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ABSTRACT. This paper investigates recovery operators in quasi-Nelson logic, the alge-
braizable logical counterpart of quasi-Nelson algebras. These form a variety of three-
potent, distributive, but not necessarily involutive residuated lattices that may be re-
garded as a common generalization of Nelson and Heyting algebras. We consider both
consistency and determinedness operators, with a particular focus on logics and algebras
that satisfy the prelinearity condition, which is well-known in the area of mathematical
fuzzy logics. We show that, essentially, all algebraic and logical results already proved
for (prelinear, distributive) involutive residuated lattice-based LFIs/LFUs can be recov-
ered in the quasi-Nelson setting, where one dispenses with the involutivity assumption.
In this setting, consistency and undeterminedness operators are no longer duals of one
another, and hence call for a more fine-grained algebraic and logical formalization.

1. INTRODUCTION: LFIs AND LFUS

Logics of formal inconsistency (LFIs) [6, 5] are among the most well-known and time-
honoured inconsistency-tolerant, or paraconsistent, logical systems. Formally, an LFT is
usually presented as a Tarskian (propositional) consequence relation () over a language
that may include a conjunction (A), a disjunction (V), an implication (—), truth constants
(L, T), a negation (~) crucially failing to satisfy the principle of explosion (p,~p = 1),
and a unary consistency operator o (either primitive or definable from the others) which is
meant to recover a more controlled form of explosion. This may be achieved by introducing
the rule called finite gentle principle of explosion in [8, p. 50]:

(1) @, ~p, 00k L
while also requiring that there exist ¢ such that
(2) @00l L
(3) ~p,0plf L.

43

The intended reading of oy is “p is consistent”, so (1) can be read as follows: “if ¢
is consistent and contradictory, then ¢ explodes”. Dually, an operator o’ expressing the
notion of inconsistency may be defined by 0%p = ~ o ¢, and the formula “0%¢” is read as
“p is inconsistent”.

Besides the above-introduced white consistency operator and its dual, one may consider
a black one (o) whose defining logical feature is the following principle:

(4) FoVr~pVep.

This may be construed as a “gentle excluded middle” intended to replace the classical one
(F ¢V ~p) in logics that do not satisfy this principle. The formula e may be read as “p is
undetermined” and, accordingly, one may paraphrase (4) as: “either ¢ holds, or ~¢ holds,
or else ¢ is undetermined”. As in the preceding case, one may consider a dual connective
o) given by e°p = ~ e @, reading ¢’ as “y is determined”.
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Logics that do not satisfy the classical excluded middle principle are known as para-
complete, and formal systems that result from endowing a (paracomplete) logic with an
undeterminedness connective such as e have been called Logics of formal undeterminedness
(LFUs), as in [27].

Alternative principles for the black operator (that we shall not consider in the present
paper) have also appeared in the literature: for instance, one may require

ok Vg,
which is indeed the defining condition for an LFU in [7, Def. 4.5], or the stronger one:
+ o‘sgp = (p V ~p).
A (paraconsistent and paracomplete) logic may be at the same time an LFI and an

LFU where both the white and the black operator (together with their negation-duals) are
simultaneously defined. We thus have the following (cf. [27, p. 292]):

o expressing consistencys;
o® = ~o  expressing inconsistency;
° expressing undeterminedness;
5 . .
o’ =rve expressing determinedness.

These four are collectively known as recovery operators, or also restoration or perfection
operators (the terminology in the literature is not uniform, see e.g. [7], and on “perfection”
see e.g. [23]).

It may happen, as with the logics considered in [14, 15], that one operator (either the
white or the black) is sufficient for defining the remaining ones, that is, we have 0® = e
and % = o. In such a case the four preceding notions collapse to two, with o expressing
both consistency and determinedness at the same time, and e expressing both inconsistency
and undeterminedness. In the present paper we are going to work with a not necessarily
involutive negation, suggesting that all four connectives/operators remain distinct, though
some interaction is still bound to exist (see below). Thus, taking both o and e as primitive,
we shall consider separately the cases where only one of them is available as well as the case
where both are simultaneously present.

The basic propositional calculi to which we shall add consistency/determinedness opera-
tors are logics arising from a class of residuated lattices known as quasi-Nelson algebras (to
be defined in the next section). In this setting, the truth-preserving (i.e., the 1-preserving)
logics turn out to be explosive and, as such, not amenable to be extended with a consis-
tency operator. We shall therefore consider an alternative consequence relation canonically
associated to any variety of residuated lattices, namely the degree-preserving (or semilattice-
based) logic, see e.g. [2]. In these systems, the consequence relation reflects the lattice order
on the associated algebras, suggesting, firstly, that the rule (1) translates as the equation

(5) x A~z Aoz =0,

and, secondly, that the logic is going to be paraconsistent as long as the algebras do not
satisfy the equality A ~x = 0. Stronger conditions naturally arise in the context of LFIs,
for instance one may require the value of oy (which tells us whether “p is consistent” or
not) to be crisp, or Boolean. These give rise to the Boolean consistency operators Bmax
and maxB, that we will also discuss at length.

The picture changes somewhat when we consider determinedness operators. In this case,
since a residuated lattice or quasi-Nelson algebra need not in general satisfy the equation



RECOVERY OPERATORS IN QUASI-NELSON LOGIC: THE PRELINEAR CASE 3

xV~z = 1, the associated 1-preserving logic turns out to be paracomplete, and may well be
expanded with determinedness operators — of course, nothing prevents us from considering
the degree-preserving logic as well. In either case, requiring (4) will translate, on the
algebraic models, as the equality

(6) TV r~rVer=1.

As in the case of the white, we can further require the black operator to be Boolean, giving
rise to what we call Bmin and minB-undeterminedness operators.

It may be interesting to note that, on algebraic models, each of the above-mentioned
operators is uniquely determined by the structure of the underlying algebra (as indeed
suggested by the terms maz and min). This explains why non-trivial interactions arise
when two different operators are simultaneously defined on the same algebra: see Section 5.

The paper is organized as follows. Our algebraic and logical starting point, to be recalled
in the next section, are the variety of quasi-Nelson algebras (Subsection 2.1) and quasi-
Nelson logic (Subsection 2.2). We shall, in particular, focus on their prelinear extensions,
arising from those quasi-Nelson algebras that satisfy the equation

(z=y)Vy—z)=1

Prelinear quasi-Nelson algebras (henceforth PQN-algebras) form a subvariety of WNM-
algebras [17] and have been studied in [36, 18]; in the present paper we shall look at
how recovery operators act on these algebras.

Undeterminedness operators on PQN-algebras are studied in Section 3, while consistency
operators are considered in Section 4. The latter contains one of our main results, showing
that, while semilinearity may be lost when expanding PQN-algebras by consistency opera-
tors, it can be recovered if we postulate a quasi-equation forcing a suitable behaviour of the
negation operator, which thus becomes “almost involutive”. Although the two operators
are considered separately up to Section 4, they will be studied in the same signature for
almost involutive PQN-algebras (Section 5).

LFIs and LFUs arising from PQN-algebras enriched with recovery operators are consid-
ered in the second part of the paper. Following the same order as in the algebraic sections,
we first deal with logics expanded with undeterminedness connectives (Section 6) and then
with logics expanded with consistency connectives (Section 7). The latter section consists
of three subsections. Subsections 7.1 and 7.2, where we consider the degree-preserving and
the non-falsity preserving companions of prelinear quasi-Nelson logic expanded with recov-
ery connectives. Lastly, in Subsection 7.3, we study how consistency and determinedness
properties propagate through propositional connectives in the case of consistency operators
as well as duals of undeterminedness operators. The final Section 8 mentions a few open
problems and prospects for future work.

