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Abstract

Nilpotent Mininum logic (NML) is a substructural algebraizable logic
that is a distinguished member of the family of systems of Mathematical
Fuzzy logic, and at the same time it is the axiomatic extension of Nelson
and Markov’s Constructive logic with strong negation with the prelinear-
ity axiom. In this paper our main aim is to characterise and axiomatise
paraconsistent variants of NML and its extensions defined by (sets of)
logical matrices over linearly ordered NM-algebra with lattice filters as
designated values, with special emphasis on those that only exclude the
falsum truth-value, called non-falsity preserving logics. We also consider
turning these non-falsity preserving logics into Logics of Formal Inconsis-
tency by expanding them with a consistency operator, and we axiomatise
them as well. Finally, we provide a full description of the logics defined
by finite products of matrices over finite NM-chains.

1 Introduction

Mathematical fuzzy logic (MFL) is a discipline of mathematical logic that aims
at studying systems of fuzzy logic in narrow sense (see the classical book [32]
and the handbook [12]), i.e. systems of many-valued (truth-funcional) logics
intented to reason with vague or gradual properties or predicates, where truth-
values are interpreted as degrees of truth. In this sense, MFL can be seen as a
degree-based approach to vagueness [45].



It should be observed that, because of its nature, vague reasoning has to deal
with gaps (undetermination of truth) and gluts (overdetermination of truth).
Hence, given a proposition P, a gap indicates that neither P nor its negation
are true, whereas a glut represents that both P and its negation are true. The
latter suggests that a fuzzy negation should be paraconsistent, that is, tolerant
to contradictions. However, in general MFL adopts the (full) truth-preserving
notion of consequence relation, usual in algebraic logic. Under this perspective,
a formula is a consequence of set of premises if, for every algebraic evaluation
that interprets the premises as (fully) true, it also interprets the conclusion as
(fully) true. Within this paradigm, most (if not all) fuzzy logics associated
to well-studied algebraic structures such as Lukasiewicz and Godel logics are
not paraconsistent: no contradictory theory can be (fully) satisfied, hence it is
always logically trivial.

Besides this feature, the truth-preserving paradigm has also been criticized
since it neglects, in some sense, the many degrees of truth available in the
semantical structures: after all, only the maximum value 1 (absolute truth) is
relevant for the consequence relation. In [50] it was proposed the notion of
degree-preserving consequence relation, in which a formula follows from a given
set of premises if, for all algebraic evaluations, the truth-degree of the conclusion
(under such evaluation) is not lower than those of the premises, see also [27, 6]
for further investigations on this weaker notion of logical consequence. It can
be argued that this approach to consequence relation is more coherent with the
commitment of many-valued logics to truth-degree semantics. Indeed, under
this definition, each truth-value (seen as a degree of truth) plays an equally
important role in the corresponding notion of consequence (for a discussion on
this topic see [26]).

Other than the degree-preserving logic associated to a class of algebraic
structures, it is interesting to consider (families of) lattice filters as sets of des-
ignated values. As particular cases, taking simply the filter {1} corresponds to
the truth-preserving paradigm, while the degree-preserving consequence relation
is the logic associated to the family of all the lattice filters [6]. The lattice filters
approach produces an ample class of intermediate logics between the truth and
the degree preserving consequence relations, some of them being paraconsistent.
We analysed in [15] some intermediate systems for Lukasiewicz logics, while the
intermediate Godel logics with an involution were discussed in [17].

The aim of this paper is the development of a similar study for intermedi-
ate logics defined by lattice filters in the case of the Nilpotent Minimum logic
(NML). Nipotent Minimum logic is a substructural logic at the crossroad of
two different non-classical logic traditions. On the one hand, NML is a distin-
guished member of the family of formal systems of mathematical fuzzy logic,
introduced by two of the authors of this paper in [23] as a particular extension
of the Monoidal t-norm based Logic MTL, a very general logic whose equivalent
algebraic semantics is the variety of prelinear (commutative, bounded, integral)
residuated lattices, also known as MTL-algebras. This variety is generated by
the subclass of algebras with domain the real unit interval [0, 1] and defined by



left-continuous t-norms!, see [34]. In fact, the logic NM was originally defined in
[23] as the axiomatic extension of MTL by the following two axioms, requiring
the negation to be involutive and the weak nilpotent minimum condition:

(INV) ——p—¢
(WNM) (*xp—= L)V Ap—txgp).

NML is an algebraizable logic, as all the axiomatic extensions of MTL, and the
corresponding variety of NM-algebras is generated by a single algebra on real
unit interval [0, 1], called standard NM-algebra, see Section 2.

On the other hand, NML can also be considered as deriving from the well-
known Constructive logic with strong negation introduced independently by Nel-
son [38] and Markov [36], also known as Nelson logic or even as the logic N3, as
a result of the observation by Rasiowa [42] about the non-constructive property
of intuitionistic negation, namely that the derivability of the formula —(p A 1)
in an intuitionistic logic does not imply that at least one of the formulas —¢,
—) is derivable. Although Nelson algebras, the algebraic semantics of Nelson
logic developed by Rasiowa [42, 43], were not originally presented as a subclass
of residuated lattices, Spinks and Veroff proved in [44, 46] that Nelson logic
is indeed a substructural logic by showing that Nelson algebras are termwise
equivalent to certain involutive, bounded, commutative and integral residuated
lattices, called Nelson (residuated) lattices, see also [7]. In the latter paper, the
authors also show that prelinear Nelson lattices are nothing but NM-algebras,
or in other words, the NM logic can also be obtained as the axiomatic extension
of Nelson logic with the prelinearity axiom

(Lin) (¢ =)V (¥ = »).

The NM logic together with all their axiomatic and finitary extensions has
been exhaustively studied by Gispert in [29, 30]. They are all explosive, as any
(full) truth-preserving substructural logic with respect to its residual negation
—p =@ — 0.

In this paper our main aim is to characterise and axiomatise paraconsis-
tent variants of NML and extensions defined by (sets of) logical matrices over
linearly ordered NM-algebras with lattice filters as sets of designated values,
with special emphasis on those whose lattice filters that only exclude the falsum
truth-value, that will be called non-falsity preserving. Moreover, the introduc-
tion of consistency operators (in the sense of the paraconsistent logics known as
logics of formal inconsistency, see [11, 10]) over the real unit interval [0, 1] with
the non-zero designated values will also be considered, along the lines of the
study we developed in [14] in the framework of Monoidal t-norm based fuzzy
logic (MTL).

The approach followed in this paper is related to the one developed in [16]
for the case of finite-valued Lukasiewicz logics and the one in [17] for the case
of the logic G, i.e. Godel logic expanded with an involutive negation, already

LA t-norm * is a binary operation in [0, 1] which is commutative, associative, non-decreasing
and having 1 as neutral element and 0 as absorbent elements.



mentioned above. Actually, NML is interpretable in G, and the n-valued NM
logics NML,, are interpretable in the n-valued Lukasiewicz logics L,,, since for
instance Baaz-Monteiro’s projection operator A is definable both in G. (by
letting Ay := —~p) and in L, for each n, while it is neither definable in NML
nor in NML,,. Also in a related approach, more recently, Esteva et al. [21] have
considered the paraconsistent degree-preserving logics of distributive involutive
residuated lattices expanded with a consistency operator o in order to get logics
of formal inconsistency (LFIs) in the sense of [18, 11], and in particular the cases
of the subvarieties of Nelson lattices and of NM-algebras are explored.

More specifically, the outline of this paper is as follows. After this introduc-
tion, in Section 2 we provide the needed logic preliminaries about NML itself
and the variety of NM-algebras, as well as the basic definitions and notations
of logics defined by a given NM-algebra with a lattice filter. In Section 3 we
focus on the logics defined by matrices over the standard NM-algebra [0, 1]nm
and with a lattice filters F' of this algebra and we show that they basically lead
to only four different logics: the truth-preserving logic NML when F = {1},
the well-known 3-valued Lukasiewicz logic L when F = (1/2,1], the also well-
known 3-valued paraconsistent logic J3 when F = [1/2,1], and the non-falsity
preserving companion of NML, nf-NML, when F' = (0,1]. We present general
axiomatisations and completeness results. In Section 4, we study the expansion
of the paraconsistent nf-NML with a consistency operator o. Section 5 gener-
alises the results of Sections 3 and 4 to the case of logics defined by matrices
over general NM-chains with lattice filters. Section 6 is devoted to the full study
and characterisation of the logics defined by matrices over finite products of fi-
nite NM-chains, and moreover, among them, the maximal paraconsistent ones
are identified. Finally, we conclude in Section 7 with some final remarks and
prospects for future research.

2 Preliminaries: NM logic and some of its
sublogics defined by matrices with lattice fil-
ters

The nilpotent minimum logic, NML for short, was firstly introduced by Esteva
and Godo in [23] in order to formalize the logic of the nilpotent minimum t-
norm, defined by Fodor in [25] as an example of an involutive left continuous
t-norm which is not continuous.?

The language of NML consists of countably many propositional variables
p1,P2, ..., binary connectives A,*, —, and the truth constant 1. Formulas,
which will be denoted by lower case greek letters ¢, x, ..., are recursively
defined from propositional variables, connectives and truth-constant as usual.
Further definable connectives and constants are as follows: - stands for ¢ — L,
V1 stands for =(—¢p A =), and T stands for —L.

2 Actually, Pei showed later in [41] that NML and NM-algebras are equivalent to Wang’s
L* logic and Rp-algebras, respectively [48, 49].



NML is obtained from the monoidal t-norm logic MTL introduced also in
[23], by adding the involutive condition axiom

(INV) ——p =
and the (weak) nilpotent minimum condition axiom
(WNM)  (dpxep = L)V Ap = Pxop)

It is worth observing that NML enjoys the following form of deduction theorem:
Tu{e} bnm v T Fyar ¢ = (o — @), Tt is well known that NML is alge-
braizable and the class NM of all nilpotent minimum algebras is its equivalent
algebraic quasivariety semantics [23].

A nilpotent minimum algebra (NM-algebra) A = (A, *,—,A,V,0,1), is an
involutive MTL-algebra (i.e. a bounded, commutative, integral, involutive, pre-
linear residuated lattice) that satisfies the following equation

(WNM) (zxy—0)V(zAy—zx*xy)~1.

We say that an NM-algebra is an NM-chain provided that its underlying
lattice order (defined as x < y if x — y = 1) is total. Since the class NM of all
NM-algebras is a proper subvariety of MTL-algebras it inherits the subdirect
representation of MTL-algebras, and thus each NM-algebra is representable as
a subdirect product of NM-chains (see [23, Proposition 3]).

NM-chains can be easily characterised. Namely, given a bounded totally
ordered set (A, <), with upper bound 1 and lower bound 0, equipped with an
involutive negation — dually order preserving, denoting by A and V the meet
and join in (A4, <), and defining for every a,b € A,

wh— 0, ifb<—a and a s b— 1, ifa<b
A*¥0= an b, otherwise 1 —aVb, otherwise

it follows that A = (A4,%,—,A,V,0,1) is an NM-chain. And moreover, every
NM-chain is of this form.

From the standard completeness theorem for NM in [23], it follows that the
variety of NM-algebras NM is generated by the canonical standard NM-chain

[03 l]NM = <[Ov 1]7 *, =, A\, V.0, 1>

where the above operations boil down to:

wb— 0, ifob<1—a p— 1, ifa<b
axo= min{a, b}, otherwise ’ @ " | max{l—a,b} otherwise .

As for finite NM-chains, we define the canonical (2n+1)- and 2n-element
NM-chains respectively as follows:

NMay, 11 = {([-n,n] N Z,*,—,A,V,—n,n), for every n > 0, and
NMa,, = (NMap41 \ {0}, %, —, A, V, —n, n), for every n > 0.



Notice that NM; is the trivial algebra, NMy the 2-element Boolean algebra,
and NMj the 3-element MV-algebra. Furthermore, every numerable NM-chain
is embeddable into [0, 1]nn. For the finite NM-chain NM,,, sometimes we will
also use the set {0, ﬁ, %, e Z:f, 1} as the universe of NM,, as a subalgebra
of [0, 1]NM~

From the above it follows that:

(1) All the NM-algebras over [0,1] are isomorphic, since all the involutive
order-reversing mappings n : [0,1] — [0, 1] are in turn isomorphic due to
a result by Trillas [47].

(2) Also, up to isomorphism, for each n € N\ {0}, there is only one NM-chain
NM,, with exactly n elements.

Given an NM-algebra A, we recall that a € A is a negation fixpoint (or just
fizpoint, for short) if, and only if, ma = a. Any NM-algebra has at most one
fixpoint [33]. Clearly, both the algebra [0, 1]nn and the algebras NMa,, 11, for
any n, have fixpoint, while the algebras NMj,, have not. It is easy to see that if
A is an NM-chain with a negation fixpoint a € A then AN{a} is the universe of
a NM-subalgebra of A, which we denote by A~. Notice that NMs, = NM;, ;.

Notation: Given an NM-algebra A and a lattice filter F' C A,% the pair M =
(A, F) is called a logical matriz and induces a logic, denoted by =aq, that is
defined as follows: for any set of formulas T' U {¢},

I' Em @ if, for any A-evaluation e, e(1)) € F for all ¢ € T' implies e(p) € F.

The lattice filter F' plays the role of set of designated values for the logic
Ear. Given a set of matrices K = {M,};cr, the logic induced by K is the
intersection of the family of logics {Eam; }icr. Moreover, a matrix M’ = (B, G)
is a submatriz of another matrix M = (A, F) if B is a subalgebra of A and
G = F N B, and in that case, = € Faq.? Finally, we recall that the logic
= is called explosive when from a pair of contradictory formulas everything
follows, i.e. for every @, it holds that {p, ¢} Em . Otherwise, the logic
= is called paraconsistent.

