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In this paper, wc propose an axiomatization for a Kripke-swle possible world 
semantics relatcd to the fuzzy autoepistemic logic defined in [l], and we also 
provide an equivalent algebraic semantics. 

Autoepistemic logic is a formalism of noninonotonic reasoning that was orig- 
inally intended to modcl an ideally rational agent reflecting upon his own beliefs 
[7]. Thcse beliefs are sets of sentences in a propositional language augmented by 
a modal operator U. If p is a formula, then Op, which has to bc intcrpreted 
as "p is believed", is a formula as wcll. Hcnce, in this language nested modal 
operators are allowed; it is possible to have beliefs ahout beliefs. Let A be any 
set of formulas in this language. In [7], a stable expansion of A is defined as a 
set of forinulas T such that the following fix-poiiit condition holds: 

where k denotes the notion of proof for classical propositional logic and each 
formula O p  is considered as a new variable. Informally, a stable expansion of A 
is the closed set of beliefs of an ideal rational agent based on the premises A. 

In [1] a fuzzy generalization (from a seniantical point of view) of autoepis- 
temic logic is dcfined and it  waü shown that the important relation betwecn 
autoepistemic logic and answer set programming established in [6] is preserved: 
answer sets of a fuzzy answcr set program can bc equivaleiitly determined by 
fuzy  stable expansions of a corresponding set of fuzzy autoepistemic formulas. 
Given a particular fuzzy propositional calculus L with truth constants, let L 
denote its language and let Lo denote its expansion with O. Then a fuzzy stable 
expansion of a set of formulas A of the latter is now a fuzzy set of formulas 
T : Lo + [O, 11 satisfying the following fix-point condition: 

T(p) = inf {v(p) 1 v t f2,v is a mode13 of A U {U$ tt m 1 $ E Lo) ) ,  (2) 

whcre f2 is the set of L-evaluations over Lo (treating each formula U p  as a new 
variable), and T($) dcnotes the truth-constant of value S($). Notice that (2) 
generalizcs the semantical version of (1). 

v is a model of a set of formulas B if v($) = 1 for al1 Ij, t B. 
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Generalizing [8], a class of fuzzy Kripkestyle inodels is introduced in [1] in 
order to evaluate formulas of Lo. For each w E Q and 0 f S i: the truth- 
value of p in the structure ( v , S ) ,  denotcd lIpll,,s, is defined as follows: 

- If p is a formula of L, then lpll,,s = v ( p ) .  
- If =O$, then llvllu,s = infwes Ilq)lIw,s. 
- The truth-value of compound formulas is defined using truth-functions of L. 

Wc will denote the class of al1 striictiires (v ,  S )  by Mae. 
A fuzzy autocpistemic model of a set of forrnulas A of Lo is a set E C Q, 

such that 
E = { v  E C2 / IIpIIU,~ = 1 for each p t A}. 

In [1] it  is showii that for each fuzzy stable expansion T of a set of formulas A 
there exists a fuzzy autoepistcmic model E of A, such that, for each p, T(p) = 
i n f , ,~  l l ipl lu,~.  

In this contrihution, we provide au axiomatization for the above introduced 
class of models M"" for fuzzy autoepistemic logic in the particular case where 
the propositional calculus L is thc ( k  + 1)-valucd Lukasiewic7, logic witli truth- 
constants Li. In what follows we will denote by Qk the set of propositional 
Lk-evaluations and by MU," the class of models resulting from Mae by taking L 
= Lk. 

We start from the logic A(CFr,Lk) defined in 121, that is the minimai moda1 
logic over LE axiomatizing the set of valid forniulas ovcr the class of Kripke 
fraincs with crisp accessibility relations. The language of A(CFr, Lk) is obtained 
by enlarging the one of LC, by a unary modality 0, and defining well formen 
formulas in the usual inductivc manner: (1) every formula of L: is a formula; (2) 
if p and $ arc formulas, then Op, PO$, and p -+ ?/>, are formulas as well. Truth 
is defined relative to Kripke structures M = (W,  e, R )  where TV is a non-empty 
set of possihle worlds, R : IN x W -t { O ,  1) is a crisp accessibility rclation and 
e : C x IV -t S,  is such that for every w t W ,  e(., w )  t L'k. Given a formula p, 
the truth vaiue of p in a world u1 E W is defined as follows: 

- If p is a formula of LC,, then ~ I ~ I I M , ~  = e(p ,w) .  
- If p = U$, then llplln.r,w = inf{l/$i>lln.r,u 1 D E W , R ( w , v )  = 1). 
- The truth values of compound formulas is dcfined according to LE truth 

functions. 

