Rotations of Godel algebras with modal
operators

: ;- 1[0000—0002—9180—7808 : 1[0000—0002—6929—3126
Tommaso Flaminio!l I, Lluis Godo!! I,

Paula Menchgn2[0000—-0002-9395-107X] " 4\ q Ricardo O.
Rodriguez310000—0001-7551-2877]

! Artificial Intelligence Research Institute (ITTA - CSIC), Barcelona, Spain.
{tommaso,godo}@iiia.csic.es
2 Nicolaus Copernicus University, Torun, Poland, CONICET, Univ. Nacional del
Centro de la Provincia de Buenos Aires, Tandil, Argentina. paulamenchon@gmail.com
3 UBA-FCEyN, Departamento de Computacién,
CONICET-UBA, Inst. de Invest. en Cs. de la Computacién, Buenos Aires, Argentina.
ricardo@dc.uba.ar

Abstract. The present paper is devoted to study the effect of connected
and disconnected rotations of Godel algebras with operators grounded
on directly indecomposable structures. The structures resulting from this
construction we will present are nilpotent minimum (with or without
negation fixpoint, depending on whether the rotation is connected or
disconnected) with special modal operators defined on a directly inde-
composable algebra. In this paper we will present a (quasi-)equational
definition of these latter structures. Our main results show that directly
indecomposable nilpotent minimum algebras (with or without negation
fixpoint) with modal operators are fully characterized as connected and
disconnected rotations of directly indecomposable Godel algebras en-
dowed with modal operators.

1 Introduction

Fuzzy modal logic is an active and rapidly growing area of research that aims at
generalizing classical modal logic to a many-valued or fuzzy framework. Although
the birth of Mathematical Fuzzy logic as a discipline is usually taken with the
publication of Héjek’s book [13] in 1998, the first attempts to generalize modal
logic to the setting of many-valued logic can be traced back to the 90’s of the
last century. Indeed, in 1991 and 1992 Fitting published two fundamental papers
[9,10] in which, he investigates two families of many-valued modal logics: on the
side of their relational semantics, the first one is characterized by Kripke models
in which, at each possible world, formulas are evaluated by a finite Heyting
algebra; the second one allows also the accessibility relation to be many-valued.

Fitting’s work on many-valued modal logics paved the way to the birth of
fuzzy modal logic as a field and inspired several other researchers who, following
his ideas, further generalized classical modal logic to the ground of infinite-valued



fuzzy logics. In this respect it is worth to remember the general approaches col-
lected in the papers by Priest [23], by Héjek [14], by Bou, Esteva, Godo and
Rodriguez [3] and by Diaconescu, Metcalfe and Schniiriger [7]. Further works
which follow Fitting’s ideas of generalizing Kripke models to the fuzzy environ-
ment, but focus on modal expansions of specific propositional logics, are also
worth to recall. In particular the ones by Caicedo and Rodriguez [5,6] who in-
vestigate modal expansions of Gédel logic, the paper [15] by Hansoul and Teheux
who instead consider modal expansions of propositional Lukasiewicz logic, and
the one by Vidal, Esteva and Godo [24] where the propositional base is product
fuzzy logic.

In the recent paper [11], taking inspiration on intuitionistic modal logics, we
made the first steps towards an algebraic approach to modal expansions of Godel
propositional logic by introducing finite Gédel algebras with operators (GAOs for
short) and a class of relational models which, in contrast to the original Fitting’s
approach, are not Kripke-like structures. Indeed, the relational duals of GAOs
turn out to be frames based on forests rather than sets, that is, posets in which
the downset of each element is totally ordered.

In the present paper, we are interested in studying nilpotent minimum alge-
bras with modal operators. Nilpotent minimum algebras (NM-algebras for short)
are the algebraic semantics of the so-called nilpotent minimum fuzzy logic, de-
noted by NM, which turns out to be sound and complete w.r.t. the algebra on
[0,1] defined by the so-called nilpotent minimum t-norm and its residuum [8],
that is a left-continuous, but not continuous, t-norm. The results on NM-algebras
with modal operators are obtained by extending the well-known construction of
connected and disconnected rotations of Godel algebras [18,4] to the modal
framework.

