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In this paper, we propose an axiomatization for a Kripke-style possible world
semantics related to the fuzzy autoepistemic logic defined in {1], and we also
provide an equivalent algebraic semantics.

Autoepistemic logic is a formalism of nonmonctonic reasoning that was orig-
inally intended to model an ideally rational agent reflecting upon his own beliefs
[7]. These beliefs are sets of sentences in a propositional language augmented by
a modal operator Ll. If y is a formula, then [kp, which has to be interpreted
as “p is believed”, is a formula as well. Hence, in this language nested modal
operators ave allowed; it is possible to have beliefs about beliefs. Let A be any
set of formulas in this language. In [7], a stable expansion of A is defined as a
set of formulas T' such that the following fix-point condition holds:

T={p|AV{TY | e TIU{-Oy | ¢T}F ¢}, (1)

where I denotes the notion of proof for classical propositional logic and each
formula [l is considered as a new variable. Informally, a stable expansion of A
is the closed set of beliefs of an ideal rational agent based on the premises A.

In [1] a fuzzy generalization (from a semantical point of view) of autoepis-
temic logic is defined and it was shown that the important relation between
autoepistemic logic and answer set programming established in [6] is preserved:
answer sets of a fuzzy answer set program can be equivalently determined by
fuzzy stable expansions of a corresponding set of fuzzy autoepistemic formulas.
Given a particular fuzzy propositional calculus L with truth constants, let £
denote its language and let L denote its expansion with £1. Then a fuzzy stable
expansion of a set of formulas A of the latter is now a fuzzy set of formulas
T: Lo — [0,1] satisfying the following fix-point condition:

T(yp) = inf {'U((p) | v e 2,0is a model® of AU{Tp ¢+ (@) | % € z:[j}}, (2)

where (2 is the set of L-evaluations over £ (treating each formula [y as a new

variable), and T'(1)) denotes the truth-constant of value T'(1)). Notice that (2)
generalizes the semantical version of (1).

% v is a model of a set of formulas B if v(¢) = 1 for all ¢ € B,
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Generalizing [8], a class of fuzzy Kripke-style models is introduced in [1] in
order to evaluate formulas of L. For each v € £2 and @ £ S C 2,* the truth-
value of ¢ in the structure (v, .S), denoted ||¢|lv,5, is defined as follows:

— If ¢ is a formula of £, then |[p|l,.s = v(p).
— If =D, then [llos = infues [llu,s.
— The truth-value of compound formulas is defined using truth-functions of L.

We will denote the class of all structures (v, §) by M*°.
A fuzzy autoepistemic model of a set of formulas A of £ is a set F C {2,
such that

E={ve2||pler =1foreach p € A}.

In [1] it is shown that for each fuzzy stable expansion T of a set of formulas A
there exists a fuzzy autoepistemic model E of A, such that, for each ¢, T{p)} =
infuer l@llv,B.

In this contribution, we provide an axiomatization for the above introduced
clags of models M®¢ for fuzzy autoepistemic logic in the particular case where
the propositional calculus L is the (k + 1)-valued Lukasiewicz logic with truth-
constants Ly. In what follows we will denote by {2, the set of propositional
Ly-evaluations and by M$® the class of models resulting from A% by taking L
=L,

We start from the logic A{CFr, Ly} defined in {2}, that is the minimal modal
logic over 1.; axiomatizing the set of valid formulas over the class of Kripke
frames with crisp accessibility relations. The language of A(CFr E1) is obtained
by enlarging the one of L), by a unary modality [J, and defining well formed
formulas in the usual inductive manner: (1) every formula of L is a formula; (2)
if ¢ and 1 are formulas, then Uy, p @), and ¢ — ¥, are formulas as well. Truth
is defined relative to Kripke structures M = (W, e, R) where W is a non-empty
set of possible worlds, R: W x W — {0,1} is a crisp accessibility relation and
e: L x W — Sy, is such that for every w € W, e(-,w)} € {2;. Given a formula ¢,
the truth value of  in a world w € W is defined as follows:

— If ¢ is a formula of L, then ||¢|lar,. = e(p, w).

— ¢ =y, then |l@llpw = nf{{ll a0 | v € W, R(w,v) = 1}

— The truth values of compound formulas is defined according to L) truth
functions.

The notion of logical consequence is defined as usual: given a set of formulas
I'u{p}l, I' B0 ¢, iff for every Kripke model M = (W,e, R) and for every
w € W we have that if ||| a0 = 1 for every ¥ € I', then [j¢||as,w = 1 holds as
well.

The following are the axioms for the logic A(CFr,Ly) (see [2]):
— All the axioms from L.