For any NM-chain A and for every a € A~{0}, consider the lattice filters
Fo, ={r € A|la<z}and F, = {z € A| a < z}. Then, the finitary
logics corresponding to the matrices (A, F,) and (A, F(,), denoted ' and I—@

respectively, are defined as follows.

Definition 1. For any finite set of formulas I'U {(}, we define:

-T2 ¢ if, for any A-evaluation e, if e(y)) > a for all ¢ € T', then e(y)

> a.
-T l—é @ if, for any A-evaluation e, if e(¢)) > a for all ¢ € T, then e(p) > a

3F is a lattice filter of A if it is a non-empty upset of A closed by A.
4For a modern algebraic treatment of logical matrices see e.g. [13].



As costumary, we extend these definitions for arbitrary sets of formulas T U {p}
by stipulating that T' - ¢, for - € {F4, I—é}, whenever there exists a finite set
'y C T such that T'y F ¢.

Notice that if A is finite, then any matrix logic |=(a ) is finitary and thus,
in particular, = (A, r,) and ':<A,F(a> coincide with 4 and FE‘}L respectively.

It is very easy to check that F2 is paraconsistent iff a < —a, while I—él is
paraconsistent iff a < —a.

At this point, let us recall three well-known particular cases of such log-

ics, where with NMj3 we denote the three element NM-chain (over the carrier

{0,1/2,1}):

e By the standard completeness of NML, the logic of the matrix
([0,1]nm, {1}) coincides with F[lo’l] and with the logic NM itself.

e The logic of the matrix (NMs,{1}) coincides with the 3-valued
Lukasiewicz logic Ls, since in fact the chain NMj is term-equivalent to
the 3-element MV-algebra MVs.

e The (paraconsistent) logic of the matrix (NMj, {1/2,1}) coincides (up to
language) with D’Ottaviano and da Costa’s three-valued logic J3 [19].

For a given a NM-chain A, we can also consider its corresponding finitary
degree-preserving logic I—f‘ as defined next, following [6].

Definition 2. (c.f. [6]) For any finite set of formulas TU{¢}, we define I' F5 ¢ if,
for any A-evaluation e, and for alla € A, if e(¢)) > aforally € T, then e(p) > a.
In other words, T' 5 ¢ if, for any A-evaluation e, inf{e()) | ¢ € T} < e(¢).

Moreover, if V is a variety of NM-algebras, one can define its corresponding
degree-preserving logic |—§ by stipulating I' I—% o whenever T’ I—% i for every
chain A € V. Finally, we extend the above definitions of I—f‘ and }—5 for an
arbitrary set of premises I' as in Definition 1.

It is easy to check that }—E is indeed the intersection of all the finitary matrix
logics (A, F,) for all a € A, namely, T I—i @ iff T =2 ¢ holds for any a € A. Tt
also directly follows that l—fl is paraconsistent.

As a matter of fact, the logic }—f‘ is strongly related to the 1-preserving logic
4. Indeed, on the one hand, it holds that Ffl @ iff F{ ¢, so both logics share
the set of valid formulas. Moreover, if for any finite set of formulas I' we let
I'" = AM{¢ | ¥ € T'}, we can observe that

TH;piff H' TN = o,

and hence, iff |—§ ' — . This property can be seen as a sort of deduction
theorem for l—i. Furthermore, since the variety NM is generated by the standard

NM-algebra [0, 1], it also follows that F5,, = I—[% s



It has been shown in [6] that in the case the logic -1 has a complete ax-
iomatisation with Modus Ponens as the only inference rule, then the logic I—i
admits a complete axiomatisation as well, having as axioms the axioms of {1
and as inference rules the rule of adjunction:

w, Y
NP’

and the following restricted form of the Modus Ponens rule

(Adj)

(-Mp) 2P i_”p, it 4 9,

If the logic F{! has additional inference rules

I
(Ri) e
¥
for ¢ € I, then [20, Proposition 1] shows that F% is axiomatised with the above
axioms and rules together with the following restricted forms of the rules (R,):

T
(r-R;) =, if F{ T,
@

Finally, let us consider the subalgebra [0, 1]y of the standard NM-algebra
[0, 1]nm, where [0,1] v, = [0,1] \ {1/2}. We recall that the logic defined by
the matrix ([0,1]y,,,{1}) can be syntactically characterised as the axiomatic
extension of NML with the following axiom [29]:

(BP) =(=¢*)* ¢ (=(=9)*)?,

where ¢? is a shorthand for ¢ % . We will call this axiomatic extension NML™
and its corresponding variety of algebras NM ™, which is generated by the algebra
[0,1]qp- Actually, in the frame of NML, the above axiom can be simplified
and equivalently expressed as

(BP) —((p +» —)?).

We will assume this form when referring to the axiom (BP) in the rest of the
paper. Note that the axiom (BP) is not only valid in [0, 1], but also in any
NM-chain without fixpoint. Even more, a NM-chain validates (BP) if, and only
if, the chain has no negation fixpoint [29].

3 Logics defined by matrices over [0, 1|nyv: com-
pleteness results

In this section we pay attention to the the matrix logics 2! and }—é introduced
in the last section in the particular case A = [0, 1]nwm, that is, to the logics



([0, 1]nm, Fu) for any a € (0,1] and ([0, 1]nm, F(q) for any a € [0,1). Among all
these logics we will show that there are only four different logics, two explosive
and two paraconsistent.

For the sake of a simpler notation, in what follows we will omit the super-

script A and will simply write F,, I, without danger of confusion. Moreover,
<

we will also use the notation F< instead of .
= [0,1] N

Proposition 1. For any a € [0,1], the logics b, and &, respectively defined by
the matrices ([0, 1]nm, Fa) and ([0, 1N, F(q) satisfy the following properties:

1. k4, F( and 1 are the same logic for all a € (1/2,1),
2. Fa, F(a and (o are the same logic for all a € (0,1/2),
3. k@2 and g, are the same logic,
4. Fij2 and &y, are the same logic,
5. k1 € ke,

6. o G k12, yet b @ iff 12 0,
7. 12 and t=1/3 are not comparable,
8. k1 and t-1/5 are not comparable,
9. F/2 and k(o are not comparable,

10. F1 and k(g are not comparable.

Proof. Property 1: Let a € (1/2,1). Assume {y; | i € I'} I/1 v, then there is an
evaluation e such that e(¢;) =1 and e(¢)) # 1. Then the map h : [0,1] — [0, 1]
such that

1, itz =1;
hMz)=¢ 2a—-1zx+1—-a, f0<z<I;
0, if z =0.

is a homomorphism and h o e is an evaluation such that hoe(p;) =1 > a and
hoe(y) <a. Thus {p; | i € I}y 1p and {p; | i € I} (4 ¥.

If {p; | i€ I}/, 1, then there is an evaluation e such that e(p;) > a and
e(1p) = d < a. Then the map g : [0,1] — [0, 1] such that

1, ifz>a;
g(z) =< =z, fl—a<z<a;
0, ifx<1-—a.

is a homomorphism and g o e is an evaluation such that g o e(p;) = 1 and

goe() <1. Thus {p; |i € I}/ 9.
If {oi | i € I} /(4 ¥, then using the map f : [0,1] — [0, 1] such that

1, ifz>a;
fley=< z, fl—a<z<a;
0, ifx<l—a.



it follows that {¢; | i € I'} /1 .

Property 2 is proved analogously as Property 1 with the homomorphisms

1, ifx=1; 1, ifx>1-aq;
h(z)=< (1-2a)z+a, f0<z<l; ¢(x)=1 z, fa<az<l-—g
0, if z =0. 0, ifzx<a.
1, ife>1—a;
and f'(z)=<¢ z, fa<z<l-—g
0, ifzx<a.

Property 3. Recall that by the completeness theorem of the 3-valued
Lukasiewicz logic Lg is complete with respect the matrix logic (MVs, {1}) =
(NM3, {1}). Since (NMg, {1}) is a submatrix of ([0, 1]nm, F1/2) then {; |
i € I} Fyjp o implies {¢; | ¢ € I} kg, 9. Moreover since the map
h:10,1] — {0,1/2,1} defined by

1,  ifa>1/2
hz)=4 1/2, ifz=1/2
0, if v < 1/2,

is a homorphism such that h(F(;,2) = {1}, then {¢; | i € I} Fy, ¢ implies
{wiliel} .

Property 4: Recall that Js is the logic of the matrix J5 = (MV3,{1/2,1}) =
(NM3, {1/2,1}). Since (NM3, {1/2,1}) is a submatrix of ([0, 1]nm, Fi/2) then
{pi | i € I} Fyjp o implies {¢; | i € I} -, 1. Moreover since the map
h:10,1] — {0,1/2,1} defined by

1,  ifz>1/2
hz)=< 1/2, ifz=1/2
0, if x < 1/2,

is an onto homorphism such that h(Fy2) = {1/2,1}, then {@; | i € I} F;, ¥
implies {¢; | i € I} Fq/9 9.

Property 5 is a consequence of Property 3, since L3 is a proper axiomatic
extension of NML.

Property 6: Since ([0, 1]nm, Fi/2) coincides with the logic J3 (Property 4),
and the matrix J3 is a submatrix of ([0, 1]xm, F{o), then - C Fq/5. To prove
that they do not define the same logic, it is enough to see that p,q /2 (—p —
p) * ¢, while p,q /o (-p = p) * q.

Clearly, if -1/, ¢ then - ¢. For the converse direction, suppose /1,5 ¢.
Then there exists e such that e(y) < 1/2. Consider again the homomorphism

10



CPL

Js=t1/9 F1y2=1bs
Fo=F@= |—(0 Fo=Fo= |—(a
a€(0,1/2) a€(1/2,1)
F<

Figure 1: The lattice of the four different logics in Proposition 1 and their
relation to classical propositional logic CPL and to the degree-preserving com-
panions of Lz and NML.

h:10,1] — {0,1/2,1} defined by

1,  ifx>1/2
hz) =14 1/2, ifx=1/2;
0, if x < 1/2,

Then the evaluation e’ = hoe is such that e’(y) = 0. Hence /(o ¢.

Finally, by Properties 5 and 6, Properties 7 to 10 hold as well because
©,~p 1 L while o, = iy, L, and F ¢ V —p while g, oV —p. O

In the previous section, we have observed that the degree-preserving com-

panion I—%M of the logic NM coincides with }—[%71]NM, that we simply denote

now <, that in turn coincides with the intersection of the logics F,, for all
a € (0,1], that is, }—RSIM: Na>0 Fa- Now, as a consequence of Proposition 1, this
intersection can be significantly simplified.

Lemma 1. F< =1 Ni(q.

In Figure 1 there is a graphical representation of the different logics involved
above, where CPL denotes classical propositional logic.

Next lemma is a key observation that, thanks to the involutivity of the NM
negation, tightly relates both logics -1 and I~y through the negation connective.

Lemma 2. For every formula ¢,

Yo @ if, and only if, ~p 1 ).

In particular, o ¢ if, and only if, b1 —(—¢)?.

11



Proof. By definition, ¢ 1 ¢ iff for every [0, 1]-evaluation e, if e(y)) = 1 then
e(p) = 1; that is, if e(p) < 1 then e(¢)) < 1, for all e; that is, e(—p) > 0 then
e(—) > 0, for all e; iff —p ¢ —1p.

Therefore, T ¢ ¢ iff =p 1 L, and by the deduction theorem for NML,
this holds iff 1 (=¢)? — L, that is, F; =(—¢)?. O

Corollary 1. For every formulas ¥y, ..., %y, @,

V1, U B @ if, and only if, 1 (1 AL AY) = —(mp)2.

Proof. The following chain of equivalences hold: t1,...,9, b @ iff 1 AL A
¢n "(0 © iff - |_1 _‘(wl AL A wn) iff |_1 (_\(p)2 — _‘(wl AN A wn) iff "1
(V1 A An) = (—p)2. O

Now we introduce two new inference rules. Consider the following two re-
stricted inference rules, which are intended for the logic axiomatising - (o:

o (r-MP?): From ¢ and ¢ — —(—))? derive v, whenever Fxumr @ — —(—9)2,
e (r-MP): From ¢ and ¢ — v derive ¢, whenever Fnprp, 0 — ¢

Note that both inference rules involve conditions on the derivability of formulas
in the logic NM.

Proposition 2. The rule (r-MP?) is sound for F and the Restricted Modus
Ponens rule (r-MP) is derivable from (r-MP?).

Proof. As for the soundness of (--MP?), let e be an [0, 1]-evaluation, and assume
e(p) > 0 and that e(p — —(—¢)?) = 1, where the latter clearly holds iff
e(p) < e(—(—v)?). Therefore 0 < e(—(—1)?). Hence e((—2)?) < 1. Now
suppose e(1)) = 0, then it would be e((—t)?) = 1, contradiction. Therefore it
has to be e(y)) > 0.

The derivability of (r-MP) follows from the fact that ¥ — —(—¢)? is a
theorem of NML. Therefore, from ¢ and Fypyp ¢ — ¥, we also have Fypap
© — ()2, and by applying (r-MP?), we finally get 1. O

Definition 3. The non-falsity preserving companion of NML, denoted nf-NML,
is the logic defined by the following axioms and rules:

e Axioms: those of NML
e Rules: Adjunction and (r-MP?) .

Next theorem proves that nf-NML defined above syntactically captures the
logic of the matrix ([0, 1], F{o)-

Theorem 1. nf-NML is a sound and complete axiomatisation of (.
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Proof. Soundness follows from the fact that the Adjunction and (r-MP?) rules
are sound as proved above.