This paper is organized as follows. Section 2 is devoted to recall basic alge-
braic notions and, in particular, to introduce Godel and NM-algebras. Also we
recall how NM-algebras with or without negation fixpoint can be constructed
as connected or disconnected rotations of directly indecomposable Godel alge-
bras. In Section 3, after briefly recalling Godel algebras with modal operators,
we study modal expansions of NM* and NM~-algebras obtained by extending
connected and disconnected rotations to the modal setting. In particular, Sub-
section 3.1 is on modal NM*-algebras, while NM~-algebras are the subject of
Subsection 3.2. Our main results, namely Theorems 3 and 4, show that for every
Godel algebra with operators whose Godel reduct is directly indecomposable and
satisfying certain properties, one can build both an NM* and an NM~-algebra
with operators whose NM-reduct still is directly indecomposable. Indeed, each
such modal NM-algebra arises in those ways. We conclude with Section 4 where
we present some conclusions and some prospects for our future work.

2 Godel and nilpotent minimum algebras

Most of the algebraic structures we consider in this paper lay in the variety of
MTL-algebras [8], namely, integral, commutative, bounded and prelinear resid-



uated lattices which are structures of the form A = (A,*,—,A,V, L, T) of
type (2,2,2,2,0,0) where: (A,*,T) is a commutative monoid; (A,A,V, L, T)
is a bounded lattice; and the following conditions hold for all x,y, 2z € A:

(Res) zxy < z iff x <y — 2z, where < denotes the lattice order of A;
(Pre) (zx = y)V(y—xz)=T.

In every MTL-algebra, a negation operator — can be defined as: -z =x — L.

Let A be an MTL-algebra. A subset f of A is said to be a filter provided
that: (1) T € f, (2) ifx,y € f, thenzxy € f, (3)ifz € f and y > x then y € f.
A filter f # A (that is, a proper filter) is said to be prime if z V y € f implies
that either x € f or y € f. A filter f is principal (or principally generated) if
there exists an element x € A such that f =te ={y € A|y > z}.

An MTL-algebra A is said to be directly indecomposable (d.i., henceforth) if
it cannot be factorized as a non-trivial direct product [[,.; A; of MTL-algebras
A,.

icl

Definition 1. A Godel algebra is MTL-algebra which further satisfies the fol-
lowing equation which expresses the idempotency property:

(Idem) z *z = x.

The idempotency of Godel algebras allows us to present them in the simplified
signature in which * = A, which coincides with the signature of Heyting algebras
[16,17]. Indeed, an equivalent definition of Godel algebras is to present them as
those Heyting algebras, i.e., integral, commutative, bounded and idempotent
residuated lattices, that further satisfy the prelinearity equation (Pre) above.

A Godel algebra is d.i. iff L is meet irreducible. Equivalently a Godel algebra
is d.i. iff it has a join-irreducible co-atom and hence a unique maximal filter that
is in fact principally generated by its unique co-atom. In what follows we will
need the following easy result.

Lemma 1. In every d.i. Gidel algebra, if x > 1, ~x = L.

Definition 2. A nilpotent minimum algebra A is a MTL-algebra which further
satisfies the following equations:

(Inv) ——z =z,
(NM) ~(z*xy)V(zAy —z*xy)= L.

In linearly ordered nilpotent minimum algebras, condition (NM) implies that
either zxy = 1 or x*y = min(x, y). Since the negation operator of NM-algebras
is involutive, if it has a fixpoint, it is unique. The property of having a negation
fixpoint or not, can be captured equationally. An NM-algebra A is said to be
without negation fix-point (and we write that A is an NM~-algebra) if it satisfies
the further equation:

(NM™) =(—(z*xx)) *~(xxx) = (=(-x * ~x)) * (-(—z * —x)).



As for those NM-algebras with a negation fixpoint, we need to expand their
language by a new constant f and an algebra A = (A4, %, —, A, V,f, L T) is said
to be with negation fiz-point (and we write that A is an NM™T-algebra) if its
{f}-free reduct is a NM-algebra and it further satisfies:

(NM*) —f = f.