The notion of logical consequence is defined as usuak given a sct of formulas 
r U {p), r +o p, iff for every Kripkc model M = (W,  e ,  R) and for every 
w t W wc have that if I l $ l l ~ n , ~  = 1 for every $ t r, then llp\lM,w = 1 holds as 
well. 

The following are the axioms for the logic A(CFr, Lk) (sce [ Z ] ) :  

Al1 the axioms from L; 

" Actually, in the original proposal 181 and in its fuzzy gcneralization of [1] the set is 
not required to be non-cmpty. 
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- ( K )  U ( P  + $1 + (09 + 
- ( 0 2 )  ( O P A  O+) + O(P A $1 
- ( 0 3 )  0(7 -+ p)  ct ( F  + O p ) ,  for cach T E S k  
- ( 0 4 )  O(V V p)  tt (V V O p )  
- ( 0 5 )  (OP @ 0 ~ )  * O(P @ P )  

and its inference rules are modus ponens (from p and p + $, infer 6) and 
necessitation for O (from p infcr U p ) .  

One can easily show that in this proof system, the monotonicity rule for O 
(from p + ?j> infer O p  + O$) and the rule of substitution of equivalent formulas 
are derivable rules. 

Now, we consider the logic KD45(CFr,Lfi) obtained from A(CFk,L%) by 
adding thc axioms: 

- ( D )  OT 
- (4)  O p  -t o u p  
- (5)  o n p  + Dio 

where Op = -U-p. Then we have the foilowing thcorein: 

Theorem 1. KD45(CFr,Lk) i s  sound and complete with respect t o  the  class 
KD45 of Kripke models (W,  e ,  R )  where R : W x W + {O, 1 )  i s  serial, lransitiue 
and euclidean. 

To prove this theorem, in particular for the completeness part, we make a 
connection with LE, since it is strong complete. This connection is a s  follows. 
As was done for (fuzzy) autoepistemic logic, each formula p in KD45(CFr,Lk) 
can be seen as a formula p* in L; by treating every subformula O a  as a new 
propositional variable. Explicitly, for a variable p, truth-constant 7, formulas p 
and $J and . E {O, +), we define: 

- p* = p, 7- = r, 
- ( v .  $)* = v* . v ,  
- (Op)' = p, with p, a new variable. 

We can now prove the following lemma: 

Lemma 1. Let  T U { a )  be a set of f o m u l a s  in KD45(CFr, Lfi). Let T* = 
{p. 1 p t T )  a n d A  = {p* 1 p m i o m  in KD45(CFr, LL))U{(Op)* / t o  p}.  T h e n  
it holds tha t  

T t o a  (ff T * U A t a *  

where ko denotes the  not ion  of p ~ o o f  in KD45(CFr, LE) and i- the notion of  
pmof in Lz. 

Following [2], the proof of Theorem 1 makes use of a canonical model construction 
and the following truth-lemma: for each formula p of KD45(CFr,Lfi) and every 
v E W,,, we have e,,,,(ip, u )  = l l p l l ~ ~ ~ ~ , , , ,  where Alcan = (W,,,, R,,,, e,,,) is 
thc canonical model of KD45(CFr,LC,) defined as follows: 
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- W,, = {u / u is a Li-evaluation that is a model of A ) ,  
- R,,,(ui,uz) = 1 3, for cvery formula p,  lI(Up)*ll,, = 1 implies llp*jl,, = 1, 

and R,,,(ui, uz) = O otlienvise, 
- e,,,(p,u) = v(p), for each (non-modal) Lz-formula p.  

Using classical techniques (see e.g. [y]), one can prove that KD45(CFk,Lk) 
is also complete with rcspect to the cla,ss of semi-universal models of the form 
(W, e,R) where R = W x E with (d # E C W. From this, next corollary easily 
follows. 
Corollary 1. KD45(CFk, tfi) is sound and complete with respect to the class 
of structures M?. 

Notice that if one allows M T  to coiitain structures (u, S) with S = 0, 
then onc is led to drop the axiom (D) from thc logic in order to lceep thc 
above completeness result, i.e. in that case the logic to be considered would 
be K45(CFr,LC,) rather than KD45(CFk,L$). 