2. PRELIMINARIES

2.1. Quasi-Nelson algebras. The variety of quasi-Nelson algebras (QN) was introduced
in [30] and further investigated in a number of subsequent publications [31, 32, 28, 33, 18].
Formally, QN can be viewed either as a variety of residuated lattices or as a generalization
of both Nelson algebras (the algebraic counterpart of Nelson’s logic) and Heyting algebras
(see [21] for all the unexplained terminology of universal algebra, substructural logics and
(residuated) lattice theory). Taking the former approach, we may define a quasi-Nelson
algebra as a commutative, integral and bounded residuated lattice A = (A; N\, V, *,—,0,1)
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that further satisfies the Nelson equation® :
(Nelson) (22 5 YA ((~y)? = ~z) <z —y
where ~z :=2 — 0 and 2% = z * .

While (Nelson) entails distributivity (z A (y V 2) = (z Ay) V (z A z)) and 3-potency
(23 = 2?), crucially quasi-Nelson algebras need not be involutive, i.e. they need not satisfy
the double negation equation x = ~~z.

The involutive members of QN are precisely the Nelson algebras, and the idempotent
ones (those satisfying 22 = x) are precisely the Heyting algebras.

Quasi-Nelson logic QN, the logical counterpart of QN, may be obtained by adding the
Nelson aziom to F L, (see [21]):

(b= (= YN A (= (v = ~p))) = (p = ¢).

The interest in quasi-Nelson algebras/logic is manifold, and can be motivated from a
number of different perspectives (e.g. constructive logics, order theory, and universal al-
gebra; see the above-mentioned papers for further details). In the present context we are
mainly interested in QN as a first step in the extension of the approach of [14] (see also
[15]) to LFIs and LFUs beyond the involutive setting.

Within the class of Nelson algebras (i.e., involutive quasi-Nelson algebras), the prelin-
earity equation:

(Pre) (z=y)Vy—x)=1

determines the subvariety generated by its totally ordered members (or chains). Prelinear
Nelson algebras are otherwise known in the literature under the name of nilpotent mini-
mum algebras (NM-algebras), [17], and can be equivalently defined as commutative bounded
residuated lattices that are prelinear (hence they are MTL-algebras in the language of [17]),
involutive, and further satisfy the equation (~(x *y)) V ((x Ay) = (x xy)) = 1.

The prelinear but not necessarily involutive quasi-Nelson algebras form a variety denoted
by PQN, which was introduced and studied in [18]. This class, which is a proper subvariety
of the variety of weak nilpotent minimum algebras (WNM-algebras, see [17]), will play a key
role in the present paper.

Every prelinear subvariety of residuated lattices is generated by its totally ordered mem-
bers, for the subdirectly irreducible algebras in the variety are chains (by contrast, directly
indecomposable prelinear residuated lattices need not be chains). That is, prelinear sub-
varieties of residuated lattices are semilinear, see e.g. [25]. However, this property is not
necessarily preserved under language expansions; in particular we will see (Section 4) that,
when adding a recovery operator, the resulting (quasi)variety may no longer be generated
by its totally ordered members.

The following notion will play a prominent role in the study of LFIs based on quasi-Nelson
algebras. The set of Boolean elements B(A), or complemented elements, of a bounded
commutative integral residuated lattice A may be defined as

(7) B(A):={a€A:aV ~a=1}.

n the literature on (quasi-)Nelson algebras, the residuated implication (our —) is often denoted by =
in order to distinguish it from the so-called weak implication, which is the one given, in the present notation,
by the term 22 — y. In the present context, since we will not need to employ the weak implication, we
stick to the notation that is more standard in the literature on (commutative) residuated lattices.
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FIGURE 1. A negation function n that determines the generic PQN-algebra
S,.. Notice that the set E(S,,) of explosive elements of S,, is nontrivial and
coincides, in this case, with {0} U [a, 1].

The set B(A) is easily seen to be the universe of a sublattice of A.

Another set that will play a role is the set of explosive elements of A, defined by a
condition that is, in general, weaker than (7):

(8) E(A):={a€A:aA~a=0}.

Indeed, it is easy to see that B(A) C E(A) holds in general, for on a residuated lattice
aV ~a = 1 entails a A ~a = 0, but not the other way round. However, if ~ is involutive
then B(A) = E(A).

For our present concern, it is useful to briefly recall from [18] how the generic algebras in
PQN can be characterized. Consider a weak-negation function n : [0,1] — [0, 1], that is an
order reversing mapping such that n(1) = 0 and n(n(z)) > z for all x € [0, 1] (see [13, 9]).
Let us further assume that n satisfies the following conditions:

(i) there is an element f € (0,1) that is the (unique) fixpoint, i.e., n(f) = f;
(ii) there is a decreasing sequence f > ag > a1 > ag > ... > 0 of points converging to 0
such that for all ¢ € N, n(a;) > a;;
(iii) if 0 is a discontinuity point of n, (by the general structure of negations in fuzzy logics:
see e.g., [9]), then there exists an element a < 1 such that n(b) = 0 for all b € [a, 1].

A function n : [0,1] — [0,1] as the above behaves as shown in Figure 1, and defines a
left-continuous t-norm *,, : [0,1]> — [0, 1] as follows: for all a,b € [0,1],

ax b= min(a, b) ?f a > n(b),
0 if a < n(b).

As explained in [9], the operation *, thus determines a weak nilpotent minimum algebra
(WNM-algebra for short) that, adopting the notation of [18], we denote by S,,. For each
weak negation n satisftying the above conditions (i)-(iii), the algebra S,, generates the
variety PQN as proved in [18, Theorem 4.2].
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This result, together with the fact that PQN is locally finite (hence generated by its finite
chains; [18, Corollary 3.2]) shows that each S,, generates PQN. We will henceforth denote
by Ss the class of all these generic algebras.

2.2. Quasi-Nelson logic. The variety of (bounded, commutative, integral) residuated lat-
tices is the equivalent algebraic semantics of the well-known substructural logic FL.,,
Full Lambek calculus extended with exchange (commutativity) and weakening (integral-
ity) [21]. An equivalent system called Monoidal Logic was previously defined and studied
by Hohle [24].

The language of F L., consists of denumerably many propositional variables p1, ps,.. .,
binary connectives A, V,*, —, and the truth constant L. Formulas, which will be denoted
by lower case Greek letters ¢, 1, ..., are defined by induction as usual. Further connectives
and constants are definable; in particular, ~¢ stands for ¢ — L, T stands for ~_1, and
1 < p stands for (¢ — ¢) A (p — ). A Hilbert-style calculus for F L., has the following
set of axioms:

(Ax1) (= ¥) = (Y =) = (¢ =),
(Ax2) (v =) > (v =2 ¢) = (v = (@ AY))),
(Ax3) (Y Ap) =,
(Axd) (Y Ap)— o,
(Ax5) Y = (P Vo),
(Ax6) @ — (Y Vo),
(AxT) (Y —=7) = (g =) = (¥ Ve) =),
(Ax8) (Y x¢p) = (p*9),
(Ax9) (Y xp) =1,
(Ax10) (¥ = (¢ =) = (¥ *p) =),
(Ax11) (Y *xp) =) = (b = (= 7)),
(Ax12) 1L =,
(Ax13) P — T
The only inference rule of FL.,, is modus ponens:
v, =
MP _
(MP) "

Quasi-Nelson logic QN is obtained as the axiomatic extension of FL., with the Nelson
axiom:

(Nel) (¢ x9) = @) A ([~ x ~p) = ~) = (Y — ).

Prelinear quasi-Nelson logic PON, corresponding to the subvariety of prelinear quasi-
Nelson algebras and studied in [18], is obtained by extending QA by the prelinearity axiom:

(Prel) (¢ =) V(e =)

As shown in [18], PON can be seen as an axiomatic extension of so-called Weak Nilpotent
Minimum logic, that is in turn the axiomatic extension of the t-norm based monoidal logic?
MT L by the weak nilpotent minimum axiom:

(WNM)  (p*xtp = L) V(e AY = @)

2The t-norm based monoidal logic MT L is the axiomatic extension of FLe,, with the prelinearity axiom
(Prel), a well-known system of mathematical fuzzy logic [17].
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For each logic £ that is an axiomatic extension of FL.,,, we denote by I, the defined
as usual from the corresponding sets of axioms described above and the inference rule of
Modus Ponens (MP).