Similarly to Godel algebras, a NM™* or NM ™ -algebra is directly indecomposable
iff it has a unique maximal filter. In this case, however, the unique maximal filter
is not principally generated by a unique co-atom of A. Indeed, as we will see
below, there exist d.i. NMT and NM~-algebras without a unique co-atom.
Now we recall a general construction which allows to define NM~ and NM*-
algebras as disconnected and connected rotations of a directly indecomposable
Godel algebra. The original ideas are from [18, 4] while the proofs of next results,
namely Propositions 1 and 2 and Theorems 1 and 2, can be found in [4, §4].
Let A be a Godel algebra and define

NM*(A)={(a",at)e AxA|la Nat =1}
NM~(A)={(a",at)e Ax A|(a” ANaT)V—=(a~ Vat)= L}

Further, for every (a=,a™), (b™,b") € NM*T(A)UNM~(A), define:
) =

(a=,at)x (b=,b7) = ((aTVbT) = (e Vb7 ),at AbT);
(a,a™)A(b™,b")=(a” Vb ,aT AbT);
—(a™,a™) = (a*,a™).

Now, denote by NM™(A) and NM ™ (A) the structures:

NM+(A) = (NM+(A)a *, A, 7, (J-v J—)’ (T’ J—)a (J-a T))a
NM ™ (A)=(NM~(A),x,A,—,(T,L1),(L,T)).

It is worth pointing out that, in case A is a d.i. Gbdel algebra, the above con-
structions that build the algebras NM ™1 (A) and NM ™ (A) coincide, respectively,
with the well-known connected and disconnected rotations of A (see [18] and [4]).

Proposition 1. For every Gédel algebra A, NM™(A) is a NM*-algebra with
negation fizpoint (L, L) and NM™(A) is a NM™ -algebra without negation fiz-
point. Moreover, A is d.i. iff so are NM™(A) and NM™(A).

According to the above construction, if (a=,a™),(b™,b") are elements of ei-
ther NM*(A) or NM~(A), then (a,at) < (b7,0%) iff (a7,a™) = (a",a™) A
(b=,bT)=(a" Vb ,at AbT)iff a= > b and a™ < bT.

Let us now start from any NMT or NM~-algebra B and define

G(B)={b+b|be B

Proposition 2. For every NM™ or NM™-algebra B, the structure G(B) =
(G(B),A\,—2, 1, T), where for every x,y € G(B), z =2y = (x = y) * (v — y),
is a Godel algebra. Further, B is d.i. iff so is G(B).



Let A be a d.i. Godel algebra and let B be a d.i. NM-algebra. Consider the maps
v: A = G(NM*(A)) and n : B - NM*(G(B)) defined by the following
stipulations: for all a € A and b € B,

V(a) = (L, a)* (L, a), (1)
d (Lbxb)  ifb> b
, 0% 1 b > —0;

n(b) = {(ﬁb 5 b, 1) if b < b, @

Theorem 1. For every d.i. Gddel algebra A and for every d.i. NM-algebra B:

1. The map v is an isomorphism between A and G(NM*(A));
2. The map 1 is an isomorphism between B and NM* (G (B)).

Theorem 2. A NM-algebra B is d.i. iff there exists a d.i. Godel algebra A such
that either B= NMT(A) or B2 NM ™ (A).

3 Towards NM-algebras with modal operators

We first recall the notion of Gédel algebra with two operators from [12].

Definition 3. A Godel algebra with operators (GAO for short) is a triple
(A,0O,0) where A is a Gédel algebra, O and { are unary operators on A satis-
fying the following equations:

@nOT=T (01) 0L =1
(0O2) Oz Ay) =0zA0y  (02) Oz Vy) =0z V Oy.

The class of Godel algebras with operators is a variety that we denote by GAQ.
It is easy to check that every A € GAQ satisfies the following equation (alge-
braic counterpart of the well-known axiom K in modal logic) and inequations
(monotonicity conditions for O and ¢):

(K) Oz —=y)— Ox—-0y) =T.
(Mon) If 2 <y then Oz < Oy and Oz < Qy.