As for completeness, suppose 91, ..., ¥ o ¢ (semantically). This is equiv-
alent to -y (Y1 A...A,) — =(=p)2. By completeness of NML, there is a proof
(Iy,...11,.), where IT, = (¢1 A ... Ath,) — —(=p)? and where each II; is either
an axiom of NML, or has been obtained from previous Iz, II; (k,j < r) and the
application of Modus ponens rule. Note that all the II;’s are theorems of NML.
Then, in order to get a proof of ¢ in nf-NM we only need to do the following:

(i) add a previous step IIg = ¥1 A... A1, that is obtained from the premises
by the Adjunction rule,

(ii) add a final step II, 11 = % that is obtained from ITy and II,. by application
of the (r-MP?) rule.

Therefore, the sequence Iy, I1y, ... 1L, I, 41 is a proof of ¢ in the logic nf-
NM with the proviso that the applications of the modus ponens in the proof
IIy, ... II, have to be considered as applications of the Restricted Modus ponens
rule (r-MP), which we know it is derivable. O

It is interesting to observe that, although the axioms of NML and of nf-NM
are the same, the set of theorems of nf-NM is larger than that of NML. It is
clear that the excluded-middle axiom ¢ V = is not a theorem of NML, but is a
theorem of nf-NM. Indeed, ¢ V —¢ follows from the application of rule (r-MP?)
by taking ¢ := T and ¢ := ¢ V =, since Fyar =(=(p V =)

As a consequence of the above completeness theorem, for the different logics
appearing in Proposition 1 and their intersections we have the axiomatisations
given in Table 1. In this table we use (V3) to refer to the following axiom

(V3) (p1 = 92) V(p2 = 93) V(03 = p4)

that forces the chains of the corresponding variety to be of cardinal less or equal
to 3.

Logics H Matrix \ Axioms \ Inference Rules
NML: Fy || ([0, 1]nnt, (1) NM MP
L || ([0, 1nen, (1/2,1]) | NM + (V3) MP
Js || ([0, nena, [1/2,1)) | NM + (V3) | Adj, P ; £ TraponCoF
nf-NML: Fo | ([0, 1nna, (0, 1]) NM Adj, MP* : & Freon(0)
Ly Js = LS NM + (V3) | Adj, -MP : £ "haf2?
kN =Fc< NM Adj, r-MP ; #1220

Table 1: Axiomatisations of the logics appearing in Proposition 1 defined by
matrices over [0, 1]y by a lattice filter.
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4 Expanding the paraconsistent logic nf-NM
with a consistency operator o

As mentioned in the Introduction, paraconsistent logics and fuzzy logics are
conceptually related, although not all the systems of MFL are paraconsistent.
In the case of NML, paraconsistency can be obtained by replacing the truth-
preserving consequence relation by the degree-preserving one, or by consequence
relations defined by matrices with suitable lattice filters as designated values.

Let us briefly recall some notions from paraconsistency. A logic has an
explosive negation — when any formula can be derived from a contradiction
{¢,—p}.5 A logic L is paraconsistent (w.r.t. —) when — is a non explosive
negation, meaning that there are (—-)contradictory but non-trivial theories in
L. Among the plethora of paraconsistent logics proposed in the literature, one
of the best behaved families of paraconsistent logics are the so-called Logics
of Formal Inconsistency (in short LFIs, see for instance [11] and [10]). The
idea behind LFIs is that explosiveness can be locally recovered by means of a
(primitive or defined) unary connective o, in the following sense: in spite of
having formulas ¢ and ¢ such that ¢ does not follow from {p, =@} (given that
- is a paraconsistent negation), the set {¢, —p,op} is always logically trivial
(or explosive). Within this context, the connective o is called a consistency (or
recovery, or classicality) operator. LFIs generalize the well-known hierarchy of
da Costa’s paraconsistent logics C, introduced in 1963, in which the calculus
C,, at level n has a defined consistency operator o,, which ‘tolerates’ n degrees
of contradiction (see [18]).

The non-falsity preserving logic nf-NM introduced in the previous section
is a paraconsistent logic, but it is not an LFI, that is, it can be shown that
a consistent operator in the above sense is not definable (see Proposition 3
below). Therefore, in this section we study the expansion nf-NM with a proper
consistency operator o so that the resulting logic is an LFI.

We start with some basic definitions and algebraic considerations about the
o operators before going into more details in the rest of the section.

4.1 Preliminary definitions and some algebraic considera-
tions

Let us first recall the definition of Logics of Formal Inconsistency.

Definition 4. ([11, 10]) Let L be a logic defined in a language containing a
negation — and a unary operator o, and whose deduction system is denoted by
. L is a Logic of Formal Inconsistency (with respect to = and o) if the following
conditions hold:

(i) o, 1, for some formulas ¢, 1, i.e. L is not explosive w.r.t. —;

5By the way, it may be observed that explosiveness is a basic feature of negation in many
logics.
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(ii) o, @ K/ 1, for some formulas ¢, 1;
(i) op, = I 1, for some formulas ¢, 1; and
(iv) @, ¢, 0p F L, for every formula .

Condition (i) states that for L to be an LFI, it must be first a paraconsis-
tent logic with respect to the negation —, namely: not every theory containing
{p, 7} is logically trivial. In addition, conditions (ii)-(iv) describe the proper-
ties a consistency operator should satisfy, namely: not every theory containing
{op, p} is logically trivial; analogously, not every theory containing {op, —¢} is
logically trivial; however, any theory containing {oyp, ¢, —p} is logically trivial.
This means that, in an LF1, trivialization always occurs when the three formulas
op, ¢ and —y are placed together in a theory, but the presence of only two of
them does not guarantee logical trivialization.

A consistency operator in a LFI logic can be primitive or it can be defined
from other connectives of the language. For instance, in the well-known system
(1 of da Costa, consistency is defined by the formula op = —(¢ A =), while
in C, (for n > 2) a formula o, obtained by iterating oy in a suitable way
expresses consistency (see [18]). Another example of an LFT logic is the case of
the degree-preserving companion of Godel logic with an involutive negation G
(see [17]), where the Baaz-Monteiro A operator is definable (Ap = = ~ ), and
consistency is defined by the formula op = A(¢ V —p). In fact, it is known [23]
that the logic G., is equivalent to the expansion of the NM logic with A, NMax,
and hence a consistency operator in the degree-preserving companion of NMa
keeps being definable as op = A(p V —p).

Let us now turn our attention to [0, 1]nm. Observe that, among the logics
depicted in Fig. 1 defined by matrices ([0, 1]nm, F'), where F is a lattice filter,
the only paraconsistent ones are J3, nf-NM = (o, L§ = JsNLs and NMS< =
NM N nf-NM. Moreover, the following result can be obtained.

Proposition 3. The logic nf-NM = (o, defined by the matriv M =
([0, 1w, (0,1]), is not an LFIL

Proof. Assume o is definable in NML in such a way that =, is an LFI, hence
the conditions (ii)-(iv) in the definition above are satisfied. Since the 2-element
Boolean algebra 2 over {0, 1} is a subalgebra of any NM-chain, if o were definable
in NML (by a unary term), the only consistency operator that could be definable
would be the one where o(0) = o(1) = 1, since this is the only compatible
possibility when restricting o to 2. Thus o satisfies conditions (ii) and (iii). On
the other hand, if we want condition (iv) be satisfied, this implies that, for any
x € [0, 1] the following condition has to be satisfied:

x> 0,—z > 0 implies o(x) = 0. (1)

Now, consider the NM-homomorphism & : [0,1]nn — NMg, where NMj is
the NM-subalgebra of [0,1]nm on the set {0,1/2,1}, defined as h(z) = 1 if
x > 1/2, h(1/2) = 1/2 and h(xz) = 0 if x < 1/2. Then, since o(z) is a term
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defined over the algebra [0,1]nm, it should be that h(o(z)) = o(h(x)) for all
x € [0,1]. However, take x such that 1/2 > z > 0, then —z > 1/2 > 0 and
thus, by condition (1), o(z) = 0. Then, by definition of & and since o(z) = 0,
we have h(o(z)) = h(0) = 0. But this is in contradiction with the fact that
o(h(x)) = o(0) = 1. O

Observe that, as a consequence of this proposition, the degree-preserving
logic F<=F1 N k(o is not an LFT either. On the other hand, as expected, the
cases of the logic J3 = F; /5 and the logic LgS = J3 N L3 do not fall in the scope
of the proposition. In fact, the term o(x) = 22 V (—x)? defines a consistency
operator in Js and in LSS, and hence they are LFIs.

Nonetheless, similarly to what has been done in the case of fuzzy logics
preserving degrees of truth in [14], we can expand the above paraconsistent but
not LFI logics with a suitable consistency operator o such that they become
an LFI. Actually, as announced, in this section we focus on the case of the
logic nf-NM, and our task will be then to study its expansion with a new unary
connective o so that the resulting logic is an LFI. We will denote by L, the
expansion of the language of NML with o.

From a semantical point of view, consider a given unary operator o : [0, 1] —
[0,1],% and let us consider the following matrices:

M; = ([0, 1]nme, {1}) and Mg = ([0, Inne, (0, 1]),

where the algebra [0, 1]nme is the expansion of [0, 1]y with o. We start by
considering the most general semantical conditions on o guaranteeing that the
logic [=pq0 is an LFL, in other words, requiring that the following conditions are
satisfied:

® 0p, P, P |:Mg 1
® p,0pFEpmo L
* ~p,0p o L

It immediately follows that these conditions are satisfied if, and only if, in the
algebra [0, 1]nme the following conditions are in turn satisfied:

- Forall x € [0,1], x A~z Aoz =0,
- There exists = € [0, 1], such that z A ox # 0,
- There exists « € [0, 1], such that ox A -z # 0.

It is readily seen that requiring these three conditions amount to require the
next three constraints on o:

(CO) ox =0 for all z € (0,1),

SWithout danger of confusion, we will use the same symbol o to denote the connective and
a generic unary operation on the unit real interval [0, 1].
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(1-NZ) o1 >0,
(0-NZ) o0 > 0.
We will call an operator basic when satisfying these conditions.

Definition 5. A unary operator o : [0,1] — [0, 1] that satisfies conditions (C0),
(1-NZ) and (0-NZ) will be called a basic consistency operator.

From conditions (1-NZ) and (0-NZ) above, it is clear that the value of o(0)
or o(1) can be either

equal to 1,

— a stricly positive element (SP), i.e. strictly greater than 5 and strictly
smaller than 1,

1
3, Or

— equal to

— a strictly negative element (SN), i.e. strictly smaller than 1 and strictly

2
greater than 0.

In fact, one cannot distinguish in [0, 1] s the case o(0) = a from the case
o(0) = b if both a and b are SP or SN, because there exist an isomorphism f of
[0,1]nas such that f(a) = b.

Moreover, it is easy to characterise the above cases by equations and inequa-
tions in [0, 1]xas. The proof is easy and thus it is omitted.

Proposition 4. For b € {0,1}, the following conditions hold:

[b-1] o(b) =1 is equivalently characterised by the equation —(o(b)) =0,
[b-SP] o(b) € (1/2,1) is characterised by the inequation (o(b))? A =(o(b)) > 0,
[b-fix] o(b) = 1/2 is characterised by the inequation (o(b) <+ —=(o(b)))? >0

[b-SN] o(b) € (0,1/2) is characterised by the inequation o(b) A (=(o(b)))? > 0.

Combining these four conditions for b = 1 and b = 0, we obtain sixteen
types of basic consistency operators o. In particular, the operator satisfying the
conditions [1-1] and [0-1] is the maximal consistency operator 0,44, i.e. the one
such that 0,4, (0) = 0ypes(1) = 1.

Proposition 5. Two interesting properties of consistency operators are the
following:

(i) The operator 0,4, and Baaz-Monteiro’s projection operator’ A are inter-

definable.

"Recall that the so-called Baaz-Monteiro operator A on the unit interval [0, 1] is defined
as A(1) =1 and A(z) = 0 for z < 1. From a logical point of view, it has been used in
the frame of mathematical fuzzy logic as a way to specify that a proposition is fully true,
so that, even if ¢ takes intermediate degrees of truth, Ay is Boolean, it can only take two
truth-values: 1 when ¢ is 1-true, and 0 otherwise. In general, if L is an axiomatic extension
of MTL, then the (conservative) expansion of L with A is axiomatised by adding to L the
axioms (Al) Ap V -Ap, (A2) A(p V) = ApV Ay, (A3) Ap — ¢, (Ad) Ap — Ay,
(A5) A(p — ¥) = (Ap — Ag)), together with the necessitation rule: (A-Nec) from ¢ derive
Agp. See [12] for details.
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(i) The mazimal consistency operator om,q. (and the A operator) is definable
from any of the sixzteen types of consistency operators except from the one
defined by the pair of conditions [0-SN] and [1-SN].

Proof. (i) To prove the first item we only need to check that A(x) = 0,44 () Az
and also that o,,4.(2) = A(z V —x).
(ii) The second item will be proved by cases:

e Suppose first that both o(0),o(1) > 1/2 (containing the cases defined by
the nine pairs of conditions ([0-1],[1-1]), ([0-1],[1-SP]), ([0-1],[1-Fix]), ([O-
SP],[1-1]), ([0-SP],[1-SP]), ([0-SP],[1-Fix]), ([0-Fix],[1-1]), ([0-Fix],[1-SP]),
and ([0-Fix],[1-Fix]). In such a case it is easy to check that

Omaz(T) = _‘((_‘(O(x)))z) and A(z) = opa0 () A 2.

e Suppose that o(1) > 1/2 and o(0) € (0,1/2), that contains the three
consistency operators defined by the pairs of conditions ([0-SN],[1-1]), ([0-
SN],[1-SP]), and ([0-SN],[1-Fix]). In such a case it is easy to check that

A(z) = =((=(o(2))?)?) and omaqe(z) = Az V ~).

e Finally when o(1) € (0,1/2) and o(0) > 1/2, that contains the three
consistency operators defined by the following pairs of conditions ([0-1],[1-
SN]), ([0-SP],[1-SN]), and ([0-Fix],[1-SP]). In such a case it is easy to check
that

Az) = ((~(0(~2)))?) and omae(2) = Az v =),

e For the remaining case, the one determined by the pair ([0-SN],[1-SN]),
the conjecture is that it is not possible to define the A and o,,,,, operators.