As an axiomatic extension of FL.,, each such logic £ is algebraizable and thus has
an equivalent algebraic semantics given by the corresponding variety of L-algebras. This
means that the truth-preserving (finitary) consequence relation =, induced by the variety
of L-algebras, defined as:

I'e=r ¢ iff for every L-algebra A and every A-evaluation e,
if e()) =1 for every ¢ € I', then e(p) = 1,

is such that -, is sound and complete w.r.t. |=,.

For each such £ the paper [20, 2] introduces a companion logic £= | whose associated
consequence relation, denoted by |:§, has the following semantics: for every set of formulas

I'u{e},

r }:E @ iff for every L-algebra A, every a € A, and every A-evaluation e,
if a < e(y) for every ¥ € I', then a < e(p).

L= is known as the companion logic of £ preserving degrees of truth, or the degree-preserving
companion of L. It is not difficult to show that £ and £= have the same valid formulas (i.e.
Er oo iff |:E ©), and that, for every finite set of formulas I' U {¢}, the following property
holds:

ez piff B I — o,

where I' means y; A ... A7, if I' = {y1,...,7} (when I' is empty, then I'" is taken as T).

As for a syntactic presentation, if £ is an axiomatic extension of FL.,, then the logic
< admits a Hilbert-style axiomatization having the same axioms as £ and the following

deduction rules [2]:

(Adj-N): from ¢ and 1, derive p At
(MP-r): from ¢ and k2 ¢ — 1), derive 9.

Note that (MP-r) is a restricted form of the Modus Ponens rule, as it is only applicable
when ¢ — 1 is a theorem of £. Thus, although £ and £= share the same theorems, £=
is in fact a weaker logic than L.

If the set of theorems of £ is decidable, as it is the case for QN and PQAN, then the
above system of axioms and rules provides a recursive Hilbert-style axiomatization of £L=.

In the more general case of £ being not an axiomatic extension but a finitary Rasiowa-
implicative expansion of FL., (i.e. £ may have new inference rules and hence its alge-
braic semantics may be a sub-quasivariety of RLL), the (semantic) definition of the degree-
preserving companion L= keeps being the same as above. However, the axiomatization
needs to be somehow adapted. Assume the new inference rules of £ are:

(R;): from I3, derive ¢;,

for i € I. Then, following the same idea of [2, Th. 2.12], the following generalized result
about the axiomatization of £= can be shown, see e.g. [14].
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Proposition 2.1. Let £ be an expansion of FL.y, with the above set of new inference
rules {(R;)}icr. Then LS is aziomatized by the azioms of L, the inference rules (Adj-A)
and (MP-r), and the following restricted inference rules: for eachi € I,

(Ri-1): from b I3, derive ;.

3. PQN-ALCGEBRAS WITH UNDETERMINEDNESS OPERATORS

In this section we first recall some basic definitions from [35] about QN-algebras expanded
with undeterminedness operators; right after we are going to focus on the expansions of
PQN-algebras with this type of operator.

Definition 3.1. A min-undeterminedness operator on a QN-algebra A is a unary operator
e satisfying the following quasi-equations:

(i) zV~xVy=1 implies ox <y.
(ii) ex <y implies zV~zVy=1.

A Boolean minimum or Bmin-undeterminedness operator is a min-undeterminedness oper-
ator that further satisfies the following equation (ensuring that ea is a Boolean element):

(iii) ez VvV~ ez =1.

We shall denote by QN?, QNg,, the classes of QN-algebras expanded by min and Bmin
undeterminedness operators, respectively. PQN? and PQNg,, will denote the subclasses of
the above where prelinearity holds.

The conditions in Def. 3.1 can be equivalently given by the following set of equations [35,
Thm. 1]:

(i) ex <y Ve(xVr~zVy).
(ii) zV~x Ver=1.
(ii) o1 = 0.

Therefore the classes QNy,, QNg,,, PQNY, and PQNg,, are in fact varieties.

Definition 3.2. A unary operator eg on a PQN-algebra A is a minB-undeterminedness
operator (minimum Boolean undeterminedness operator), if the following (quasi-)equations
are satisfied:

(i) x V~ax Vegx = 1.
(11) OBI\/N.BI:L
(iii) aV~zVy=1and yV~y =1 imply egz < y.

By QN7 g we will henceforth denote the class of QN-algebras endowed with a minB-
undeterminedness operator and PQN? ; will stand for its subclasses of prelinear algebras.

Similarly to the case of min and Bmin operators, condition (iii) in Definition 3.2 can be
replaced by the following two equations [35, Thm. 3]:

(iii-1) gl = 0.
(iii-2) egx <y Veg(yV ~y) Veg(zV ~x Vy).

Hence, QN; g and PQN}, g are varieties as well.

Let us now focus on the variety of prelinear algebras, PQN. This class is semilinear,
i.e. generated by its totally ordered members. Following [14], we shall try to determine
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whether semilinearity is preserved once recovery operators are added to the language. Con-
cerning the (quasi)varieties introduced above, let us start by observing the following facts
that will serve as motivation for the results of both the present and the next section.

Remark 3.3. In [14] one may find an example of a finite NM-algebra (i.e., an involutive
PQN-algebra: see [17, 36]) endowed with a min and a minB operator e that is, in both cases,
subdirectly irreducible but not totally ordered.® This entails that the varieties obtained as
expansions of NM by either a min, a minB undeterminedness operator — which are proper
subvarieties of (resp.) PQNy,, PQN} g — are not generated by their totally ordered members
and hence they are not semilinear. In consequence, PQNy,, PQN} g are not semilinear either.

d

The above remark leaves open the question whether PQNg,, is semilinear, that we will
now address. Let us start by proving the following.

Lemma 3.4. Let (A o) € PQNg,,. Then B(A) ={0,1} if and only if A is totally ordered.

Proof. The right-to-left direction is clear. To prove that B(A) = {0,1} implies that A is
a chain, assume by way of contradiction that it is not. Then there are elements a,b € A
such that a = b # 1 # b — a. Let ¢ := a — b and d := b — a. By the prelinearity
equation, we have ¢V d = 1. If we had ¢ = 0, then we would have cVd=d=b—>a =1,
against our assumptions. A symmetric reasoning applies to d, so we have ¢, d > 0, therefore
¢,d ¢ B(A). Therefore, cV~cVd =1 as well and hence, by Definition 3.1, e¢ < d < 1. Since
oc is Boolean, necessarily ec = 0, hence ¢ € B(A) by [35, Proposition 1 (i)], contradicting
the assumption that ¢,d ¢ B(A). O

The preceding lemma gives us the following.

Theorem 3.5. The variety PQNg,, is semilinear.

Proof. By [35, Theorem 5] (see also [14, Theorem 3.8]) the algebras whose Boolean ele-
ments are in {0, 1} are exactly the directly indecomposable members of PQNg,,,. Thus, by
Lemma 3.4 every directly indecomposable (a fortiori, every subdirectly irreducible) algebra
in PQNg,, is totally ordered; hence PQNg,, is semilinear. O

As a corollary of the above result we obtain that PQNg,, is a semisimple variety.
Corollary 3.6. Let (A,e) € PQNg, .. The following conditions are equivalent:

(i) (A, e) is simple.

(ii) (A, e) is subdirectly irreducible.
(iii) (A, e) directly indecomposable.
(iv) B(A) ={0,1}.

(v) A is totally ordered.

Therefore, PQNg,, is semisimple.