In what follows we will present first steps towards expanding nilpotent min-
imum algebras with modal operators. In particular we will show that the con-
struction we recalled in Section 2 involving d.i. Godel and NM-algebras extends
to the case of their modal expansions.

3.1 The case of NMT-algebras with operators

Let us start by considering a GAO (A, 0, ¢) such that A is d.i. and [ satisfies
the following equation:

(N1) OL = 1.



Let us now define the operators H and & on NM T (A) as follows: for all (a=,a™) €
NM*(A),

(-) Bla™,a™) = (0a™,0a™);

() ¢(a™,a™) = (0a™, 0a™).

Lemma 2. For every (A,0,0) as above, and for all (a”,at) € NM*(A),
B(a™,a"),0(a",a™) € NMT(A).

Proof. Let us prove that B(a™,a’) € NMT(A), that is to say, 0a~ AQa’ = L
in A. Since A is d.i. , (a7,a") € NMT(A) iff either a= = L or a™ = L. If
a” = 1, then 0a= Ada™ = 0L Aldat = L Adat = L. Conversely, if a™ = L,
by (N1), Oat = 1, whence again 0a~ AOa™ = L. This settles the claim.

Therefore, the operators H and ¢ are well-defined.

Definition 4. A NM™-algebra with operators (NMAOY ) is a system (B,H, %)
where B is a NM' -algebra and B, : B — B satisfy the following conditions:

BE1) BT =T; (61)61L =1
(32) Bz Ay) =Bz ABy;  (02) 0(xVy) =0z Voy;
(F) Bf=f; (B-6) 6 = -8 -a.

The following proposition collects some properties of NMAOTs.
Proposition 3. In every NMAO' (B,8,9) the following properties hold:

1.of=F;

2. Ifa> f,Ha > f;ifa < f,Ba < f. The positive and the negative elements
of B are closed under B;

S Ifa< f,Qa<f;ifa>f, Qa > f. The positive and the negative elements
of B are closed under & .

Proof. (1) By (F), (B-6) and the fact that f is the negation fixpoint, & f =
~B-f=-Bf=~f=/.

(2) If @ > f immediately follows form (F') and the monotonicity property
of B. If a < f, then a A f = a, whence HBa = H(a A f) = Ba A Bf. Thus,
Hae <Hf=f.

(3) If @ < f the claim follows from (1) and the monotonicity property of &.
Conversely, if a > f, then aV f = a, whence ¢a =6 (aV ) = ©a VvV & f which
shows that $a > & f = f. —

Now we can show that, if we start with a GAO (A,, ¢) with A being d.i.
and such that (01 = L, then the operators 5 and ¢ endow NM™(A) with the
structure of a NMAO.

Proposition 4. For every GAO (A,0, O) which satisfies (N1) and such that A
is d.i. , (NMT(A),8,90) is a NMAO™T. Further, NM™ (A) is d.i. as NM-algebra.



Proof. 1t suffices to prove that H and & satisfy the properties of Definition 5.
First of all, recall that the top element of NM™(A) is the pair (L, T). Thus,
B(L,T) = (0L,0T) = (L, T) and (H1) holds. Analogously, it is easy to see
that (©1) holds as well.

As for (B2), let (a™,a™t),(b,b") € NM*(A). Then, recalling the definition
of A in NMT(A), B((a=,a™) A (b=,b7)) = B(a~ Vb~ ,at Aat) = (O(a™ V
b7),0(at Aat)) = (Ga™ VOb—,0at ATbT) = B(a",a™) AB(GB™,bT). In a
similar way one can prove that (©2) also holds.

Now, let (a=,a™) € NM*(A). Then, - B —(a",a") = -8B (at,a”) =
=(0a™,0a™) = (Da~,0a™) = & (a",at) and (B-6) holds.

Let us finally prove (F). The negation fixpoint of NM™T(A) is (L, 1) and
hence H(L, 1) = (0L,0L). Since ¢_L = 1 and, by (N1), L = L, by the order
relation of NM™1(A), B(L, L) = (L, L).