O

Remark 1. It is clear that the converse of the previous results does not hold
in the sense that if we add 0,4, to the algebra [0, 1]nm, it is not possible to
recover the previous consistency operators, of course with the exception of 0,4,
itself, because A and o,,,, are crisp operators (i.e. they only take values 0 or
1) and the operations of the algebra [0, 1]nn are classical when restricted to

{0,1}.
4.2 The maximal consistent operator and related logics:

Approach 1

In this subsection we will formally define and axiomatise the expansion of the
logic nf-NM with the maximal consistency operator 0,4, i.e. the basic consis-
tency operator o further satisfying:

[1-1] ol =1
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0-1] 00 = 1

As already noted before, the crucial observation is that, in this case, 0,,4, and
the Baaz-Monteiro operator A are interdefinable: A(x) = opmeq(x) A , and
Omaz () = Az V —z).

We start by axiomatising first the logic = max defined by the logical matrix
MP® = ([0, 1]Nmmax, {1}). It is worth noting that this logic is not paracon-
sistent, and so in particular it is not an LFI. However, its underlying algebra
[0, 1]Nmmax was designed to be able to define an LFI when a suitable filter of
designated values is considered.®

Definition 6. NMLZ?* is the logic defined by the following axioms and rules:
e Axioms of NML

e Consistency Axioms:
(C0) =(op A A=)
(T-1) oT
(L-1) oL
e Modus ponens: (MP)

e Congruence rule:
(P ¥) VX
(o ¢ o9h) V x

Observe that axiom (C0) can be equivalently replaced by the axiom

(Cong)

(CO) (e A= Aop) =1,

which is characteristic of the LFIs. Moreover, it is easy to check that the
following three inference rules

R S
op’ op’ Agp

are derivable in NML2** from the axioms (T-1) and (L-1) and the rule (Cong).
Moreover, one can also check that the formula oy V —oyp, stating that o is a
Boolean operator, can be proved to be a theorem of the logic as well: by applying
the (Cong) rule to the axiom (CO0), equivalently expressed as ¢ V —p V —ogp,
one gets op V —p V —op, and by applying the derived rule —¢/op, one gets
op V op V —op, which is equivalent to op V —op. Finally, note that from there,
one can prove that oo ¢ is a theorem of the logic as well.

8This is the approach to paraconsistency frequently adopted in the realm of MFL, see for
instance [14].
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Remark 2. As already mentioned above, the consistency operator o,,,, and the
operator A are interdefinable, and thus it follows that an alternative equivalent
axiomatisation of NML2** (where 0y,4, is primitive and A definable), could
be given by the logic NMLA, the expansion of NML with A [23], where A
is primitive and o,,., is definable. Nevertheless, the above axiomatisation of
NML2** will be more useful for our purposes of axiomatising all the other types
of consistency operators which allow the definition of the A operator, see the
last part of this subsection.

Proposition 6. NMLT* is a sound and complete aziomatisation of = aqmax.

Proof. Soundness is easy as it reduces to check that, in the matrix MZ®* =
([0, 1]nnimax, {1}), the above three consistency axioms (C0), (T-1) and (L-1)
are valid and the (Cong) rule preserves truth, and it is immediate that the 0,4,
satisfies the corresponding equations and quasi-equation. As for completeness,
note that NMLD®* is an expansion of NM with axioms plus the (Cong) rule,
which is closed by disjunctions. So, by results in [12], the corresponding variety
of NM©I?*-algebras keeps being prelinear. Therefore, NMLD?* is complete with
respect to the class of NMP#*-chains. Hence, if I' I/ ¢, there is an evaluation e
on a NMP**-chain A such that e(y)) = 1 for all ) € T and e(¢) < 1. Consider
the NMD#*-subchain A’ generated by the set of elements {e(y) | ¥ € T'U
{¢}}, which is countable. Now, from the strong standard completeness of NML,
we know that every countable NM-chain embeds into the standard NM-chain
[0, 1]nmM, and it is very easy to check that every such embedding easily extends
to an embedding h from a countable NM2'®*-chain into the standard algebra
[0, 1]nnmax. Therefore, we can always find an evaluation e’ on [0, 1]nnmax such
that e’(¢)) = 1 for all » € I" and €/(p) < 1, and hence I' & pqmax . O

It is worth noticing that, from this completeness result, it follows that the
set of axioms for the A operator (defined above as Ap := op A ), as proposed
e.g. in [32] to syntactically characterising it, are provable in NML??* since they
are obviously valid formulas in MZ*** = ([0, 1]nnmex, {1}).

Now we move from the matrix MT** = ([0, 1]nmmax, {1}) defined by the
filter F = {1} to the matrix M0 = ([0, 1]nnmax, (0, 1]) defined by the filter
F = (0,1], and consider its corresponding paraconsistent logic = Mmaxo.

Note that the logic =pqmaxo can be described in terms of the logic [=pqmax
by using the A connective. Namely, it holds that

{Spla e ,Qpn} ':Mg“axo ’l/) iff {Vﬁpl, ey VSOTL} 'ZMg“ax V¢a
lff ':Mglax (VSDI /\ R /\ V@n) — Vw
iff ':Mronax V(@l/\/\@n) — vfll),

where V = —=A-. Indeed, by definition of the A operator, for any evaluation e
it holds that e(Vy) =1 if e(p) > 0 and e(Vp) = 0 otherwise.
Now we introduce an axiomatic system for the the logic = qmaxo.

Definition 7. nf-NML
rules:

is the logic defined by the following axioms and

Omax
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e Axioms of NMLJ'#*

I e Y
e Rule of Adjunction: (Adj
(Adj) Y
e Restricted Modus Ponens: (r-MP) w, if FamL, p — ¥
, (peod)vx .
Restricted C : (r-C —~— = if v
e Restricted Congruence: (r-Cong) (op G oU) Vv x if Famn, (@ < ¥)Vx

e Reversed (r-VNec) Ve .
4

Observe that the rule of necessitation for V:
'

(VNGC) %,

which is the reverse of (r-VNec), is derivable. Indeed, it is a direct consequence
of fact that, by definition, Vi = =A-p = —0—¢ V ¢. On the other hand, from
(r-VNec) it easily follows that the rule

—\O—|80

¥

is also derivable since clearly —o—yp — —o—¢p V ¢ is a theorem of NMLD?*,

bl

Theorem 2. nf-NML,

Omax

is a sound and complete aziomatisation of = pqmaxo.

Proof. Suppose {¢1,...,¢n} Faqmaxo . Then, as observed above, this holds
iff Eagmax V(o1 Ao Apyn) = Vb, and by completeness, iff =y ymax V(o1 A
... Np) — V. Therefore, in N MM there is a proof

Hl,...,HT:V(gpl/\.../\gon)—>V1/),

where each II; (with 1 < ¢ < r) is either an axiom of NML,, it has been
obtained from a previous II; by the (Cong) rule, or has been obtained from
previous IIy,II; (k,j < r) by the application of Modus ponens rule. Then, in
order to get a proof of o from 1)1, ..., 1, in NML? we only need do the following:
(i) add two previous steps II} and 112, where
- I} = @1 A ... A ¢y, obtained from the premises by the (Adj) rule,’
-3 = V(g1 A ... A py), obtained from II§ by the (VNec) rule

(ii) add two final steps IL,11 and II, o, where

- 41 = ~A—), obtained by the application of the (r-MP) rule to Il
and IIL,., and

- I, 42 = v, obtained by applying the rule (r-ANec) to I, ;1.

9To be precise, it would be necessary to also add n further steps, one for each of the n
premises {1, ..., pn}, but we skip them for simplicity.
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Therefore, the sequence IT§, 112, I1;, ... I1,., I, 1, IT,; 2 is a proof of ¢ from
{p1,...,pn} in the logic NMLY, with the proviso that the applications of the
modus ponens and the (Cong) rules in the original proof IIy,...II,. in NML,
have to be replaced now by applications of the corresponding restricted rules

(r-MP) and (r-Cong). O

The same kind of approach can be used to define the logics corresponding
to each type of the remaining fourteen basic consistency operators described in
Proposition 4 for which the A operator is definable, see (ii) of Proposition 5.
To do this, one has to:

(1) Replace axioms (T-1) and (L-1) respectively by suitable axioms corre-
sponding to any pair of the conditions [b-SP], [b-fix] and [b-SN] from Prop.
4, namely:
(k-SP) (o(k))* A —o(k),
(k-Fix) (o(k) ¢ ~o(k))?,
(k-SN) o(k) A (o (k)2

one for k = T and one for k = L, except for the pair {(T-SN), (_L-SN)}.

(2) Suitably change the defining abbreviation of A in terms of o according to
the following cases:
- for the pairs of axioms (T-1, L-1), (T-1,L-SP), (T-1,1-Fix), (T-SP,L-1),
(T-SP,L-SP), (T-SP, L-Fix), (T-Fix, L-1), (T-Fix, L-SP), and (T-Fix,
1-Fix), define

Ay = =((m0p)?) A,
- for the pairs of axioms (L-SN, T-1), (L-SN, T-SP), and (L-SN, T-Fix),
define

Ap = —((=(09)?)?),

- and for the pairs of axioms (L-1, T-SN), (L-SP, T-SN), and (L-Fix,
T-SP), define

Agp = =((=(0mp)?)?) .

4.3 The logic of basic consistency operators: Approach 2

The approach followed in the previous subsection does not work in the cases of
expansions of nf-NML with a consistency operator o where A is not definable.
This is the case for instance of expansions with a basic consistency operators or
with an operator satisfying the axioms (T-SN) and (L-SN). In this subsection
we explore an alternative approach.

We start by considering the expansion of the logic NM with a new connective
o requiring to satisfy the following axiom
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(C0) ~(op Ao A —ep),
and the following inference rule

(p <) Vx

(Cone) (0p > o) VX~

Call this logic NM,. Since the rule (Cong) is closed by disjunction, it is readily
seen that NM, is sound and complete w.r.t. the class of matrices

Cgcons = {([0, 1]nme, {1}) : o satisfies condition (CO0)}.

Observe that operators on [0, 1] satisfying condition (CO) can be called quasi-
consistency operators since they can verify o(0) = 0 and o(1) = 0.

Next we turn to the corresponding paraconsistent logic whose semantics is
given by the class of matrices

C0 s = 1[0, 1]nMeo, (0,1]) : o satisfies condition (CO)}.

gcons

and introduce the following definition of the non-falsity preserving companion
of NM,.

Definition 8. We define the logic nf-NM, by the following axioms and rules:
e Axioms of NM,

Rule of Adjunction: (Adj) P v

wAY
=)V
e Reverse Modus Ponens: (MP") LA
oV =(p =) V oy
e Restricted Modus Ponens: (r-MPWO) W’

if I—Woap or I—Wo<p—>w
((op > oY) VX) V&
~((peP)vx) Vo

In this logic, the following inference rule, which is a restricted form of modus
ponens for the material implication, is derivable:

V -
(Contr) W, if Fxg, @

Reverse Congruence rule: (Cong")

Indeed, assume g7 . Then by —¢ — L, and hence Fggp, ¢ — ¢ as well,
and since bxgz, ¥ — ¥, it follows that Fggz ¢V —¢ — 4. Finally, applying the
(r-MP) rule to % V —p and the theorem ¥ V —p — 1, we get 1.

It is straightforward to check that that the logic nf-NM, is sound w.r.t. the
class of matrices C° Only notice that, on the one hand, if a rule ¢/1 is

qcons*

sound for a matrix M = ([0, 1]nm,, {1}) € Cyeons then the rule =9 V x/—¢ V x
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is automatically sound for the matrix M’ = ([0, 1]xu,, (0,1]) € €. ps- On the

other hand, regarding the rule (r-MP), notice that in the case e(¢) = 1 and
e(e — ) > 0, then e(v)) = e(p — 1) > 0 as well.

In order to show the logic nf-NM, is complete, we first prove the following
proposition, relating proofs in NM, and in nf-NM,.

Proposition 7. If ¢ bgg; ¢ then in nf-NM, there is a proof of —¢ from —p.

Proof. Suppose 9 Fxgp, ¢, then there is a proof (I, ...10,), where II; = 9,
T, = ¢ and where each II; (with 1 < < r) either:

- is an axiom of NM,,

- has been obtained from previous II;,II; (k,j < r) by the application of
the Modus ponens rule (MP), or

- has been obtained from a previous Il (k < i), by the application of the
(Cong) rule.

We show next that we can build a proof for ¢ from —¢ in nf-NM,. We define:
(1) Y =Il = e,

(2) For each i =1,...,r — 1 we do the following: by the iterative construction
below, ¥; will be of the form ¥X; = ¥* vV =II,_;4; (in the case i = 1 we
take X* = 1). Then we define:

- If I, ;41 is an axiom or theorem of NM,, then ¥, = 3;.

- If II,_;41 = ¥ has been obtained from previous II; = ®,II; = & — ¥
(k,j < r) by the application of Modus ponens rule, then ;1 = ¥* V
-l v —II; is obtained from 3; by application of (MP").

- I,_;41 = (op <> 01h) V x has been obtained from a previous Il =
(¢ <> 1) V x by the application of (Cong) rule, then ;11 = X* Vv -l is
obtained from ¥; by application of (Cong").