Proof. A simple adaptation of the proof of [14, Theorem 3.16] shows that the claims (i)—(iv)
are all equivalent and by Theorem 3.5 (iv) implies (v). Thus, it is enough to prove that (v)
implies (iv). The claim is indeed trivial because the unique Boolean chain is {0,1}. The
semisemplicity of PQNg,, hence directly follows. O

3The example from [14] actually concerns an NM-algebra endowed with a max and a maxB consistency
operator o, see next Section 4. However, in the involutive case e is definable as ~o, hence the example can
be applied to e as well.
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Let us notice that on a PQN-chain A there is only one way to define a min-undeterminedness
operator. Indeed, recall that a V ~a < 1 for all @ € A with a & {0, 1}, therefore the mini-
mum element b of A such that aV ~a Vb =1 is necessarily 1. Thus, on a chain A, such an
operator e is given, for all a € A, by:

. 0 ifae{0,1
(9) oq = { ifac {01}

1  otherwise.

Notice that the operator e is also a Bmin and a minB-undeterminedness operator

We now want to show that, in addition to being semilinear and semisimple, the variety
PQNZ,, is single chain generated, that is to say, the whole variety PQNg,,, can be generated
by a single standard chain. To this end let us first prove the next easy result.

Proposition 3.7. Let (A,e) be any chain in PQNg,, and let X be a finite subset of A.
Then the subalgebra generated by X is finite.

Proof. Every finitely generated PQN-chain is finite (cf. [18, Cor. 3.2.]). Therefore, if X is a
finite subset of a PQN-chain A, the subchain of A generated by X is finite as PQN-algebra,
and the unique e definable is that of A restricted to the new domain. Thus the claim
follows. O

Now, recall the class Sy, of the generic algebras in PQN described in Section 2.1. Take
any S, € S, and let us consider the algebra (S,,,®) where @ is necessarily defined as in
(9) above and it is the unique undeterminedness operator on S,,. The same proof strategy
used in [18, Theorem 4.2] to prove that S,, generates the variety PQN trivially extends to
this case. Therefore the following holds.

Theorem 3.8. For every PQN-chain S,, that is generic for PQN, the algebra (S, ®) gen-
erates the variety PQNg,, .

Let us end this section observing that although PQN® and PQN}, g are not semilinear, as
shown in Remark 3.3, a way to endow PQN-algebras with min or minB undeterminedness
operators, while keeping semilinearity, is to consider the sub-quasivarieties of PQN® and
PQN?; g obtained by imposing the following quasi-equation:

(Con-Vv*) if (x> y)Vz=1, then (ex <> ey)V z=1

Let us denote them by PQN®-V and PQN; g-V respectively. By [10, Corollary 6.2.8],
the (algebraizable) logics whose equivalent algebraic semantics are PQN®-V and PQN? z-V,
respectively, are semilinear. Thus, precisely PQN®-V and PQN} g-V are generated by their
totally members. On the other hand, we have seen that the unique undeterminedness
operator that can be defined on a PQN-chain is that of (9). Hence, the chains in PQNg,,,
PQN®-v and PQN? g-V coincide. Now, since it is generally true that Q(K) C V(K) for any
class of algebras K, we have the next result.

Proposition 3.9. PQNg,, = PQN®-vV = PQN; 5-V.
4. PQN-ALGEBRAS WITH CONSISTENCY OPERATORS

The case of the consistency operators in the setting of PQN-algebras generalizes what
was studied in [14], which considered the expansion of involutive MTL-algebras (IMTL-
algebras) by consistency operators o. Indeed, on IMTL-algebras the o and e operators are
interdefinable, which is no longer the case in PQN-algebras; hence the study of the expansion
of PQN-algebras with consistency operators is not implicitly covered by [35].
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Definition 4.1. A max-consistency operator on a QN-algebra A is a unary operator o that
satisfies the following quasi-equations:

cA~z Ay =20 if and only if y < ox.

A Bmax-consistency operator is a max-consistency operator that further satisfies the equa-
tion ox V ~ox =1 (ensuring that oa is a Boolean element, for each a € A).

By [19, Prop. 4.3], the quasi-equation involved in the preceding definition of a max-
consistency operator can be equivalently replaced by the following equations:

(i) yANo(x A~z Ay) < om; (ii) & A~z A ox = 0; (iii) o0 = 1.

Thus the classes of QN-algebras expanded by either a max or a Bmax operators are varieties.
Following the earlier notational convention, we will respectively denote by QN and QNg,,
the varieties of QN-algebras expanded by a max and a Bmax consistency operators, while
PQN;, and PQNg,, will denote the expansions of their prelinear sub-varieties.

As in the involutive case and in the case of undeterminedness operators considered earlier,
we shall also study a maxB-consistency operator, defined as follows.

Definition 4.2. A unary operator og on a quasi-Nelson algebra A is a maxB-consistency
operator if:

(i) & A~z Aogz =0.
(ii) ogx V ~ogx = 1.
(iii) e A~z Ay =0and y V ~y =1 imply y < ogz.

By QN g and PQN; g we shall respectively denote the quasivarieties of QN-algebras and
PQN-algebras with maxB consistency operators.

Remark 4.3. In [19] yet another kind of operator was introduced, which we denoted by
og and dubbed a maxE operator. The letter E refers to the requirement that, for each
element a in a quasi-Nelson algebra A, the element oga be not a Boolean but an explosive
element, i.e., that opa € E(A). This amounts to replacing the second and third items in
Definition 4.2 by the following two:

(i") opx A ~opx =0.
(iii") e A~z Ay=0and y A~y =0 imply y < ogz.

This latter definition is perhaps more suitable for consistency operators, and is certainly
smoother from a technical point of view: in particular, as pointed out in [19], it can be easily
rephrased in purely equational terms. (By contrast, we do not currently know whether the
class QN7 g is equationally definable.) The picture, however, simplifies in the prelinear case,
for one can show that, under the prelinearity assumption, the two definitions are equivalent,
i.e., o = og (entailing, in particular, that the class PQN, g is also equational). We shall
therefore no longer consider maxE operators in the present setting, but we refer the reader
to [19] for further details, including necessary and sufficient conditions for having og = og.

Observe that the same argument presented in Remark 3.3 for e also applies to the cases
of PQN° and PQN;, 5. In other words, the varieties obtained as expansions of NM by either
a max, or a maxB consistency operator — which are proper subvarieties of (resp.) PQN;, and
PQN; g — are not generated by their totally ordered members and hence are not semilinear.
In consequence, PQN7 and PQN? 5 are not semilinear either.
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FIGURE 2. Hasse diagram and operation tables of the PQNg,,-algebra (Ag, o).

Notice that the case of PQNgZ,, is not covered by the above argument and hence let us
start by showing that PQNg,, is not semilinear. The proof of this fact uses the algebra
whose Hasse diagram is shown in Figure 2 that for a later use we will denote by (Ag, o).

In fact, (Ag, o) is not totally ordered but subdirectly irreducible. Indeed, a direct inspec-
tion on the definition of its operations shows that the only congruences of (Ag, o) are the
identity and O, = {(z,v) | (x — y) A (y — x) > ¢}, the latter being the unique atom of the
lattice of congruences of (Ag, o). Therefore, we have that the variety PQNg,, is not semi-
linear, while PQNg,, is semilinear by Theorem 3.5. As it will be clear in a short while, the
discrepancy between the semilinearity of PQNg,, and the failure of semilinearity for PQNg,,
in part depends on the behavior of the non-involutive negation of PQN-algebras. Indeed,
by requiring the negation to be involutive, one would immediately recover the semilinearity
of the corresponding variety expanded with a consistency operator o. However, involutivity
is a sufficient but not necessary condition to identify a semilinear subvariety of PQNg,,, as
we are going to show.

To begin with, let us observe that outside the IMTL-setting, where a major role in the
description of the generators of the varieties IMTL®, IMTLg,., and IMTL, .. is played

by the Boolean elements B(A) of (A, o) (see, e.g., [12]), it is convenient to consider the
explosive elements instead. Recall that these are defined by (8) as follows:

EA)={zeA:z N~z =0}

As we already observed, B(A) C E(A) in general, while F(A) = B(A) if A has an
involutive negation. Compare the next result with the above Lemma 3.4 that is specific for
the Bmin operator e.