4 Actually, in the original proposal [8] and in its fuzzy generalization of [1] the set is
not required to be non-empty.
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— (&) O(p — ¢) = (Op — Ov)

— (O2) Qe ADY) — D(p Ay)

— (O3) O(F — ¢) « (F — Oy), for cach r € Sy
— (04) OF V ) < (FV Uy)

— (5) (Bp & Oy) < O(p @ ¢)

and its inference rules are modus ponens (from ¢ and ¢ — ¢, infer ¥) and
necessitation for O (from ¢ infer Dlp).

One can easily show that in this proof system, the monotonicity rule for []
{from ¢ — 9 infer Op — Oy) and the rule of substitution of equivalent formulas
are derivable rules.

Now, we consider the logic K D45(CFr,L}) obtained from A(CFr,L7) by
adding the axioms:

— (D) 01
~ (4) Uyp — Hy
— (5) Oty — Up

where O = —[ 1. Then we have the following theorem:

Theorem 1. K D45(CFr, L) is sound and complete with respect to the class
KD45 of Kripke models (W, e, R) where R : W x W — {0,1} s serial, transitive
and euclidean.

To prove this theorem, in particular for the completeness part, we make a
connection with L, since it is strong complete. This connection is as follows.
As was done for (fuzzy) autoepistemic logic, each formula ¢ in K D45(CFr, L)
can be seen as a formula ¢* in L} by treating every subformula Do as a new
propositional variable. Explicitly, for a variable p, truth-constant 7, formulas
and ¥ and - € {®, —}, we define:

“p*:paF*ZFa
- (‘P%b)*zﬁo*?l’*,

— (O¢)* = p, with p, a new variable.
We can now prove the following lemma:

Lemma 1. Let T U {a} be o set of formulas in K DAS(C¥r, £). Let T™ =
{p* 1o €T} and A = {p* | p aziom in KD45(CFr, L;)}U{(0p)* | Fo ¢}. Then
it holds that

Thoa if T"UAFaF

where b0 denotes the notion of proof in K DA5(CFr, £} and & the notion of
proof in Ly,

Following [2}, the proof of Theorem 1 makes use of a canonical model construction
and the following truth-lemma: for each formula ¢ of K D45(CFr, L) and every
v € Wean we have ecan(9,v) = 931,00, Where Mean = (Wean, Reans €can) 18
the canonical model of K D45(CFr,Ly) defined as follows:
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— Wean = {v | v is a Lj-evaluation that is a model of 4},

~ Rean(th,v2) = 1 if, for every formula o, |(Oy)*||l,, = 1 implies [¢*[|v, = 1,
and Regn(v1,v2) = 0 otherwise,

~ Eean (¥, V) = v(yp), for each (non-modal) L -formula .

Using classical techniques (see e.g. [9]), one can prove that K D45(CPFr,L;)
is also complete with respect to the class of semi-universal models of the form
(W,e,R) where R = W x F with §§ £ E C W. From this, next corollary easily
follows.

Corollary 1. KD45(CFr, £;) is sound and complete with respect to the class
of structures MS®.

Notice that if one allows M{® to contain structures (v,S) with S = 0,
then one is led to drop the axiom {D) from the logic in order to keep the
above completeness resuilt, i.e. in that case the logic to be considered would
be K45(C¥Fr,L}) rather than K D45(CFr, Ly).

Inspired by [5], we can algo introduce an algebraic semantics for K D45(CFr, L)
by considering MV-algebras endowed with an internal necessity operator. We will
henceforth consider finite MV-algebras A as algebras of functions (Si)”* where
X is a finite set, and where Sy denotes the finite MV-chain over {0,1/k, ..., (k—
1)/k,1}. In this frame, for every r € Si, 7 will always denote the constant func-
tionT:x € X —re S

A (finite) MV-algebra with internal necessity operator (NMV-algebra, for
short), is then a pair (A4, N) where A is a finite MV-algebra of the kind (S;)%,
and N : A — A satisfies the following equations:

(AL YNF)=7foreveryr e Sy (A4)N(NNON()=N{®f)
(A2) N(f — g) < N(f}— N(g) (A5) N(T — f) =7 = N(f)
(A3) N(f Ag) = N(f)AN(g) (A6) N(N(f)) = N(f)

Let p be any prime MV-filter A, and let 7, be the canonical homomorphism of
A in A/p. Notice that in this case A/p is linear and isomorphic to S. Then the
map N : A — Si such that, for every f € A,

N(f) = m(N (/)

is a (external) necessity measure in the sense of [4]. Moreover one can show that
there exists a finite (crisp) subset E of homomorphisms of A into S such that,
for every a in A, N{a) = infreg h(a).

Conversely, given any finite MV-algebra A, and an (external) necessity mea-
sure N : A — S, the map

N:fcAm N(fied

makes (A, N) a NMV-algebra.
From this construction, the following further algebraic completeness theorem
can be proved.

Theorem 2. The class Taut{ NMV) of tautologics for the class of finite NMV-
algebras, equals the class Taut(KKD45) of tautologies for the models in K'D45.
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