(3) By construction, %, is of the form —II; V'/
I, is an axiom or theorem of NM,. Therefore, —I1; VV'\/

—11,, where for each k;,
i=1,n "k, = —IL
is a theorem of NM, as well. So we define ¥, = X, — ¥1,'9 and thus
by using the restricted Modus Ponens rule (r—MPWO) on ¥, and X,
and theorem we finally get ¥, 10 = -1l = —9

i=1,n

As a consequence, after removing possible duplicates in the sequence
(31, ey 2y Zrg1, Brga), we get a proof of ) from - in nf-NM,. O

Example 1. Consider the derivation {¢ A o) A (¢ — (¢ <> X))} Fram, ox- A
possible proof is the following sequence:

10 Actually, to be formally accurate we should replace the proof step £,11 itself by a whole
proof of this theorem in NML,, but for the sake of simplicity we leave it as it is.
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I =pAotp A(p = (¥ < X)), premise

s = (g A 0¥ A (9 = (¥ X)) — @, axiom

I3 = ¢, since 113 = M P(I14,I15)

Iy = (Ao A (o = (¥ 4> x))) — o1, axiom

II5 = ot since 115 = M P(IIy,114)

Il = (@ Ao A (o = (¥ € X)) = (¢ = (¢ < X)), axiom
Il; = ¢ — (¢ + x), since II; = M P(11;, I1g)

Ilg = ¢ > x, since IIg = M P(I13,117)

Iy = otp — oy, since IIg = Cong(Ilg)

HlO = 0X; since H10 = MP(H5, ]._.[9)

Now, according to the procedure defined in the proof of the above proposition,
we obtain the following sequence of proof steps in nf-NM,:

¥y = Il

EQ =1V _‘H5 V _|Hg, since MPT(ﬁHu)) = _|H5 V _|H9

Y3 = L1LvVv-lIls Vv -llg, Ilg = Congr(ﬁﬂg)

Yy = LV -lls Vv -llg Vv —lly, since MPT(ﬁHS) = =ll3 Vv -l

25 =1V _‘H5 V _\H3 V _\Hl V _|H6, since MPT(_‘H'y) = _|H1 V _\H6

Y6 = X5, since Ilg is an axiom

27 =1V _‘Hl \Y _|H4 V _\Hg \Y _|H1 \ _\Hg, since MPT(_|H5) = _|H1 vV _‘H4
Yg = X7, since Il4 is an axiom

Yo = LV-Ily VIl VIl VIl VIl V-llg, since MPT(ﬁﬂg) = Il v-lIl,
Y10 = 29, since Il is an axiom

211 = 210 — 21, since 210 — 21 is a theorem of Wo

212 = _\Hl, since Y—MPWO (210, 211)

Therefore, after removing duplicate steps, we have that
<217 ey 257 277 297 211, E12>
is a proof of =(p Aoty A (p — (¢ > x))) in nf-NM, from —ox.

Theorem 3. The finitary nf-NM, is sound and complete w.r.t. to the class of

- 0
matrices Cyeons-

Proof. Suppose {91, ..., "} FEm ¢ for every M € CO This is equivalent to

qcons*

= Eamr 2(P1 A .o Ay for every M! € Cepns. By completeness of NM,, there
is a proof (IIy,...IL.), where II; = -, II, = )1 V ... V —1),. Now, by the
above Proposition 7, there is also a proof of == from —=—(¢1 A... A?,,) in Wg.
Then, if Iy, ..., II,., with IT; = ==(¢1 A ... Aty,) and I, = =, is a proof of
- from = =1 A ... Atdy), to get a proof of ¢ from {41, ...,1,} it is enough
to add:

- a previous step: Ilp = ¥1 A ... A ¢, obtained by n — 1 applications of the
Adjunction rule (Adj) to the premises I'.}! Then II; is obtained by applying
the (r-MP) rule to IIy and the theorem 11 A ... Ay, — == (11 Ao Athy).

1 The same comment in the proof of Prop. 2 applies here.
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- a final step: Il 11 = ¢, obtained by applying the (r-MPgg;_ ) rule to II,
and the theorem ——p — . O

At this point we emphasize that the logic above introduced nf-NM, is indeed
paraconsistent but it is not an LFI, since the operator o is not guaranteed to
be a consistency operator, i.e. it is only required to satisfy axiom (CO0) but
neither axiom (T-1) nor (L-1). This is why we finally introduce the non-falsity
preserving LFI logic nf-NM,.

Definition 9. We define the logic nf-NM, as the axiomatic extension of the
logic nf-NM, with the axioms:

(T—l) oT,
(L-1) ol.

Then, as a corollary of the above theorem, it follows that NMS is in fact
a logic complete w.r.t. the class of matrices over [0,1]nnm defined by basic
consistency operators and filter F' = (0, 1].

Corollary 2. The logic nf-NM, is sound and complete w.r.t. the class of matri-
ces CO... = {([0,1]nm,, (0,1]) : o satisfies conditions (C0),(T-1) and (L-1)}.

Proof. Observe that I' Fayo ¢ iff I'U {(T-1), (L-1)} Fgpo s

ness of nf-NM,, iff T'U {(T-1), (L-1)} Faq ¢ for every M € CJ,,,,, that is, iff
T Eum o for every M € C2 . As for the latter equivalence, note that, for any

evaluation e on [0, 1]z, , it holds that e(oT) > 0 and e(ol) > 0 iff o(1) > 0
and o(0) > 0. O

and by complete-

Actually, the same kind of proof applies to show completeness of any ax-
iomatic extension of NM? with any pair of the axioms

(k-SP) (o(k))? A =(o(k))
(k-fix) (o(k) <> =(o(k)))?
(k-SN) o(k) A (=(o(k)))?,

one for k =T and one for k = L.
We end with two remarks about the approach followed in this section.

Remark 3. The approach followed in this subsection does not go through to
show completeness for instance for the logic of the maximal consistency operator
Omag, Since the conditions o(1) = o(0) = 1 cannot be expressed by adding two
axioms to nf-NM,, but rather by adding the following two inference rules:

-0 —ol
17 1
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5 Logics of matrices over NM-chains by lattice
filters

In this section we are going to show that most of the results we have obtained in
Section 3 can be extended to arbitrary NM-chains. As a matter of illustrative
example we first consider the particular case of the logics defined over the NM-
chain [0, 1]y, Which is the fix-point less subalgebra of [0,1]nn whose the
universe is [0,1] \ {1/2}, and then in the second part we consider the logics
defined by matrices on general NM-chains and lattice filters.

5.1 Logics of matrices over [0, 1]y

First, as a matter of illustrative example, we recall the NM-chain [0, 1]
which is the subalgebra of [0,1]nm where the universe is [0,1] \ {1/2}. Since
[0, 1] is @ subalgebra of [0, 1]nw, for every a € [0, 1], the logic ([0, 1] qpp, Fa
{1/2}) is a proper extension of the logic ([0, 1]nm, F,) because the rule (p <
—p)?/L holds in ([0, L] Fu ~ {1/2}) but not in ([0, 1]nm, Fy). Using similar
arguments as in the proof of Proposition 1 we obtain the following result:

Proposition 8. For any a € [0,1], let b, and l—(_a be the finitary logics respec-
tively determined by the matrices ([0, 1]y, Fa ~ {1/2}) and ([0, 1]qpg Fla
{1/2}). Then the following results hold:

1. g, b, and By are the same logic for all a € (1/2,1),
2. o, l—(_a and '_(_0 are the same logic for all a € (0,1/2),
3. '_(_1/27 "1_/2 and Fcpr, are the same logic,
4. CPL is a proper extension of =] and '_(_07

5. K and o are not comparable.

Definition 10. The degree-preserving companion of the logic 5, is defined

as the intersection of the logics I, for all a € (0, 1], that is, = = [, 5

Similarly to Lemma 1, Proposition 8 allows - to be expressed in a very
simple way.

Lemma 3. F_ =t Nk .

In Figure 2 there is a graphical representation of the lattice of the logics
appearing in Proposition 8, which in fact involves only four different logics.

Notice that the same arguments used in the proofs of Lemma 2 and Corollary
1 allow us to prove that for all formulas 1, ..., ¥y, ¢,

U1y n Fig @ if, and only if, 7 gn AL AP, — —(—p)2.
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CPL = '_(1/2 = FI/2

Fa=Fa = g Fo=Fr =+,

(a
ac(0,1/2) a€(1/2,1)

Figure 2: The lattice of the different logics in Proposition 8 and their relation
to F .

We recall that the logic NM ™, the axiomatic extension of NML with the axiom
(BP), axiomatises -7 . Thus, now we define the non-falsity preserving compan-
ion of NM~ with the following axioms and rules:

e Axioms: those of NML plus (BP), that is, those of NML™

e Rules: Adjunction and (r-MP3%,, )

where the rule (r-MP3;,,_) is similar to (r-MP?) but restricted to theorems of

NM-, that is, the rule such that from ¢ and ¢ — —(—)? derives 9, whenever
F e = = ()?

Finally, analogously to Theorem 1, we have the following completeness result
for the logic nf-NM™.

Theorem 4. nf-NM~ is a sound and complete axiomatisation of '_(70'

Now, for the different logics appearing in Proposition 8 we have the axioma-
tisations given in Table 2.

’ Logics H Matrix \ Axioms \ Inference Rules
NM™: 7y ([0, 1]np-{1}) | NM + (BP) MP
nf-NM~: ([0, 1xn (0,1]) | NM + (BP) | Adj, --MP2%,, - @ Fre=(9)?
CPL (0,1 pp» (1/2,1]) | NM + (EM) MP
FyNFe =t< NM + (BP) Adj, 1-MPy - : & 1ez?

Table 2: Axiomatisations of the logics appearing in Proposition 8 defined by
matrices over [0,1],, by a lattice filter.

In this table we use (EM) to refer to the excluded-middle axiom

(EM) @V g
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and (BP) to refer to the axiom
(BP) ~((¢ ¢ ~¢)*)

that is satisfied by a NM-chain only if does not contain a negation fixpoint, see
[29, Theorem 2], where the equivalent expression of this axiom mentioned at
the end of Section 2 is used.

Finally, the lattice of the logics appearing in Table 1 and Table 2 is depicted
in Figure 3.

CPL

£
WIA

F<

Figure 3: The lattice of the different logics in Table 1 and Table 2

Remark 4. (Adding a consistency operator to the logic nf-NM™) The
question of expanding the paraconsistent non-falsity preserving logic nf-NM™
over the NM-algebra [0, 1], has a parallel development as the one studied
in Section 4 for the case of the logic over the standard NM-algebra [0, 1]y
with small modifications. In fact, one has to consider consistency operators
0:[0,1]7 — [0,1]" satisfying the same conditions as the ones in Section 4 once
we exclude the value 1/2 from both the domain and the image of o, a fact that
restricts the number of types of consistency operators from sixteen to nine.

Anyway, if we pay our attention to the maximum consistency operator 0,4,
on [0, 1]y, similarly to what we did in Section 4.2, we can define the logic
nf-NML;  exactly as in Definition 7 for the logic nf-NML,, , only with the
proviso of adding the axiom (BP) to the axioms of NML?**, The same proof
of Theorem 2 yields now completeness of LFI logic NML2?* with respect to the
intended semantics given by the matrix ([0, 1]§Mgmx,F(0>. Analogous results
can be obtained for the logics expanded with the seven remaining types of
consistency operators where the A is definable as well.

Finally, note that the whole approach developed in Section 4.3 for the case
where A is not definable from o (i.e. when both o(1),0(0) < 1/2), can be fully
reproduced here for the case of logics over [0, 1] ;-
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5.2 Logics defined by matrices on general NM-chains

Now, we consider logics defined by matrices on general NM-chains A and lattice
filters and first show that, using a similar argument as in the proof of Proposition
1, they also reduce in fact to matrix logics with filters Fy or Fg, where in the
following we will write 1 and 0 to denote the top and bottom element of A
respectively. For any F' C A, as usual we denote by F°¢ the complement of F
on A and by —F the set {—a : a € F}. Since the negation in A is involutive,
we recall that for every proper lattice filter F' and any proper lattice ideal I,
—F and F°¢ are proper ideals while =1 and I° are proper filters. Moreover
F = (F°)¢ = —(=F) and I = (I¢)° = —(—I). In the following, we will say that
two matrices M; and My are equivalent when the induced logics =aq, and
=, are the same.

A first result about logics defined by matrices over a NM-chain and a lattice
filter is that, from pragmatic point of view, we can restrict ourselves to consider
only matrices either with {1} or with (0 as lattice filters.

Proposition 9. Let A be an NM-chain and let F' be a proper lattice filter on
A. Then there exists a NM-chain B such that the matriz (A, F) is equivalent
either to the matriz (B, F1) or to the matriz (B, Fo).

In more detail, by letting AT = {a € A : —a < a}, the following conditions
hold:

1. If F C A*, then (A, F) is equivalent to (B, Fy), where

B={0}U[A~ (FU-F)U{1}.

2. If F € AT, then (A, F) is equivalent to (B, F(o), where

B ={0}U[A~ (F°U~(F%)) U {1}.

In particular, we have:

3. If A has negation fizpoint and F = AT, then (A, F) is equivalent to
L3 = (NMg3, {1}).

4. If a is the negation fizpoint of A and F = AT U {a}, then (A, F) is
equivalent to J3 = (NMs, {1/2,1}).

5. If A does not have a negation fitpoint and F = AT, then (A, F) is equiv-
alent to CPL = (NMag, {1}).

Proof. The proof is similar in every case:
1. (B, Fy) is a submatrix and also a strong homomorphic image'? of (A, F).

2. (B, F{p) is a submatrix and also a strong homomorphic image of (A, F).

12A homomorphism h from (A, F) to (B,G) is strong if h : A — B is a homomorphism
such that for every a € A, a € F iff h(a) € G.
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3. Lj is a submatrix and also a strong homomorphic image of (A, F').

4. J3 is a submatrix and also a strong homomorphic image of (A, F').

5. (NMsy, Fy) is a submatrix and also a strong homomorphic image of (A, F').
O

The logics of matrices with {1} as a filter are explosive and in the literature
are usually referred as truth-preserving logics (understanding 1 as full truth),
while the logics of matrices with (0 as a filter are paraconsistent (except for the
case CPL) and can be called as non-falsity preserving logics, see e.g. [3].