Lemma 4.4. Let (A, o) be either in PQNR,, or PQNy g and such that E(A) = {0,1}. Then
A is totally ordered.
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FiGURE 3. The directly indecomposable Godel algebra G with its nega-
tion (on the left-hand side) and the Bmax consistency operator considered
in Example 4.5.

Proof. Suppose E(A) = {0,1} and assume, by way of contradiction, that A is not totally
ordered.

Then there are elements a,b € A such that a — b # 1 # b — a. Let ¢ := a — b and
d :=b — a. Thus ¢ # 1 # d. By the prelinearity equation, we have ¢V d = 1. It follows
then that both ¢ # 0 and d # 0, since otherwise it would imply that either ¢V d =c¢ < 1 (if
c=0)orcVd=d<1(if d=0). Therefore, c,d ¢ E(A).

In consequence, cA~c # 0 and dA~d # 0, and hence ¢, ~c, d, ~d > 0. Now, cA~cA~d <
~cAr~d=n~(eVd) =~1 =08 cA~cA~d=0. By the definition of o we have
oc > ~d > 0. Since oc € B(A) C E(A) = {0,1}, but oc # 0, one has that oc = 1. Hence,
0=cA~cAoc=cAr~c, that is, ¢ € F(A), contradicting what we have shown above. We
conclude that A is totally ordered. O

As we recalled above, in the involutive case PQNg,, and PQN, g algebras (A o) are
totally ordered iff B(A) = {0,1}, while the above result points out the role of E(A) in
this more general setting. As a matter of fact, the following example shows a non-totally
ordered algebra (A, o) in PQNg,, such that B(A) = {0,1}.

Example 4.5. Since Godel algebras form a (proper) subvariety of PQN [18], the (directly
indecomposable) five-element Godel algebra Gy displayed in Figure 3 provides an example
of interest. As in every directly indecomposable Godel algebra, the negation of Gy maps to 0
to 1 and all the other elements to 0 (see the left-hand side of Figure 3). Thus, E(Gs) = Gs.

The operator o : G5 — G5 such that oa = 1 for all a € G5 (right-hand side of Figure
3) is a Bmax consistency operator (cf. Remark 4.8). We note that, on a logical level, this
obviously suggests that Godel (or Heyting) algebras are not suitable semantic models for
LFIs, for even their degree-preserving logic is explosive. Now, (Gs,0) is a non-totally
ordered algebra in PQNg,, such that B(Gs) = {0,1}. Notice, however, that this does not
provide a counterexample to Lemma 4.4, for E(Gs) # {0,1}.

In general, the converse of Lemma 4.4 does not hold. Indeed, note that on any totally
ordered algebra A, necessarily B(A) = {0,1}; however, even in such a case one may have
E(A) # {0,1}. This is for instance the case of some of the standard PQN-chains S,, studied
in [18]. In fact, consider a PQN-algebra on the real unit interval [0, 1], for which there exists
an element a € (0,1) such that (recall Figure 1):

E(S,) = {0} U[a, 1].



14 TOMMASO FLAMINIO, LLUIS GODO AND UMBERTO RIVIECCIO

On a PQN-chain A (more generally, if 0 is meet-irreducible) there is only one way to
define a max-consistency operator (that is, at the same time, also a maxB and a Bmax
operator): that is, for every a € A,

1 if E(A
(10) sa=q 1 LacHA)
0 otherwise.

That is, the elements that 6 deems consistent are precisely the explosive ones. Further-
more, let us observe that the directly indecomposable members of PQNg,, are indeed those
(A, o) such that B(A) = {0,1}. Observe that the same proof of [14, Theorem 3.8], showing
the next claim in the case of involutive algebras, works in this slightly more general case
(for the involutivity of A is never used in the proof).

Lemma 4.6. Let (A,o) be any PQN-algebra with a consistency operator. Then (A, o) is
directly indecomposable iff B(A) = {0,1}.

Now we can identify a group of equivalent conditions that will allow us to recover semi-
linearity for not necessarily involutive subvarieties of PQNgZ,, and PQN; 5. Details will be
given after the proof of the next result, that indeed holds in the more general setting of
(not necessarily prelinear) quasi-Nelson algebras.

Lemma 4.7. For a quasi-Nelson algebra A endowed with a max-consistency operator, the
following conditions are equivalent:

(i) E(A) = B(A).
(ii) A satisfies the quasi-equation: ~x = 0 implies x = 1.
(iii) A satisfies x V ~xV ~ox =1.

Proof. (1)< (ii). Suppose (i) holds, and assume ~a = 0 for some a € A. Then a A ~a = 0,
so a € E(A) = B(A). Hence, a = aV ~a = 1, as required. Conversely, assume (ii) holds.
As observed earlier, the inclusion B(A) C E(A) always holds on a quasi-Nelson algebra.
For the other inclusion, assume a € E(A), that is, a A ~a = 0. Since a A ~a = ~a A ~~a =
~(a V ~a), we can apply (ii) to obtain a V ~a = 1. Hence, a € B(A), as required.

(ii)<(iii). Assuming (ii) holds, let a € A. We have ~(a V ~a V ~oa) = ~a A ~~a A
~r~oa=~aAaAoa=0. Hence, applying (ii), we obtain a V ~a V ~oa = 1. Conversely,
Let a € A be such that ~a = 0. Then a A ~a = 0, so oa = 1. By (iii), we have
l=aV~aV~oa=aV0V~1l=a, as required. O

Remark 4.8. If a quasi-Nelson algebra A satisfies the equation x A ~z = 0, then its
unique (Boolean) max-consistency operator o is given by oa = 1 for all @ € A. (The
converse is also true: ox = 1 entails z A ~x = 0.) Such an algebra will also trivially
satisfy the quasi-equation: (z ¢+ y) V z = 1 implies (ox <> oy) V z = 1, simply because the
consequent is always true. On the other hand, it is easy on A to falsify (e.g. the first item
of) Lemma 4.7: indeed, any Heyting algebra that is not Boolean must falsify it (see for
instance Example 4.5, which is built on a 5-element Godel algebra).

The main property that will be used in the remaining part of this section is the equiv-
alence between items (ii) and (iii) of Lemma 4.7. To appreciate the effect of the quasi-
equation in (ii) on PQN-algebras (which does not mention any recovery operator), observe
that if a standard PQN-algebra S,, satisfies it, then the unique element a € (0, 1] such that
n(b) = 0 for all b € [a,1] is a = 1. This is the reason why F(S,) = B(S,), as ensured by
(i) of Lemma 4.6. Thus, the negations of these standard PQN-algebras have an involutive
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0 dza1 do f TL(ZLo) n(a1)

FIGURE 4. A negation function n that determines the generic almost in-
volutive PQN-algebra S,,. Notice that the set E(S,,) of explosive elements
of S,, is trivial and it coincides with B(S,) = {0,1}.

behavior in a left interval of 1. A negation of that kind is, for instance, the one on Figure
4. Standard PQN-algebras having those negations will be called almost involutive.

Let us denote by aiPQN the sub-quasi-variety of PQN that satisfies the quasi-equation
in Lemma 4.7 (ii). For algebras in any among PQN;,, PQN. 5z, PQNgZ,, and PQN; g, this
quasi-equation is equivalent to the equation x V ~z V ~ox = 1. Thus, for any V among
these varieties, we may consider its “almost involutive” sub-variety aiV obtained by adding
the equation in Lemma 4.7 (iii).

Corollary 4.9. The varieties aiPQNg,, and aiPQN; 5 are generated by their totally ordered
members (i.e. are semilinear). In fact, it holds that aiPQNg,, = aiPQN, g = aiPQN; c.

Proof. Let aiV stand for either aiPQNg,, or aiPQN. 5. By Lemma 4.7, for every (A, o) in aiV
it holds that E(A) = B(A) and therefore, by Lemma 4.6, (A, o) is directly indecomposable
iff E(A) = {0,1}. Thus, by Lemma 4.4 if (A, o) is such that E(A) = {0,1}, A is totally
ordered. Summing up, if (A, o) is directly indecomposable, then A is totally ordered. Thus,
aiV is generated by its totally ordered members.