That NM™T(A) is a d.i. NM*-algebra follows directly from Theorem 2 to-
gether with the hypothesis that A is d.i. -

Conversely, let us start with a NMAO™ of the form (B,H,$) where B is d.i.
Then, let us define G(B) as in Proposition 2 and unary operators O, : G(B) —
G(B) as: Oz = Bz « Bz and Qx = &z * . Then the following holds.

Proposition 5. For every NVAO" (B,H,6) where B is d.i., (G(B),[J, 0) is
a GAO in which G(B) is d.i. and O satisfies (N1).

Proof. First of all G(B) is d.i. because of Proposition 2. Moreover (N1) easily
holds because, in B, bx b = L iff b < f and for all such b’s, Hb < f because of
Proposition 3 (2). Therefore, JL =HL1 «HL = L. Let hence prove that G(B)
is a GAO. The equations ((J1) and (01) are easily satisfied. As for the other
equations, let z,y € G(B), that is, there are b;,b, € B such that x = by * b,
and y = by * b,. Let us prove ((J2) distinguishing the following cases:

(<) U by,by > f, x =by xby, =by Nby = b, and y = by xb, = b, Ab, = b,.
Thus the claim follows from (B2).

(-) I by, by < f, & =by xby = L = by xb, =y and the claim trivially holds.

(-)If by, > fand b, < f or b, < f and b, > f, then the claims follows from
the previous cases and the observation that, since B is d.i. , for all b > f and
by < f, by Aby = ba.

Finally, (02) also holds arguing as above. For instance, if b, > f and b, < f,
then z = b, and y = L, O(z Vy) = Oz = Oz V Qy because, by (01), 0L = 1.4

Theorem 3. For every GAO (A,0, Q) which satisfies (N1) and such that A is
d.i. and for every NMAO' (B,H,$) where B is d.i., the following claims hold:

1. (A,0,0) =2 (G(NMT(A)),0,0);
2. (B,8,%) = (NM"(G(B)),H,9).

Proof. 1In the light of Propositions 4, 5 and Theorem 1, it suffices to prove
that the maps v and 7 defined in (1) and (2) respectively, preserve the modal
operators.



(1) Let a € A. If a = L the claim trivially follows from (N1). Thus, let a > L
and assume Oa > L. Then, v(Oa) = (L,0a) % (L,0a) = (0L, 0a) * (0L,0a) =
(HavOa) - (0L VOL),da AOa) = (-0a,0a) = (L,0a) = (0L,0a) =
(0—a,0a) =B(—a,a) =B(a — L,a) =B((aVa) - (LVL),ara) =8((L,a)*
(L,a)) = O(y(a)), where in the 5th and the Tth equalities we used Lemma 1
together with the fact that Ja > L. If Oa = L, O(y(a)) = O((L,a) * (L,a)) =
B((aVa) - (LVL1),ana) =B(-a,a) =B(L,a) = (0L,0a) = (L, 1) =
7(L) = 7(Tla).

As for the O let again a € A, a > L, Oa > L. Then v(¢(a)) = (L, 0a) *
(L,0a) = (0a — L,0a) = (—0a,Ca) = (L,0a) = (OL,0a) = (O-a,0a) =
S((ava) - (LV L)yana) = O0((L,a)*(L,a)) = O(y(a)). Again we used
Lemma 1 together with the fact that a > L, and (N1). The case ¢a = L is
analogous to the above and omitted.

(2) Consider a b € B.If b = f, n(Bf) = n(f) = f = B(f). Then, let us take into
account the following cases:

(-) b > f and hence b > —b. Thus, n(Bb) = (L, Bb x 8b). The positive elements
of B are closed under H (Proposition 3 (2)), hence (L,8b«Hb) = (L,Bb) =
(0 L,8b) =8(n(d)).
(-) b < f and hence b < —b. In this case n(Bb) = (-8, L) = (6-b, L). By
Proposition 3 (3), &-b > f and hence 6—-b=&-bA &b = &-bx &b = b
Thus, n(Bb) = (0-b, L) = (0-b,0L) = Bn(b).

As for the &, the proof is similar. Let us sketch, for example, the case
b < f. Again, =b > f and 6b < f, whence n(b) = (=0b, L) = (B-d, L) =
(O0=b,0L) = ©(=b, L) = &n(b).