The truth-preserving logics defined over NM-chains have been fully studied
in [29, 30]. The rest of this section is devoted in general to the non-falsity
preserving logics, and in particular to the axiomatisation of the logics given by
the matrices (A, F(g). We start by characterising the set of tautologies of the

logics I—E%.

Proposition 10. Let A be a non trivial NM-chain.

1. If A has a fixpoint, J3 is an extension of FE%. Moreover, for every formula
®, I—f}] @ iff by, . d.e. Taut((A, Fo)) = Taut(J3).

2. If A has no fixzpoint, CPC is an extension of l—(}]. Moreover, for every
formula o, I—é) e iff FopL @. i.e. Taut((A, Fo)) = Taut(CPL).

Proof. 1. Let ¢ be the fixpoint of A. Then {0, ¢, 1} is the subuniverse of a
subalgebra of A isomorphic to NMg. Therefore, (NMs, F{o) is embed-
dable as a submatrix into (A, Fig), thus J3 = (NMg3, F{g) is an extension
of }—(‘}).

Assume V(% , then there is an A-evaluation e such that e(¢) = 0. More-
over since the map h: A — {—1,0,1} defined by

1, ifx>c¢
hz)=4 0, ifz=c
-1, ifz<e.

is a homorphism from A onto NMj, then hoe is an N M3-evaluation such
that h o e(p) = —1. Thus t/j, ¢.

2. If A does not have a fixpoint, then the 2-element Boolean algebra Bg

is not only a subalgebra of A but also a homomorphic image of A and

a similar argument as in the previous item can be used to prove that
Taut((A, Fo)) = Taut(CPL).

O

As in the case of the matrices over [0, 1], thanks to the involutivity of
the NM negation there is a tight relation among truth-preserving logics and
non-falsity preserving logics defined by matrices over NM-chains.

31



Lemma 4. Let A be a non trivial NM-chain. For every formula ¢,
b o ¢ if, and only if, —p H —p.
In particular, FE% @ if, and only if, F{ —(—p)?.

Corollary 3. Let A be a non trivial NM-chain.  For every formulas
¢1;"'awna¢’

U1, Un o @ if, and only if, F (Y1 AL Athn) = =(2p)”

Finally, we can extend the axiomatisation of iy obtained in Theorem 1 to
non-fasilty preserving logics of matrices over NM-chains..

Theorem 5. Let L be a finitary extension of nf-NML defined by a class of
matrices of type (A, Fo) where each A is an NM-chain. Then there is an
axiomatic extension L' of NML such that L is axiomatised as follows:

e Azioms: those of L'
e Rules: Adjunction and (r-MP%,)
Thus, L is exactly nf-L'.

Proof. Let M be a class of non-falsity preserving matrices, meaning matrices
of type (A, Fo). We denote by M! the associated truth preserving class of
matrices, that is, M! = {(A, Fy) : (A, Fo) € M}. By definition, the finitary
logic defined by M is the non-falsity preserving companion of the logic defined
by M. It follows from the characterisation of finitary extensions of NML in [30],
that the logic obtained by M! is an axiomatic extension of NML, thus the same
arguments used in the proof of Theorem 1 provide a proof of this theorem. [J

All axiomatic extensions of NML were described in [29, Theorem 4]. The
following theorem and figure summarize this result. But before let us introduce
first the following notation conventions that will be used in the rest of the paper.

Notation: From now on, with an abuse of language,
e N, will denote the matrix (NM,,, F7)
e J, will denote the matrix (NMy, Fo)

Theorem 6. L is an aziomatic extension of NML iff there exists (n,m) €
{(n,m) € (w")? : n > m} such that L is the finitary logic defined by the
following finite set of matrices {Nan, Nam41}, where with an abuse of language
we use Noy, = ([0, 1 {11) and Nogi1 = ([0, 1N, {1}). Moreover L is then
axiomatised relative to NML by the ariom

[BP(p) A Sn(©0y---y0n)] V Sm(©o, -y ¢@m)-
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. N2o+1=NML

N2k+1.~
4

) g s NON2o
N7 o o N7N20
NS, NON6 oo o NSN26
13=N3, N3N4 ,/ N3N8 N3N2k ¢ N3N2o
InCons=NI cPc=N2 N4 N& N8 Nk T ¢ N2o=NM-

Figure 4: Lattice of axiomatic extensions of NMILL.

where
1, ifn=0;
Sn(<p0’_._’<pn) = /\((501_><pz+1) _>()0i+1) — \/ Piy if0<n<w;
<n i<n+1
T, ifn=uw,

Figure 4 depicts the lattice of axiomatic extensions of NML. As a corollary
of Theorem 5, we obtain the following result about the lattice of extensions of
the non-falsity preserving logic nf-NML.

Corollary 4. The lattice of finitary extensions of nf-NML defined by a class of
matrices whose algebras are NM-chains is isomorphic to the lattice of axiomatic
extensions of NML of Figure 4.

6 Logics of matrices over finite NM-algebras

In the preceding sections we have dealt with matrix logics over NM-chains
and lattice filters. However, it is clear that there are finitary extensions of
NML and of nf-NML that are not complete w.r.t. matrices over finite NM-
chains, e.g. the 1-preserving logic defined by the matrix (NMga x NMj3, F}) =
(NM,, F1) x (NMg3, Fy) or the non-falsity preserving logic defined by the ma-
trix J3 = (NMz x NMg3, Fjo x Flo) = N2 X J3 = J2 X J3, that is a proper
extension of Jz, see e.g. [16].
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It follows from Theorem 5 and Corollary 4 that for matrices over NM-chains,
there is a one-one correspondence among truth preserving logics and non-falsity
preserving logics. Moreover, it is well known (see for instance [16]) that for
the case of the three element NM-chain, L3 and J; are equivalent deductive
systems. We are going to see in this section that this is not the case for axiomatic
extensions of NML different from CPL and Ls.

Since the variety of NM-algebras is locally finite any logic defined by ma-
trices over NM-algebras and lattice filters can be reduced to finite matrices.
On the other hand, unlike e.g. the case of case of finite MV-algebras (related
to Lukasiewicz logics), not every finite NM-algebra is a finite direct product
of finite NM-chains. Actually, it is well-known that every finite algebra is
isomorphic to a direct product of (finite) directly indecomposable algebras,
but directly indecomposable NM-algebras are not necessarily linearly ordered,
for instance, the subalgebra of NM, x NMy, given by the following universe
{(n,m) € NMy x NMy : either n,m > 0 or n,m < 0} is directly indecompos-
able but not a chain.

For NM-algebras we have a weaker result, in the sense that a matrix logic
over a finite NM-algebra can always be seen as an extension of a logic of a
product of finitely-many (finite) matrices NV,,’s and J,;’s. Before presenting
this result, notice that if F' is a lattice filter of a finite NM-algebra A, then
it is a principal filter. Indeed, if @ = A{x | © € F}, then ' = F,. In the
particular case of A being a product of finite NM-chains NMj, x -+ x NMy,
and a = (a1,...,a;) € A, then F, = F,, X ... x F,,.

Lemma 5. Let A be a finite NM-algebra and let F' be a lattice filter of A such
that F' # A, then [=(a ry 18 an extension of N, s x N, X Tm, %X Tm,. JOT S0ME
MNpy e My M,y e e My > 2 where r + k > 0.

Proof. Since A is a finite NM-algebra, F' # A has a minimum element min(F’) #
Oand F = {b € A:b>min(F)}. By the subdirect representation theorem,
A Cyg NMy, x --- x NMy; for some k;, ..., k; > 2, and min(F) = (a1, ...a;)
for some (ai,...a;) € NMy, x --- x NMy,. Hence (A, F) is a submatrix of
(NMy, x -+ x NMy,, Fy, x -+ x F,;). By Proposition 9, (NMj, x -+ X
NMy,, Fo, X --- x Fy;) is equivalent to (NM,, x --- x NM,, Fy, x --- x Fy,),
where r; < k; and the subindexes b;’s are:

1, if a; > 0;
bi=1¢ (0, if L(NMy,) < a; <0;
0, if a; = J_(NMki)a

where L (NMy,) denotes the bottom element of the chain NMy,. Notice that

Nﬁ' and T Z 2, b
<NMI‘i7 Fb1> = Jm and T3 Z 2, b
N1, 1fb

1;
(0;
0.

Finally, we can forget trivial components A7’s in order to obtain the desired
matrix. U
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All the above considerations make the task of identifying and classifying all
the logics of matrices over finite NM algebras with lattice filters much more
complex for instance than the case of MV-algebras. Therefore, in the first
subsection we restrict ourselves to this task for logics defined by matrices over
finite products of finite NM-chains. In a second subsection we identify which
logics of matrices over finite NM-algebras are maximal paraconsistent.

Notation: In the following we will write ¢ = 1 + n to denote “for all ¢ €

{1,...,n}".

6.1 The case of finite products of finite NM-chains

Our first main result in this section is to show that any logic of a matrix (A, F'),
where A is a finite product of finite NM-chains, can be reduced to a finite set of
matrices from ten different types, each one in turn being a product of at most
three basic components of the form N, or Jn;- This is proved in Theorem
7. Moreover, we also prove that each matrix of that set of ten different types
defines a different logic. This is done in Corollary 8.

Before proving Theorem 7, we need three previous lemmas.

Lemma 6. Let ny,...ng,my,...,m, > 2 where r + k > 0, and consider the
product matrix

M:an X XNnk ijl Xoees ijr-
Then, the following conditions hold:

e The logic = is an extension of NML iff either r = 0, or m; = 2 for
every 1 <1 <r.

e The logic =nm is an extension of nf-NML iff either k = 0, or n; = 2 for
every 1 <1 < k.

Proof. e The right to left implication is immediate since any N,,, is an ex-
tension of NML and Ao = J. If » # 0 and there is some m; > 2, then
Modus Ponens does not hold in =4, and hence =4 is not an extension
of NML

e Similarly to previous cases if Kk = 0 or n; = 2 for every 1 < i < k, then
since any J,,, is an extension of nf-NML and No = Jo, = s an extension
of nf-NML. If & # 0 and there is some n; > 2, then excluded-middle axiom
(EM) does not hold in =x4. Therefore, = is not an extension of nf-NML.

O

Lemma 7. For everyn > 1,
o Na,y1 is embeddable into Noy 1 x N3

o Na,11 is embeddable into Noyni1 X J3
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o Na, is embeddable into Na, x No = Noy,, x Ja

Proof. To prove the first two items, it is easy to check that the mapping
h: NMszrl — NM2TL+1 X NM3 defined by

(a,1), if a > —a
h(a) =4 (a,1/2), ifa=-a
(a,0), if a < —a

is an embedding such that a € Fy iff h(a) = (a,1), and then a € Fy iff h(a) €
Fl X Fl iff h(a) € F1 X F(o

The third item can be proved using the restriction of 4 to the domain N Ms,,
and codomain N Ms,, x N Ms. O

Next lemma is a technical result with a sufficient condition to embed prod-
ucts of matrices.

Lemma 8. Let My,... ., M,,K1,...,Kx be some logical matrices. Whenever

o For every 1 <i <mn, there is 1 < j < k such that M; is embeddable into
K;, and

o For every 1 < j <k, there is 1 < i < n such that M; is embeddable into
Kj,

then My x -+ x M,, is embeddable into L1 X --- X L; for some integer | > n
where {L£; : 1 < i <1} ={K; : 1 < j <k}, and thus the logic =, x...x M, 1S
an extension of the logic =i, x-- x iy -

Proof. Tf both hypothesis hold then there exist mapsm : {1,...,n} = {1,...,k}
and s: {1,...,k} = {1,...,n} and embeddings h; ;n(;) : M; = Ky, for every
1 <i<nand gy, : Mgy = Kj forevery 1 <j <k. Let A= {j1,...,jp} =
{1<j<k:j#m() foralli <n} and let I = n+p. Then for every 1 <i <1,

we define
o= ]Cm(i), if i <my
K, if i > n where r =i —n.

It is easy to check that the map f: H M; — H L; defined as follows

1<i<n 1<5<1

f(aii<i<n) () = { Gs(in),ir(@s(jy), if j > n, where r = j —n.

is a matrix embedding O

Theorem 7. Let A be a finite product of finite NM-chains and let F' # A be
a lattice filter on A. Then the logic defined by the matriz M = (A, F) can be
reduced to a finite set of the following matrices:

1. N, for some positive integer n > 1.
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. No X Nopu1 for some positive integer m.

Tn for some positive integer n > 1.

« TIn X Ji for some positive integers n # k.

. Jon X Jor X Ja141 for some positive integers | < n < k.

. Jon X Tom+1 X Joi1 for some positive integers m < n and m <.
. Napi1 X Jop for some positive integer h, k such that k > 1.

. Nopi1 X Jon X Joi for some positive integers h,m, k such that 1 <n < k.

ST S S N S VORE \NY

. N3 X Jan X Joma1 for some positive integers m,m such that n > 1.
10. N5 x Jom+1 for some positive integer m.
Proof. By Lemmas 5 and 6 we may assume that M is:
e a finite product of AV,,’s, if |y is an extension of NML;
e a finite product of J,,’s, if F=aq is an extension of nf-NML;

e a finite product of NV,,’s and J,,’s if =4 is neither an extension of NML,
nor an extension of nf-NML.