Now, from what we observed above, there is only one way to define a max-consistency
operator on chains, that also is a maxB and Bmax. Thus, the varieties aiPQNg,, and
aiPQN; z are generated by the same chains and must therefore coincide. Together with
what we observed above, this observation gives us that aiPQNg,, = aiPQN; . O

Remark 4.10. On aiPQN?, -chains one can explicitly define the Baaz operator A (given by
A(1) =1 and A(z) = 0 for x # 1; see [1]). Indeed, one can check that A(a) := a A o(a)
works. For a = 1, we have oa = a = 1, hence a A oa = 1, while for 0 < a < 1 we have
oa = 0, so a A oa = 0; finally, for a = 0, we obviously have a A oa = 0. Conversely, in the
variety aiPQN A of aiPQN algebras expanded with A (defined by the usual set of equations),
the (only) max-operator in a chain can be defined as o(a) = A(aV ~a). Therefore, aiPQNS,-
chains and aiPQN 4 chains are term-equivalent, and thus the variety generated by the class
of aiPQNZ, -chains coincides with the variety of aiPQN algebras. Notice that for A to be
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definable on PQN-chains, it is necessary that explosive and Boolean elements coincide. In
fact, if @ not Boolean but oa = 1, then a A oa = a # Aa = 0. In other words, condition (i)
of Lemma 4.7 is key for the definition of A on PQN® chains.

Finally, adapting the argument of Theorem 3.8, we can obtain the following result.

Theorem 4.11. For every almost involutive PQN-chain S,, that is generic for aiPQN,
(Sp,0) generates the variety aiPQNZ,,, = aiPQN, 5.

We close the section with an observation about the preservation of semilinearity that is
analogous to the one made in the last part of the previous section in the case of PQN-algebras
with a undeterminedness operator. Indeed, while none of the (quasi)varieties PQN; , PQN; ¢
and PQNg,, is semilinear, semilinearity is preserved on their sub-quasivarities satisfying the
following quasi-equation:

(Con-Vv°) if (x> y)Vz=1, then (cx <> oy)Vz=1

For any K € {PQN; ,PQN; 5, PQNgZ,,}, let us denote the corresponding quasivariety by K-V.
For the same reasons explained in Section 3, each K-V is semilinear, and hence generated by
its totally ordered members. On the other hand, we have seen that the unique consistency
operator that can be defined on a PQN chain is that of (10). Hence, the chains in K-V for
each K coincide; thus we have the following result that can be interestingly compared with
Proposition 3.9 above.

Proposition 4.12. PQN; -V = PQN; -V = PQNZ,,-V.

5. PQN-ALGEBRAS WITH BOTH OPERATORS AND ALMOST INVOLUTIVE NEGATIONS

We now briefly consider the case of PQN-algebras with both recovery operators e and o.
First of all, let us observe that any algebra A satisfies the equation ~ e x < ox. Indeed, for
all a € A, we have the equality a V ~a V ea = 1, which we can negate, obtaining

~(aVr~aVea)=r~aA~~aA~eaqg=0=r~1.

Since aA~aA~eoa < ~aA~~a/~ea, we obtain a A ~a A~ ea =0 which, by definition of
o, gives us ~ea < oa. The converse inequality, which need not hold in general, is equivalent
to the conditions in Lemma 4.7 (hence, it holds on aiPQN-algebras), as the following results
shows.

Lemma 5.1. For a quasi-Nelson algebra A endowed with both a max-consistency operator
and o min-undeterminedness operator, each of the following equations is equivalent to each
of the conditions of Lemma 4.7:

(iv) ex < o(x N ~x).
(v) ox =~ ez
(vi) ox < ~ ez,
(vii) ex < ~ox.

Proof. In this proof, when referring to (ii), we mean item (ii) of Lemma 4.7.

(ii)<(iv). Assuming (iv) holds, let a € A be such that ~a = 0. Then ea < o(a A ~a) =
o0 =0,s01l =aV~aVea=aV0V0=a, as required. Conversely, assume Lemma 4.7
(ii) holds, and let a € A. Note that a A ~a A ~ e (a A ~a) = 0 always holds. Indeed, from
1 = (aA~a)V~(aA~a)Ve(an~a) = ~(aA~a)Ve(aA~a), we have 0 = ~1 = ~(~(aA~a)V
e(aN~a)) = ~~(aA~a)A~e(aA~a) = ~vvaAve~aA~e(aA~a) = aN~aA~e(aA~a).
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But 0 =aA~aA~e(aA~a)=~(aV~aVe(aA~a)). Thus, applying the quasi-equation,
we obtain a V ~a V e(a A ~a) = 1, which gives us ea < o(a A ~a), as required.

(ii)<(v). Assuming Lemma 4.7 (ii), let @ € A. Since aA~a = ~~aA~a and ~~oa = oaq,
we have 0 = ~a Aa Aoa = ~a A ~~a A ~~oa=~(aV ~aV ~oa). Hence, applying
Lemma 4.7 (ii), we obtain a V ~a V ~oa = 1. By the definition of e, this means that
eq < ~oa, whence ~~oa = oa < ~ ea. As mentioned above, the converse inequality,
~ o g < oa, always holds. Now assume (v) holds but Lemma 4.7 (ii) does not. Then there
is a € A such that a < 1 and ~a = 0. Then a A ~a = 0, so oa = 1. By (v), we have
~ea =o0a=1,s0 ea < ~~ eqa = 0. By the definition of e, this in turn would imply
l=aV~aVea=aV0=a, against our initial assumption.

The equivalence (v)<(vi) is clear.

(v)&(vii). Recall that 2 < ~~z holds on every commutative residuated lattice. Assum-
ing ~ ea = oa for some a € A, we have ea < ~~ e g = ~ o q. Similarly, from ea < ~oa
we obtain oa < ~~oa < ~ e a, and the inequality ~ e a < oa holds in general, as we have
observed. |

Item (v) in the above lemma is particularly interesting as it complements an observation
we made in Section 4 concerning involutivity. There, anticipating Corollary 4.9, we claimed
that involutivity of the negation is a sufficient but not necessary condition to recover the
semilinearity of a variety of PQN-algebras expanded with a Bmax-consistency operator.
Now, we have seen that the involutivity of the negation is sufficient but not necessary to
define o from e. Indeed, by the equivalence of Lemma 4.7 (ii) and Lemma 5.1 (v) it is the
involutive behavior of ~ in a left interval of 1 (recall Figure 4) that ensures that definability
property.

The following proposition has a more limited application, namely to Boolean consistency
operators.

Proposition 5.2. Let A be a quasi-Nelson algebra endowed with a Bmax-consistency
operator o and a min-undeterminedness operator e that satisfies any of the equations in
Lemma 5.1. Then e is a Bmin operator and, in consequence, A also satisfies ex = ~~ @ x
and ex = ~ox.

Proof. Let a € A be a generic element. Let us show that ea € B(A), which entails
oq = ~~eq. Indeed, from oaV~oa = 1, we have ~(oaV~oa) = ~oaA~nr~oa = ~oaNoa = 0.
Using the assumption ea < ~ o a, we thus obtain ea A oa = 0. Moreover from ~ e a < oa
and ~oa Aoa =0 we obtain 0 = ~oa A ~ea = ~(oaV ea). From the latter, applying
the quasi-equation in Lemma 4.7 (ii), we obtain ca V ea = 1. Hence, oa and ea are Boolean
complements of each other. Thus, ea € B(A) and ea = ~~ea. Then ~ea < oqg also yields
~oq < ~~ e®q = eqa, as required. O

The condition ex = ~~ e x considered in the conclusion of the preceding proposition
has some independent interest: we may observe that, in general, it does not imply the
conditions of Lemma 5.1. Indeed, considering the three-element Gdédel chain Gs (with
elements 0 < a < 1) endowed with the corresponding operators (cf. Remark 4.8), we see
that Gg satisfies ez = ~~ e x. However, 1 = ea £ ~oa = 0.
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6. THE LOGIC PON WITH AN UNDETERMINEDNESS OPERATOR

In this and the following sections we move from the algebraic framework we have consid-
ered so far to a logical setting to analyze the logics resulting from expanding the prelinear
quasi-Nelson logic PON with recovery operators.

