing them. For those

cases, the proposed social choice functions would still compute a

suitable trade-off that would avoid potential bias.

Although in our experiments the Nash and Pareto KS rules pro-

vide similar solutions, it is worth recalling that they hold different

properties. Nash satisfies IIA, while Pareto KS satisfies monotonic-

ity. In most cases, we would opt for Nash, but if new proposals can

be added during the decision-making process (which is not usual),

we would then favour the Pareto KS solution for its monotonicity.

8 CONCLUSIONS AND FUTUREWORK
Participatory budgeting has gathered a lot of attention, but so far,

the literature has overlooked the ethical dimension of the propos-

als. We see the value-aligned participatory budgeting problem as

a bi-objective problem of leveraging value alignment and citizen

satisfaction. Our proposal constitutes a balanced combination of

representative and participatory democratic models that compen-

sates for potential legitimacy limitations when citizen participation

is low, as including values of the representative government indi-

rectly counts for those who did not participate. Our experimental

results show that our method provides solutions that are almost

optimal for each of the two objectives. Importantly, considering

the government’s value preferences in the decision-making process

allows to find a consensus solution (between the government and

citizens), hence encouraging governments to increase the budget

allocation, which has so far been limited.

As future work, we plan to explore alternative value elicitation

methods and non-symmetric social choice functions. For instance,

it would be interesting to apply a non-symmetric version of the

Nash product rule [3, 19]. This would be similar to the work of

Laurelle et al. [21] who have used a non-symmetric Nash product

in bargaining problems including a voting rule.
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