The claim is hence settled. B

Ezxample 1. Let A be the Godel algebra whose Hasse diagram is depicted in both
(a) and (b) in Figure 1 by solid lines, and let (J, ) : A — A be as defined by the
dashed arrows in (a) and (b) respectively. Notice that (A,O, ¢) satisfies (N1).

The Hasse diagram of the algebra NM ™ (A) is the one depicted in (c) and (d)
in Figure 1 with solid lines, where: L = (T, L),z = (¢, 1),y = (b, 1), z = (a, 1),
f=(,1),k=(L,a),t=(L,b), s=(L,c), T=(L, T). The operators B and
$ on NM*(A) defined as above correspond to the dashed arrows depicted in
(c) and (d) of Figure 1 respectively. For instance, Hz = H(a, L) = (¢a,0L) =
(L,1)=fand 6t =9 (L,b) = (OL,0b) =(L,a) =k.

3.2 The case of NM™-algebras with operators

Let (A,0, ) be a GAO in which A is d.i. and satisfying the condition (N1) and
the following additional ones:

(SMO) If @ > L, then Oa > L; (SMO) If a > L, then ¢a > L.

Let us define B and & on NM~(A) as above: for all (a=,a™) € NM~(A),
Bla™,a") = (0a™,0a™) and $(a~,a™) = (Ja~, Oa™).
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Fig.1. A d.i. Godel algebra with a O operator satisfying (N1) (a) and a { operator
(b), and the corresponding d.i. NM*-algebra with the operators B (c) and B (d).

Lemma 3. For every (A,00,0) as above, and for all (a~,a%) € NM~(A),
B(a™,a"),6(a",a") € NM~(A).

Proof. Let us prove the claim for the case of B and in particular that for all
(a=,a™m), if it satisfies (a~ Aa™)V—=(a~ Va™T) = L, then (O0a™ ATa™)V—(Qa~ V
Oa™) = L. Since A is directly indecomposable, as Godel algebra, then so is
NM~(A) as NM-algebra. Therefore, (a= Aa™)V =(a” VaT) = L iff either
a” = L and a™ > L, or a > L and a™ = L. If the former is the case,
then ¢a™ = L by (01) and Oa™ > L by (SMO). If the latter is the case,
similarly, 0a™ > L by (SM¢) and Oat = L because of (N1). Thus in both cases
(0a™ AOa™) vV =(0a™ VOa™) = L, which settles the claim. .

For the following, recall the equations of Definition 5.

Definition 5. An NM~ -algebra with operators (NMAO™ ) is a system (B,, O)
where B = (B,*,A\,—, 1) be a NM™ -algebra, and 0,0 : B — B satisfy the
following conditions: (B1); (B2); (B-¢); (61); (62); and

(P): B(xVv—-z)=BzVv-Bz; (N): ifz<-x, then dx < b,

Proposition 6. The following properties hold in every NMAO™ :

1. The positive and the negative elements of B are closed under B;
2. The positive and the negative elements of B are closed under & .

Proof. (1) Suppose z > —x. Then x V -z = z and hence, by (P), Bz = B(z Vv
—z) = Bz V - Bz. Thus, Bx > - Hz. Conversely, if x < -z, by (P), Bz =
B(z V —z) =Bz V - Bz, whence Bx < BH-z.
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(2) The first part of the claim follows from (N), the second by the order-
reversing property of —. B

Now we prove that, if A is a d.i. Godel algebra and (A, 0, ) is a GAO satis-
fying (N1), (SMO) and (SM¢), then NM™ (A) is a NM~-algebra with operators.

Proposition 7. For any GAO (A,0,0) satisfying (N1), (SMO) and (SMO)
such that A is d.i., (NM™(A),B,9) is a NMAO~ and NM™ (A) is d.i. as
NM-algebra.

Proof. The equations (B1), (B2), (©1), (©2) and (B-¢) hold with the same
proof of Proposition 4. Let us hence prove (P) and (N).