Then we have the following cases:

o If the logic generated by M is an extension of NML, by Lemmas 7 and 8
and as mentioned later in Theorem 9, M can be reduced to

{Nap, Na X Nap 41, Nogt1, where n > m >k > 0}.
Notice that these matrices are of type 1. or 2.

o If the logic generated by M is an extension of nf-NML, then we may
assume that M = J,, X -+ X Jn,
If all n;’s are even numbers or all n;’s are odd numbers, let
n = min{nq,...nx} and let m = max{ny,...nx}. Then, by Lemma 8,
Tn X JTm is a submatrix of M and M is a submatrix of (7, X jm)k_l.
Thus both matrices define the same logic. Notice that if n # m, J,, X T
is of type 4 and if n = m then J, X J, can be reduced to 7, of type 3.

When there are even components and odd components in M, with an
analogous argument by Lemma 8, we can reduce M to a product

i
M = Ton X Toie X Tomt1 X Jai1

where 2n is the minimum of all even components, 2k is the maximum of
all even components, 2m + 1 is the minimum of all odd components and
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20+1 is the maximum of all even components. Moreover, since, by Lemma
8,
My = Ton X Jomi1 X Jary1 (type 6)
and
My = TJon X Jar. X Ja11 (type 5)

are both submatrices of M’, and M’ is a submatrix of M; x My, there-
fore the logic defined by M’ is the logic defined by the set of matrices
{M;1, Ms}. Moreover,

- If n < m, My can be reduced to Jo, X J2141-

- If n <, then My can be reduced to

Jon X Jary1 and Jon X Joi;
- If k <1, then My can be reduced to Jo,, X Jori1;

If the logic generated by (A, F') is neither an extension of NML nor of nf-
NML, then, by Lemma 5 and without loss of generality, we may assume
M can be reduced to

an X"'XNnkXJml X"'Xera

where k,r > 1, ny > 2, n; > n;y1 > 2 for every ¢ = 1 + k, and
m; > miy1 > 2 for every i =1+ 7.

If there is some 1 < i < k such that n; is an even positive integer, then by
Lemmas 8 and 7, M can be reduced to

{Npn, : 1 <i<kandn,; is even}U
{Na x Ny, + 1<i<kandn,;is odd}U
{Jox Ty 1<j <1}

Notice that in this case all matrices are of type 1., 2. and 4. A major
reduction can be obtained just by taking

{Nn7N2 XNmyu72 X jsas72 X \7[}7

where n = max{n; : 1 < kandn;iseven}, m = max{n; : 1 <
i < kand n; is odd}, s = max{m,; : 1 < ¢ < r and m; is even} and
I = max{m; :1 <i <r and m; is odd}.

If for every 1 < i < k, n; is an odd positive integer, let h be the positive
integer such that 2h + 1 = maxz{ny,...,ni}. Let m, n and k be defined
as follows whenever they exist:

-2m+1=max{m; :1 <j <r and m; is odd },
- 2n =min{m; : 1 < j <r and m; is even }, and
- 2k = max{m; : 1 < j <r and m; is even }.
Then M can be reduced to:
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— If m,n, k exist and n < k,

Nong1 X Jon X Jok (type 8.)  and N3 x JTon X Jam+1 (type 9.)
— If m,n, k exist and n = k,

Nopt1 X Jon (type 7.)  and N3 x Jop X Jomt1
— If m exists and n, k do not exist.
Nopt1 and Nz X Jam1 ( type 10.)
— If m does not exists and n, k exist and n < k,
Nany1 X Ton X Jok
— If m does not exists and n, k exist and n = k,
Nong1 X Jon
O

For the particular case of extensions of nf-NML, i.e. when M is of the form
M= Tn, X+ X Tn,, we have the following corollary.

Corollary 5. Let A be a finite product of finite NM-chains and let F' # A be a
lattice filter on A such that (A, F) is an extension of nf-NML. Then the logic
defined by the matric M = (A, F) can be reduced to a finite set of the following
matrices:

1. J, for some positive integer n > 1.
2. Jn X Ji for some positive integers n # k.
8. Jon X Jaor X Jai+1 for some positive integers | < n < k.

4. Ton X Tom+1 X Joi1 for some positive integers m < n and m <.

Our next task is to show that each of the ten different types of matrices
identified in the above theorem defines in fact a different logic, so all of them
are non-equivalent matrices. In the following we consider a generic matriz M
with k£ explosive components and r paraconsistent components,

M:<M7F>: nlx"'ankxjmlx"'ijT

where kK +7r > 0, n; > 2 for every ¢ = 1+ k and m; > 2 for every
t = 1+ r, and a number of axioms and rules, together with the conditions
M must satisfy for the corresponding logic to validate them, that will even-
tually allow us univocally determine each one of the above ten types of matrices.

Notation conventions: In the following we will use the following notation con-
ventions regarding the matrix M:
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(i) Abusing the language we will say that a component of M is even (resp.
odd) when the NM-chain of the component has an even (resp. odd) number
of elements.

(ii) Also, we will say that a rule or an axiom is valid in M when it is valid in
the corresponding logic =a.

(iii) For every i =1+ k, we will let s; be such that n; = 2s; or n; = 2s; + 1.
For every i =1+ r, we will let r; be such that m; = 2r; or n; = 2r; + 1.

Next we consider the following axiom and rule:

- Axiom BP: Recall that the axiom
(BP) = ((¢ + —¢)?)

axiomatises | as an axiomatic extension of NML.

- Rule 3-EVEN: We introduce the following rule that characterises when M
has some even component:

(-EVEN) (¢ ¢ —p)? / il

Indeed, the following result shows that (BP) and 3-EVEN characterise ma-
trices with all or some even components respectively.

Proposition 11.

1. (BP) is valid in M iff all the components in M are even.

2. The rule 3-EVEN is valid in M iff there is an even component in M.
Proof. 1. Assume a € M.

If all components of M are even, then for every 1 < i < k + r,
a(i) # 0, recall that 0 is the fixpoint of the i-th component of M. Thus
= ((a » —a)?) =1 € F. Hence (BP) is valid in M.

If there is some odd component 1 < ¢ < k+r in M, let b € M be an
element such that b(:) = 0, then

(0007 =L 5

Thus (BP) is not valid in M.

2. Let a € M. If there is a component 1 < i < n such that n; is even then
(a(i) + —a(i))? = —s;, thus (a +» —a)? ¢ F and the rule 3-EVEN holds.
Analogously for the case where there is 1 < j < 7 such that m; is even. If
all components in M are odd, then M has negation fixpoint ¢ = (0,...,0)
and (¢ +» —¢)? = (s1,...,8k,71,-..,7) = 1 € F. Thus the rule 3-EVEN
fails in M.

O
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We continue introducing some additional axioms and rules that are needed
for our task.

- Axiom Vn: Recall the axiom (V3) (¢1 — ¢2) V (2 = ©3) V (p3 = ©4),
that axiomatises L3 relative to NML. We consider its generalization for any
number n > 0:

Vn) NV (i = @)

1<i<n
- Rule MINO,:
(MINO,) A\ ~(gi = gien) / i
1<i<n
- Rule MAXO0,:

(MAXO0,) ©7,...,00,01 = U, ..., 00 — lﬁ/ i = Pir1) * 2Pip1 | VY
1<

(
i<n—1

- Rule MINOg¥©®:  Consider next the following rule

(MINOZ"") \/ (pi & —i)* | V /\ —(pi = @it1) /J—
1<i<2n+1 1<i<2n

- Rule MAX0944:

2 2
(MAXOgdd) Xs X =, P11 — 7/’7 2 11[}5 TPnt1 11[}5 (_'(QD%)) PR (_‘(@721-1—1))
(mp1)? vV (V1§i§n(90i = Qit1) * %‘) VYV
- Axiom EMAX1°%,
odd
(WnMAm ) - ((901 — Wm)z) \ \/ (Pit1 — ©i)
1<i<n+1

Now, for every matrix M = (M, F) = Ny, X -+ X Ny, X Ty X = X T,
we introduce the following definitions that will be used in the next proposition:

minl(M) = min{¢ : AV} is one of the components of M},

min0(M) = min{¢ : J; is one of the components of M},

max0(M) = max{t : Jot or Jaz4+1 is one of the components of M},
min0¢(M) = min{¢ : Jo; is one of the components of M},
max0°(M) = max{t > 0: Jory1 is one of the components of M},
max1°(M) = max{¢ > 0 : Maz11 is one of the components of M}

Then the following characterisation results can be shown to hold.
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Proposition 12. The following characterisations of the validity of the axioms
and rules considered above hold:

o For everyn > 1,

— (Vn) is a tautology of M iff either k =0 or minl(M) < n.
— The rule MINO,, is valid in M iff k > 0 or minO(M) < n.

o And for everyn >0,

— The rule MAXO,, is valid in M iff either r = 0 or maxO(M) < n.

The rule MINOSY™ is valid in M iff either there is 1 < i < k such
that n; is even, or min0¢(M) exists and min0¢(M) < n.

— The rule MAX029 is valid in M iff either r = 0, or every m; is
even, or max0°(M) < n.

— (@%AXIDM) is a tautology of M iff either k = 0, or every n; is even,
or max1°(M) < n.

Proof. For the sake of the simplicity and in order to ease the reading of this
paper we only show the proof of first item. The proofs of the remaining items
are similar, although a little bit longer.

e Let ay,...,an+1 € M. Since n > 1, notice that for every j =1-+1r
1<i<n

If k = 0, by the previous remark (Vn) is a tautology. Then assume k > 0.

If n; < n, for every component j = 1 + k there is 1 < i < n such that

a;(j) < a;41(j). Therefore \/ (ai(j) = ait1(j)) = s; and (Vn) is a
1<i<n

tautology of M.

If, without loss of generality, we assume that n,; > n. Then, there exist

c1 > cg > - > cpq1 € NM,,. Thus, there exist a1,...,an+1 € M such
that a;(1) = ¢; and \/ (a;(1) = a;4+1(1)) # s1. Hence, (Vn) is not
1<i<n

tautology of M.
O

With the previous propositions, we can eventually prove that the ten types
of matrices identified in Theorem 7 cannot be reduced any further, in the sense
that they all define different logics.

Theorem 8. Two different matrices of types described in Theorem 7 define
different logics.

Proof. To begin with, notice that Modus Ponens allows us to characterise NML-
extensions while the Excluded-Middle axiom characterises nf-NML-extensions:
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’type\EM\MP‘

1 NO | YES
2 NO | YES
3 YES | NO
4 YES | NO
5 YES | NO
6 YES | NO
7 NO | NO
8 NO | NO
9 NO | NO
10 NO | NO

For matrices of type 1 and 2, thus NML-extensions, the axioms (BP) and (V's)
together with the rule 3-EVEN are enough to distinguish them:'?

’ type \ matrix \ BP \ J-even \ Vs ‘
1 Nop, YES | YES 2n < s
1| Mams NO NO 2m+1<s
2 Ny x N2m+1 NO YES 2m+1<s

For matrices of type 3, 4, 5 and 6, thus nf-NM extensions, the axiom (BP)
and the rules 3-EVEN, MINO,, MAX0,, MIN0**" and MAX0% are enough
to distinguish them:

’ \ matrix \ BP \ J-even \ MINO, ‘
3| Jon YES | YES 2n<s
3| Jom+1 NO NO 2m+1<s
4| Jon X Jok YES YES 2n < s
4 | Jom+1 X Joi41 NO NO 2m+1<s
4| Jon X J2i41 NO YES | min{2n,2l4+1} <s
5 | Jon X Jorx X J2141 NO YES 20+1<s
6 | Jon X Jom+1 X J2i+1 | NO YES 2m+1<s
’ \ matrix \ MAXO, \ MINOgve™ \ MAX09% ‘
3| Jon n<s n<s YES
3| Jom+1 m<s NO m<s
4| Jon X Joi k<s n<s YES
4| Fomt1 X Jai1 [<s NO 1<s
4 | Jon X Jora1 max{n,l} <s n<s [<s
5 | Jan X Jar X Joi41 k<s n<s 1<s
6 | Jon X Jom+41 X Jo+1 | max{n,l} <s n<s [<s

131n the following tables, an inequality in a column, with header an axiom or a rule, stands
for the condition under which the matrix in the same row validates the axiom or the rule. For
instance, in the next table the matrix N, satisfies the axiom (V's) whenever 2n < s.
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For matrices of type 7, 8, 9 and 10, the axiom @MAXlOdd and the rules 3-EVEN,

S

MINO,, MAXO0,, MINO¢**" and MAX029 are enough to distinguish them:

’ ‘ matrix ‘ EMAX1™ 1 3 oven ‘ MINO, ‘
7 | Nongt X Jor h<s YES % < s
8 N2h+1 X an X jgk h <s YES 2n <s
9 | N3 X Jan X Joma1 YES YES min{2n,2m + 1} < s
10 N3 X \72m+1 YES NO 2m+1<s
[ | matrix | MAXO, [ MINOZ" [ MAX03% |
7 N2h+1 X Jok k<s k<s YES
8 | Mapy1 X Jon X Jok k<s n<s YES
9 | N3 X Jon X Toms1 | max{n,m} <s 2n < s m<s
10 | N3 X Jamat m<s NO m<s

O

Next, we are in position to prove that, in general, axiomatic extensions of
NML and its non-falsity preserving companions are not equivalent as deductive
systems in the sense of Blok and Pigozzi [4]. We first recall that all finitary
extensions of NML are described in [30]. The following theorem and figure
summarize this result.

Theorem 9. (c.f. [30, Theorem 3.7]) L is a finitary extension of NML iff there
exists (n,m,k) € {(n,m,k) € (wh)® :n >m >k} such that L is the finitary
logic defined by the following finite set of matrices {Nay, Nog+1, Na X Nopi1}-
Moreover,

— if k =m, then L is the aziomatic extension NMLa, om11 defined by {Nay,
Nog41}-

— if k #m, then L is aziomatised relative to NMLay, 9m11 by the rule

P e
Sk(Wo, .- k)

Figure 5 depicts the dual lattice of finitary extensions of NML.