Inspired by [5], we can also introduce an algebraic semantics for KD45(CFr, LC,) 
by considering MV-algcbras endowed with an interna1 necessity operator. We will 
heuceforth consider finitc MV-algebras A as algebras of functions (Sk)X wherc 
X is a fiilite set, and where S k  denotes the fiiiite W-chain over {O, l l k ,  . . . , ( k -  
l ) /k,  1). In this frame, for every T E Sk, F will always denote the constant funo 
t i o n í ; : x t X + + r t S k .  

A (finite) MV-algebra with interna1 necessity operator (NMV-algebra, for 
short), is then a pair (A, N) where A is a finite MV-algebra of the kind ( S k ) X ,  
and N : A + A satisfies the following cquations: 

( A l ) N ( F ) = r f o r e v e r y r t S k  ( A 4 ) N ( f ) @ N ( f ) = N ( f  @ f )  
(-42) N ( f  + .9) í N ( f )  + N(g) (A51 N ( r  + f )  = -t N(S) 
(A31 N( f  A g) = N ( f )  A N(g) (A61 N(N(f ) )  = N ( f )  

Let p be aily prime MV-filter A, and let qp be the canonical homomorphism of 
A in Alp. Notice that in this case Alp is linear and isomorphic to Sk. Thcn the 
map N : A + S k  such that, for evcry f t A, 

N(f) = qu(N(f)) 
is a (cxternal) necessity measure in the sense of [4]. Moreover one can show that 
there exists a finite (crisp) subset E of homomorphisms of A into S k  such that, 
for every a in A, N(a) = infheE h(a). 

Conversely, given any finite MV-algebra A, and an (external) necessity mea- 
sure N : A + Sk, the inap 

- 
N : ~ E A H N ( ~ ) E A  

makes (A, N )  a NMV-algebra. 
From this construction, the following further algebraic completeness theorem 

can be proved. 
Theorem 2. The class Taut(NMV) of tautologica for the class of fitinite NMV- 
algebras, equals the class Taut(KD45) of tautologies for the models in. KD45. 



Relating fuzzy autoepistemic logic aiid Lukasiewicz KD45 modal logic 39 

Acknowledgments  

Blondeel has been funded by a joint Reseach Fouiidation-Flanders (FWO) 
project. Flaminio m d  Godo acknowledge partial support of the  Spanish projects 
ARINF (TIN2009-14704-(203-03) and TASSAT (TIN2010- 20967-C04-01). Flamiiiio 
also acknowledgcs partial support from the  Juan de la Cierva Program of thc 
Spanish MICINN. 

References 

1. BLONDEEL, M., SCHOCKAERT, S., DE COCK, M., AND VERMEIR, D. &ZZY au- 
toepistemic logic: Reflecting ahout linowledge of truth degrrcs. In Symbolic and 
Quantitative Approaches to Reasoninq 7~2th Uncertainty (2011), pp. 616-627. 

2. Bou, F., ESTEVA, F.,  GODO, L., AND RODR~GWUZ, R. On the minimum many- 
valucd rnodal logic aver a finite residuated lattice. Journal of Logic and Conlputation 
21, 5 (2011), 739-790. 

3. CIGNOLI, R., D'OTTAVIANO, 1. M., AND MUNDICI, D. Algebraic Foundations of 
Many-Valned Reasoning, vol. 7 of Tbends in Logic. Kluwer, Dordrecht, 1999. 

4. FLAMINIO, T., GODO, L., AND MARCIIIONI, E. 011 the logical foimalization of 
possihilistic counterparts of states over 11-valued I,ukasiewicz events. Journal of 
Logic and Computation 21, 3 (2011), 429-446. 

5. FLAMINIO, T., AND MONTAGNA, F. MV-algebras with interna1 states and proba- 
hiiistic fuzzy logics. Internateonal Jau77zal of Approzimate Reasoning 50, 1 (2009), 
138-152. 

6. GELFOND, M., AND I,IFSCHITZ, V. The stahle model semantics for logic program- 
ming. In Proceedings of the FifLh Internatianal conference and Symposium an Logic 
P7.ogramming (1988), pp. 1070-1080. 

7. MOORE, R. Semantical considerations on nonmonotonic logic. In Proceedings of Ihe 
Eight International Joint Conference on Artificial Intelligence (1983), pp. 272-279. 

8. MOORE, R. Possibl+world semantics in autoepistomic logic. In Proceedings of the 
Non-Monotonic Reasoning Workshop (1984), pp. 344-354. 

9. PIETRUSZCZAK, A. Simplified Kripke style semantics for modal logics K45, KB4 
and KD45. Bulletin o$ the Section of Logic 38, 314 (2009), 163-171. 