If (a=,a®™) € NM~(A), then either a= = L or at = L. We assume that
a” = 1 without loss of generality (the case a™ = L is symmetric and omitted).
Then, B((a~,a™)V-(a",a")) =B(a"Aat,a*Va™) =B(L,a™) = (0L, 0a") =
(L,0a™). On the other hand, B(a™,a™)V-B(a~,a™) = (O0L,0a™)v=(OL,Oa™)
(L,0a*) Vv (Qa*, L) = (L AOa™, L vOa") = (L,0a"). Thus (P) holds.

As for (N), if (a™,a™) < =(a™,a"), then a= > L and a* = L. There-
fore, & (a=,a™) = (Oa~,0a™) = (Ja~, L). On the other hand -~ B (a~,a™) =
S(at,a™) = (Oa™,0a") = (L,0a") and (Oa—, L) < (L, 0a™). o

And this is the converse direction, from NMAO~s to GAOs.

Proposition 8. For every NMAO~ (B,8,$) where B is d.i. , (G(B),0,0) is
a GAO where G(B) is d.i. and O satisfies (N1), (SMO) and (SMO).

Proof. For every d.i. NM™-algebra B, Proposition 2 tells us that G(B) is a
d.i. Godel algebra. The proofs of (J1), ((O02), (01), (¢2) and (N1) are as in
Proposition 5, hence let us prove (SMO) and (SMO).

Take a > L in G(B) and let b € B such that a = bxb > L. Thus b > —b and
a=0bAb=>b. It follows that Oa = Ha x Ha = Bb * Bb. By Prop. 7, Bb > - HYb,
whence Oa = Bb+ Bb = Bb > =B b and hence, in G(B), Oa > L. Similarly,
Oa = Qb x Ob = Ob (again by Prop. 7) whence, in G(B), Qa > L. -

Essentially the same proof of Theorem 3, together with the above Propositions
7 and 8, proves the following representation theorem.

Theorem 4. For all GAO (A,0, ) which satisfies (N1), (SMO) and (SMO)
and A is d.i. and for all NMAO~ (B,B,$) where B is d.i., we have that
(A,0,0) 2 (G(NM™(A)),[0,0) and (B,H,6) = (NM™(G(B)),H,9).

Figure 2 shows the effect of the construction NM™ to the same GAO we already
discussed in Example 1 and whose Godel algebra reduct is directly indecompos-
able.
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Fig.2. A d.i. Godel algebra endowed with a [J operator (a) and a { operator (b)
satisfying (N1), (SMO) and (SMQ), and the corresponding d.i. NM ™ -algebra with the
operators B (c) and $ (d).

4 Conclusion and future work

In this paper we have studied the effect of taking connected and disconnected
rotations of Godel algebras with operators whose Godel reduct is directly inde-
composable. By doing so, we have introduced the varieties of NM* and NM™-
algebras with modal operators and we have characterized the members of these
varieties whose NM-reduct is directly indecomposable.

Although the aim of the present paper is to put forward an algebraic analysis
of the modal structures we took into account, in [11, 12] we also gave a description
of the dual relational frames that arise from finite Gédel algebras with operators
(forest frames). Those are the prelinear version of the models, based on posets,
that are a semantics for intuitionistic modal logic (see e.g., [21,22]). In our future
work, we plan to extend the present approach essentially in thee directions:

1. From the point of view of forest frames, taking into account that for every
finite d.i. Godel algebra A, NM™(A) and NM ™ (A) have the same prime filters,
we plan to investigate how NMAO™ and NMAO~-algebras relate to forest frames
and to extend to the NM-case the isomorphic representation theorem from [11].

2. From an algebraic perspective, besides connected and disconnected rota-
tions, NM-algebras can be also seen as twist-structures obtained from Godel
algebras. It is hence interesting to deepen this latter construction for modal
Godel algebras and compare the modal NM-algebras obtained in such a way
with the modal NM™- and NM~-algebras defined in the present paper, also in
light of the general results proved in [19].

3. From a more general point of view, NM-algebras can be also seen as a
subvariety of Nelson lattices. In [20], the authors introduce a definition of algebra
with operators more general than the considered one in the current paper in the



12

sense that they are not required to satisfy Mon (monotony rules for modal
operators). It will be interesting to compare this approach to ours.
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