In this section we start with expanding the logic PON with an undetermindedness
operator e, with the idea in mind of eventually capturing the logics behind the varieties
PQN;,, PQNg,, and PQN? ; of prelinear quasi-Nelson algebras endowed with a min, Bmin
and minB operators respectively, as studied in Section 3.

Definition 6.1. (i) The logic PON7, is defined as the expansion of POMN in a language
with a new unary connective e with the following additional axiom:

(Als) @V r~pVep
and inference rules:

R

eV~ VY
oo — o '

(Cong,) popp—

(Min)

(ii) The logic PONg,, is defined as the axiomatic extension of PON, with the additional
axiom

(A2.) epV ~ep
(iii) Finally, the logic PON g is defined as the expansion of PON with the axioms (Al,),
(A2,), the rule (Cong,) and the following rule:

eV r~pVY, PV
o= '

(MinB)

Note that it is the presence of the (Cong,) inference rule in the above three logics that
guarantees the algebraizability of these logics (in the sense of Blok-Pigozzi). Moreover,
thanks to [35, Thm. 1 and Thm. 3], the inference rules (Min) and (MinB) can be safely
replaced by the following two axioms:

(A3s) ep — (v Ve(pV~p V)
(Ad,) ~eoT,

while the (MinB) inference rule can be safely replaced by the axiom (A4, ) plus the following
axiom:

(A5,) e — (1 Ve(Yp V ~1h) V o(p Vo V).

Therefore, the logics PON T, PON Tz and PONR,, are automatically sound and strongly
complete with respect to their corresponding varieties of algebras PQN?,, PQNg,, and PQN? 5
of prelinear quasi-Nelson algebras with an undeterminedness operator, respectively.

We note that the logic PON from which we departed is paracomplete, i.e. does not
prove the Excluded Middle principle ¢ V ~p. To see this it is enough, by completeness,
to find a PQN-chain where the equation x V ~x = 1 is not valid: for instance, this is
obviously the case of the (generic) PQN-algebra S,, (Figure 4). Since on any PQN-chain it
is always possible to define a max-underterminedness operator e that is also a maxB and
Bmax operator as in (9), the same (counter-)example shows that PONT,, PON g and
PONE,, are also paracomplete.
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Proposition 6.2. PON ., PON g and PON,, are Logics of Formal Underterminedness
(LFU).

Theorem 3.5 tells us that the variety PQNg,, is semilinear while PQN;, and PQN; g are
not. However, by results of Cintula and Noguera [10, Corollary 2.6.5], it follows that any
expansion of a semilinear logic where the new inference rules are closed by disjunction
keeps being semilinear. Therefore, since PQNY, and PQN? g are expansions of the variety
PQN, which is semilinear, in order for these logics to be complete with respect to the class
of totally ordered members of its corresponding variety or quasi-variety, it is enough to
replace its inference rules by their V-closed form.

Since the only inference rule involved in the axiomatic systems of these two logics (and
that in PQNg,, as well) is the rule (Cong,),* we can consider their semilinear closure by
replacing this rule by its V-closed form:

(p <) Vx

(Cong.) (o0 — o1h) V x

Then, by results of Cintula and Noguera [10, Corollary 2.6.5], it follows that the resulting
logics are semilinear, and hence complete with respect to their corresponding classes of
chains. Namely, if we let PON®Y, PONRY and PON g denote the logics with the V-
closed form of the (Cong) rule, then we have the following chain-completeness results.

Theorem 6.3. For any L € {PON?/ , PONY. = PONE..,PON W}, L is sound and
complete with respect to the corresponding class of totally ordered L-algebras.

Note that, since the variety PQNg,, is semilinear, it is coincides with the equivalent
algebraic semantics of the logic PONgY,, hence PON g/ = PON ...

On the other hand, as mentioned in Section 4, there is only one way to define a min-,
Bmin- and minB-undeterminedness operator on a PQN-chain A, namely by letting ea = 0
for a € B(A) and ea = 1 otherwise. Moreover, it is easy to check that the well-known Baaz-
Monteiro projection operator A is inter-definable with the operator e, indeed Ax = z A ~ex
and conversely, 8z = ~A(xzV~x). This is another difference with the consistency 6 operator.
These considerations entail that the class of chains in the varieties PQN;,, PQNg,, and
PQN? g is the same. Hence, due to the above completeness result, it turns out that the
three corresponding semilinear logics collapse.

Corollary 6.4. PONg. = PONGR, = PON = PONTY.

Observe that if ¢ a formula in the language of PON that is not valid in a PQN-chain
A, then ¢ will not be valid in (A, é) either. Hence, by Corollary 6.4, it follows that all the
logics PONg,.., PON &Y, PON®Y and PON®% are conservative expansions of PON.

Moreover, by Theorem 3.8, these logics are in fact complete with respect to a single
chain.

Corollary 6.5. PONE,, is complete with respect to any single chain (A, ®), where A € S, .

Finally, it is worth remarking that all the logics considered in this section, namely
PON®, PON S, PON g, PON s, PON®Y PONSY PONEY, and PONCE, which are all
truth-preserving and paracomplete, are logics of formal undeterminedness (LFUs) expand-

ing PON.

4Recall that, as mentioned in the previous subsection, the rules (Min) and (MinB) appearing in the
definitions of the logics QNY, and in QN3 g, respectively, can be safely replaced by axioms.
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7. THE LOGIC PON WITH A CONSISTENCY OPERATOR

In this section we now consider the expansions of the prelinear quasi-Nelson logic PON
with a consistency operator and their paraconsistent degree-preserving and non-falsisty
preserving companions.

Definition 7.1. (i) The logic PON7, is defined as the expansion of PON in a language
with a new unary connective o with the following additional axiom:

(Als) ~(pAr~pAop)
and inference rules:

o

~(p A~p A1)
op — oY ’

(Cong,) T

(Max)

(ii) The logic PONG,, is defined as the axiomatic extension of PON, with the additional
axiom

(A2,) opV ~op

(iii) The logic PON | g is defined as the expansion of PON with the axioms (Al,), (A2,),
the rule (Cong,) and the following rule:

(MaxB) AP NY), UV~
Y = op
Again, since they keep being algebraizable due to the rule (Congs), it directly follows
from the fact that rules (Max) and (MaxB) can be equivalently replaced by axioms® that
these logics are sound and complete with respect to their equivalent algebraic semantics,
given respectively by the varieties PQN; , PQNg,, and PQN? g.

We have seen in Section 4 that none of the varieties PQN;,, PQNg,, and PQN; ; are
semilinear. Anyway, all of them are expansions of the variety PQN, which is semilinear.
Then, again by results of Cintula and Noguera [10, Corollary 2.6.5], in order for any of
the logics above to be complete with respect to the class of totally ordered members of its
corresponding variety or quasi-variety it is enough to replace its inference rules by their
V-closed form. More in detail, let us consider the following V-closed inference rules:

v (pe=P) VX
(Cong?) (o = o)) V x

vy ~p AN~ NP) Vo
(Maxc?) (¢ = 0p) VX

vy, (A~ NP) N (V) Vv x
(MeaB): (¥ = op) V X

Then we define the following semilinear companions of the above logics:

e The logic PON?Y is obtained from PQON?, by replacing the rule (Cong,) by the rule
(CongY) and the rule (Max) by the rule (Max").

e The logic PONR/ is obtained as the axiomatic extension of PON? by the axiom
(A2,).

5Follovving the algebraic results in Section 4.
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e The logic PQN ) is obtained from PQNg,, by replacing and the rules (Cong,) and
(MaxB) by the rules (Cong") and (MaxB") respectively.

Then we have the following chain-completeness results.