Proposition 13. Let L be an axiomatic extension of NML different from CPL
and L3, then L and nf-L are not equivalent deductive systems.

Proof. Assume L and nf-L were equivalent. Since L is algebraizable, so is nf-L.
Moreover, equivalency is inherited for every finitary extension in the following
sense: every finitary extension of L defined by the set of matrices {Na,, Na X
Nag11,Nami1} is equivalent to the logic defined by the set of matrices { Jap, J2 X
J2k+1y J2m+1}- I L is an axiomatic extension of NML such that L#CPL and
L# Lj, then =y, is an axiomatic extension of L. Thus Eu, and =g, are
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» N2w+1
(o,0,0)

== (0,0,2)

o (0,0,1)

s (0,00,0)

(0‘0'0). (1,0,0) (2,0
N2=CPL N4 N6 N8 N10 NI12

Figure 5: Lattice of finitary extensions of NMIL.
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equivalent and both lattices of finitary extensions are isomorphic. But, this
leads to a contradiction, because the only consistent proper finitary extension
of Eu, is CPL, as shown in Theorem 9. While, after Corollary 5 and Corollary
8, CPL and p, xn, are two different consistent proper finitary extensions of

':J4' O

6.2 Maximal paraconsistent logics of finite matrices

In the previous subsection we have dealt with matrices given by a finite product
of finite NM-chains, but, as already commented, not all finite NM-algebras are
finite products of finite chains. As it is well known, finite NM-algebras are finite
products of finite directly indecomposable NM-algebras. In this section we are
going to characterise finite directly indecomposable NM-algebras and this result
will help us to obtain all maximal paraconsistent logics given by matrices over
finite NM-algebras.
Recall that a NM-filter of an NM-algebra A is any set F' C A such that:

e 1cF.
e Ifae Fand a <b,thenbe F.
o Ifa,be F,thenaxbe F.

We say that F is proper if 0 ¢ F', and F is a prime if it is proper and for every
a,be Aifavbe F,thena € Forbe F. As usual, Spec(A) denotes the set of
prime filters of A. Since the prelinearity condition holds for every NM-algebra,
if F'is an NM-filter of A, F is prime iff A/F is a NM-chain.

Using Zorn’s Lemma one can prove that for any proper NM-filter F' there
is a maximal proper NM-filter G such that F C G. Moreover, every maximal
filter is prime. The radical of A, denoted by Rad(A), is the intersection of all
maximal filters of A. We define coRad(A) = {a € A : —a € Rad(A)}. From
the characterisation of the radical of MTL-algebras given in [37], we have that
Rad(A) ={a € A:a"™ > —a, for all n > 1}. In the case of NM-algebras, since
every NM-algebra is 3-contractive, then Rad(A) = {a € A : a*> > —a}. In the
case of NM-chains it can be reduced to Rad(A) = {a € A:a > —a}.

Definition 11. An NM-algebra A is local iff it has a unique maximal filter.
Proposition 14. Let A be a local NM-algebra. Then:

e A= Rad(A)UcoRad(A) if A does not have a negation fixpoint;

e A= Rad(A)U{c}UcoRad(A) if A has a negation fixpoint c.

Proof. If A is local then let M be its maximal filter, which coincides with
Rad(A). For any a € A, let a/M denote the class of ¢ modulo M. Since
A /M is simple, then either A/M =2 NM, or A/M = NMs;. If A/M = NM,,
then A = 1/M U0/M. Notice that 1/M = M and 0/M = (—-1)/M = {a :
-a € M}, thus A = Rad(A) U coRad(A) and A does not have a negation
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fixpoint. If A/M = NMs, let a € A be such that a/M # 1/M = M and
a/M # 0/M, then a/M = (—a)/M. By the subdirect representation theorem,
A Csp H A/F and a = (a/F)pespec(a)- Since A is local, a/F C a/M
FeSpec(A)
and (-a)/F C (—a)/M for every prime filter of A. Since F' is prime, A/F is
totally ordered, hence either a/F = —a/F, or a/F > (—a)/F,or a/F < (—-a)/F.
If a/F > (—a)/F or a/F < (—a)/F, then either a/F or (—a)/F belongs to
Rad(A/F) = M/F which leads to the contradiction that either a € M or
-a € M. Thus, a/F = —a/F for every F € Spec(A). Hence a is the negation
fixpoint of A and a/M = {a} O

Proposition 15. Let A be an NM-algebra. A is directly indecomposable iff A
1s local.

Proof. Assume A is indecomposable. Recall that an NM-algebra is indecom-
posable iff its only boolean elements are 0 and 1. Let a € A, notice that
2a% = = (—a? ? is a boolean element, thus 2a2 = 1 or 24 = 0. If 2a® = 1, then
—-a? < a® < a, thus @ € Rad(A). If 2a%2 = 0, then a? = 0, so a cannot belong
to any proper filter. This shows that Rad(A) is in fact a maximal filter, so A
is local.

Assume A is local. Let b be a boolean element of A, then b/Rad(A) is
also a boolean element of A/Rad(A). Since A/Rad(A) is a simple algebra, it
is indecomposable, hence the class of b/Rad(A) is either 1 or 0. Thus, either
b € Rad(A) or =b € Rad(A), and since b is boolean, this in turn implies b = 1
or b=0. 0

Corollary 6. FEvery finite NM-algebra is a finite product of finite local NM-
algebras.

Theorem 10. The only finite matrices defining mazimal paraconsistent logics

are J3, Ju and J3 X Ja.

Proof. For practical reasons, in the following proof we will identify a matrix J;
with its corresponding logic =7, .

Notice that J3, J4 and J3 X J4 are not explosive. Let M be a paraconsistent
finite matrix. By Lemmas 5 and 6 we may assume that M = (A F) is a
submatrix of J,, X -+ X Jm, where each m; > 2. By Corollary 6, A =
A x---x A, where each A; is a finite local NM-algebra. Moreover, since F is
a principal lattice filter, let a = (a1, ...,a,) be the generator of the filter, then
F =F, x---xF, . Since the matrix logic (A, F) is not explosive then for
every j =1+, (A, F;) is also not explosive.

If A; has a negation fix point, then trivially NMj is embeddable into A;
and J3 is a submatrix of (A, F;). If A; does not have a negation fix point,
let a be the minimum of the elements in Rad(A;). If a # 1, then {1,a,—a,0}
is the universe of a subalgebra S of A; isomorphic to NMy. Since the logic
of (A;, Fj) is not explosive then Rad(A;) is not trivial, a # 1 and a,—a € Fj.
Therefore J4 is a submatrix of (A, F;). Summing all up:
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- If all A;’s have a negation fix point then [J3 is an extension of the logic
given by M.

- If all A;’s do not have a negation fix point then Jy is an extension of the
logic given by M.

- If there is some A; with a negation fix point and there is some A, with no
negation fix point then J3 x J; is an extension of the logic given by M.

]
CPL
J3 x Na J4 X Ny
P ° e
J3 J3 X J4 J4

Figure 6: Maximal paraconsistent logics

It is well known (see [17]) that J3 is ideal paraconsistent'* where the defin-
able implication that satisfies deduction theorem (D.T.) is ¢ = ¢ := (—p —
90)2 — 1). However we show that both J; and J3 x J4 are not ideal paraconsis-
tent.!® Assume Jy is ideal paraconsistent. Then J; has a definable implication
— satisfying D.T. such that ¢ — 1 is classically equivalent to ¢ — . Then
¢ Ea ¥ iff Eg, ¢ = . By Proposition 10, g, ¢ — ¢ iff Fopp ¢ — ¥ iff
¢ Feopr ¥. Thus, Jy and CPL coincide, which is a contradiction, since the MP
rule is valid in CPL but not in J4. For the case of J3 X J4, since Jo X J4 is a
proper extension of J3 x J; different from CPL and the tautologies of [J5 x J4 are
exactly the classical tautologies, J3 x Jy is not maximal w.r.t. CPL. Therefore,
it is not ideal paraconsistent.

14Recall from [2] that a propositional logic L such that it has an implication connective —
for which the deduction theorem holds, and that is paraconsistent w.r.t. a negation connective
-, is called ideal —-paraconsistent if: (1) there is a presentation of CPL in the same signature
than L such that — and - are interpreted as in CPL; (2) L is a sublogic of CPL; (3) L
is maximal w.r.t. CPL; and (4) every proper extension of L in the same signature is not
—-paraconsistent.

15Note that the logic defined by the matrix J4, denoted Jy in Figure 6, is not the same
as the logic defined by the matrix (L4, F;/3) over the 4-valued MV-chain, also denoted J4 in
[16]. Actually, unlike J4, the logic defined by the matrix (L4, Fy/3) was shown in [16] to be
ideal paraconsistent.
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7 Conclusions and future work

In this paper we have considered logics induced by logical matrices defined on
NM algebras with lattice filters, with special attention to those that are paracon-
sistent and preserve the non-falsity. Interestingly enough, as a first main contri-
bution, we have shown that the logic defined by a matrix (A, F), where A is a
NM-chain and F a lattice filter of A, can be reduced to either to a 1-preserving
logic (B,{1}) for some B subalgebra of A, to the well-known paraconsistent
logic J3, or to a non-falsity preserving (paraconsistent) logic (B, (0,1]) for some
B subalgebra of A. Moreover, we have axiomatised the non-falsity preserv-
ing companion of the logic NM, denoted nf-NM, corresponding to the matrix
([0, 1]~ (0,1]). A second main contribution is the study of the expansion of
the paraconsistent logic nf-NM with a consistency operator so to obtain a Logic
of Formal Inconsistency (LFI). Several classes of such operators and their logics
have been considered and fully characterised. A final third main contribution
is the full classification and characterisation of all the logics of matrices defined
over finite products of finite NM-chains with lattice filters, where the presence of
the F|g filters makes the study much more complex than the case of considering
only F; filters, that was already studied in [29].

Within the class of Mathematical fuzzy logics, the lattice filter-based NM
logics studied in this paper are remarkably related to those over extensions of
Lukasiewicz logic L, over Gddel logic with involution G™ and over Product logic
with involution II™, since all of them share a strong or involutive negation, al-
though there are notable differences among them as well. Actually, Lukasiewicz
and Godel logics are, together with Product logic, the most prominent BL-logics,
while NM is the most prominent logic among the extensions of the involutive
MTL logic, IMTL, that is not a BL logic. At this point we would like to make
the following remarks about analogies and differences among the logics nf-NM,
nf-L, nf-G™ and nf-II"":

e Since the three-element NM-algebra, MV-algebra and G™~-algebra are
termwise equivalent, we have nf-NMj = nf-L3 = nf-G%’, which in turn
coincide with the well-known d’Ottaviano and da Costa’s logic J3.

e Both nf-G™ and nf-II"™ are interpretable in G~ and II™ respectively by
the double negation transformation. Indeed, in both G and II the residual
negation ~¢ = ¢ — 0 is Godel negation, whose interpretation in [0, 1] is
the mapping defined by =« = 1 if = 0 and -z = 0 otherwise. Then,
it holds that, for L € {G~, II™}, ¢ F(LO Y iff =@ FE =), Moreover,
it is not difficult to check that if we add to the axioms and rule of L the
following modified modus ponens rule

— (mod-MP): From ¢ and ——¢ — ——) derive v

one gets a sound and complete axiomatisation of nf-L. Note that in the
logics nf-G™ and nf-II", the usual Modus Ponens rule is sound.
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e The study of the lattice of matrix logics defined over finite MV-algebras
and finite G™-algebras with lattice filters is simpler than in the case of
NM-logics since all finite MV-algebras or G~-algebras are products of
finite chains, this is not the case with NM-algebras. However, it is an
open problem whether the logics defined over finite NM-algebras that are
not products of NM-chains give raise to different logics.

e About the non-falsity preserving companion of Lukasiewicz logic, it is
worth noticing that the technique used in Section 4.3 to prove complete-
ness of nf-NM, is very general, indeed it can be applied to prove complete-
ness for the non-falsity preserving companion of any axiomatic extension
of a MTL logic with an involutive negation (i.e. an extension of an IMTL
logic), see e.g. [22]. In particular, the non-falsity preserving companion
of the well-known Lukasiewicz logic L, nf-L, can be axiomatised by the
following system:

— Axioms of L

R I 4
— Rule of Adjunction: (Adj
(Adj) Y
— Reverse Modus Ponens: (MP") ~UVX
“p V(e =) Vox
— Restricted Modus Ponens: (r-MP) W, if Fpp—

Indeed, by applying the proof technique of Proposition 7 and Theorem
3, one readily gets that this logic is (finite strong) complete with re-
spect to the finitary consequence relation defined by the logical matrix
<[0’ 1]MV’ (0’ 1]>

Remarkably, this logic can be seen as a more genuine paraconsistent coun-
terpart of L rather than that the logic F'T introduced by Avron in [3], since
FT maintains the connectives A,V and — but replaces Lukasiewicz impli-
cation by another one that validates Modus Ponens in ([0, 1]pmv, (0, 1]).

e Finally, about the question of whether the non-falsity preserving logics
are Logics of Formal Inconsistency, there is a difference between nf-NM
and nf-L on the one hand and nf-G™ and nf-II"™ on the other, since the
former logics do not have a definable consistency operator, while in the
latter logics one can define such an operator, definable in turn from the
A operator (where Az = —~x), as ox = A(x V =x). So nf-G~ and nf-II™
are LFIs while nf-NM and nf-L are not.

As for future work, we envisage to extend this work in at least two lines. One
aspect to further analyse is the complexity, expressive power and further prop-
erties from a paraconsistency point of view of the non-falsity preserving logics
nf-L, with L being a finitary extension of NML. Another is to open the scope
and study the definition and axiomatization of non-falsity preserving compan-
ions of MTL extensions in general, deepening the preliminary results [22]. We
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also plan to study some of the logic systems analysed here from a proof-theoretic
perspective.
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