Theorem 7.2. For any L € {PON , PONE., PONCE}, L is sound and complete with
respect to the class of totally ordered L-algebras.

As mentioned in Section 4, there is only one way to define a max-, Bmax- and maxB-
consistency operator on a PQN-chain A, namely the operator 6 defined as 6a = 1 for
a € {0} UE(A) and da = 0 otherwise. Then it follows that the class of chains in the
varieties PQN;, and PQNg,, and in the quasivariety PQN; g is the same. Hence, due to
the above completeness result, it turns out that the four corresponding semilinear logics
coincide,

Corollary 7.3. PON?Y = PONg. = PONTYE

The same argument used after Corollary 6.4 shows that the logics PON, PONg. and
PON % are also conservative expansions of PON.

By Corollary 7.3, from now on, we will only refer to PON%’. Moreover, following a
parallel reasoning of Theorem 3.8, these logics are in fact complete with respect to a single
chain.

Corollary 7.4. PON?Y is complete with respect to any single chain (A, ), where A € So.

7.1. Degree-preserving companion of PON with a max-consistency operator. Go-
ing back to the main question of defining LFIs with semantics over PQN-chains, note that
the logics in the above Theorem 7.2 are not LFIs since they are all truth-preserving and
hence explosive. In order to get LFIs we shall consider two paraconsistent variants of
them, namely the degree-preserving companions [2] in this subsection and the non-falsity
preserving companions [22] of them in the next subsection.

Definition 7.5. The degree-preserving companion of PON?S’, denoted (PONOY)S, is
defined by the following axioms and rules:

- Axioms of PON?Y

Adjunction rule: (Adj) 2B 4

eAY

- Restricted modus ponens rule: (r-MP)

o, PON Fop—p

(G
PN F (¢ & 9) VX
(0p = oY) V x
Theorem 7.6 (Completeness). (PQN)S is sound and complete with respect to the in-

tended linear semantics, that is, for any finite set of formulas I' U {p}, I Fpanevys ¢ if,
for every PQN;, -chain A and A-evaluation e, min{e(y)) | ¥ € I'} <e(p).

- Restricted congruence rule: (r-Cong")

The proof directly follows from Proposition 2.1. Therefore, since ¢, ~¢ t/(poaevy< L,
we finally get that the degree-preserving logic (PONSY)< is a LFL

Corollary 7.7. (PON?Y)S is a Logic of Formal Inconsistency.

Recalling conditions (2) and (3) from the Introduction, the definition of LFIs (e.g. [14,
Def. 3.1]) requires that there exists a formula ¢ such that p,op I/ L and ~¢, 00 t/ L.
Such conditions are clearly preserved by each weakening of a given logic: thus (POQN /)<
inherits them from its involutive extension considered in [14, Proposition 5.6].
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7.2. Non-falsity preserving companion of PQAN with a max-consistency operator.
We have seen that all the logics PON’, PON Ry, and PON g coincide and are semilinear
(Corollary 7.3). In the following we thus restrict ourselves to just one of them, say PON .

Here we are interested in the paraconsistent variant of £ = PON®Y that preserves the
non-falsity.
Definition 7.8. Let £ =PQN and let I' U {¢} be a finite set of formulas. We define:

-r Iz(ﬁo © whenever, for any L-chain A and any A-evaluation e, if e(y) > 0 for every
¥ € I, then e(p) > 0.

The crucial observation here is the following lemma that shows how to express valid
inferences in the logic |:g) in terms of inferences in the 1-preserving logic =p.

Lemma 7.9. For L =PQON?Y, the following conditions are equivalent:
pECY i M EL~e o ()~

Proof. ¢ |:(LO ¥ iff for any evaluation e, e(p) > 0 implies e(¢)) > 0. Since in PQN-chains it

holds that = > 0 iff ~z < 1, we have ¢ ):(ﬁo 1 iff for any evaluation e, e(~¢) < 1 implies
e(~1)) < 1, that is, e(~t) = 1 implies e(~p) = 1, that is, iff ~¢) =, ~p. Moreover, since
the logic PON is 3-potent (i.e. PON proves ¢ * o — o * (¢ * ¢)), it has the following form
of global deduction theorem: ~1) = ~p iff £ (~1))% — ~o. a

Definition 7.10. The non-falsity variant of the logic logic £ = PQON?Y, denoted nf-
PON?Y | is defined by the following set of axioms and rules:

e Axioms of PON?Y
o Restricted forms of the rules of PON fnv:

Fe(p <)V Fo~(p Ao AY)V X

r-CongY) —F- "~~~/ _ 2 Max"
| + (o = o) Vi ( ) (1 = op) V X
e Adjunction: 14 /\:Z
~J 2 ~
e Restricted nf-MP; 22 Fe ( 1;/}) — ~p
o Feo—d

Remark 7.11. The rule of Restricted Modus Ponens r-MP: L is derivable in

the logic nf-PQN, indeed from the rule Restricted nf-MP and adjunction. It follows from
the observation that ¢ — ¥ 2 (~1))? — ~.

Theorem 7.12. For any finite set of formulas I' U{¢}, I’ |:g) @ iff I' Far—poney .

Proof. Soundness is easy. Suppose I’ |:(£O o, and let v = A{x | x € I'}. By Lemma 7.9,
P ):g) @ iff =1 (~p)? = ~1b. By completeness of PON©Y, we have Fpanev (~p)? = ~ap.
This means that there is a proof

(Wn,..., 0, = (~p)? = ~)
where each ¥; is an axiom or has been derived from previous elements of the proof by an

application of the inference rules. In order to get a proof of ¢ from I' in nf-PONTY, it
roughly suffices to consider two additional steps:

¥y = 9, by adjunction from I'



RECOVERY OPERATORS IN QUASI-NELSON LOGIC: THE PRELINEAR CASE 23

U, +1 = ¢, by application of the Restricted nf-MP inference rule to ¥, and ¥,,.

Note that the inference rules used in the proof in PONY apply always to theorems, so there
can also be applied (as restricted rules) in nf-PQN?". Therefore, (¥, ¥, ..., ¥, ¥yi1 = )
is indeed a proof of ¢ from I" in nf-PON7, and hence I' Fpepopnev . O

7.3. Propagation properties and recovering classical logic. One of the remarkable
features in some logics of formal inconsistency, as in da Costa’s C-systems, is the so-called
propagation property of the consistency connective o. Namely, the fact that consistency,
or determinedness or well-behaviour, is propagated by means of the connectives, in the
following sense: (i) if ¢ is consistent it follows that ~¢ is consistent too, and (ii) if besides
1 is also consistent then it follows p#) is consistent as well for every binary connective
#. In this final subsection we examine the status of these propagation properties both for
the duals of the undeterminedness operators ° and for the consistency operators o we have
considered in this work. We will make a semantical/algebraic analysis in the case of the
semilinear LFU and LFI logics we have defined in this section.

We start with the LFU logic PONg,, and operators e = ~e, where e is a min-
undertermindedness operator. We have seen that in a PQN-chain A there is a unique

such operator, defined as
() = 0, ifze {.O, 1}
1, otherwise,

and therefore its corresponding dual operator is defined as

() = 1, 1fx€{.0,1}
0, otherwise.

Hence, in the logic PONE,., a formula like °¢ is 1-true iff ¢ is either fully true or fully
false, i.e. it behaves as a Boolean formula. Now, since the truth-functions of the logic
PONE,, over the top and bottom elements of any totally ordered algebra coincide with the
classical 2-valued Boolean truth-functions, the following first propagation properties hold.

Proposition 7.13. The determinedness operator e° in the paracomplete logic PONG,,

satisfies the propagation property with respect to the rest of the connectives, that is, for any
formulas ¢, p1, 2, the following conditions hold:

- o bpong, ¢ ~p
- .6@17.5302 '_PQNém .6(901#902)7 for # € {/\7\/7*7_>}
In fact, this result can be seen as a particular case of [12, Prop. 5.2] since the operator

coincides with the consistency operator o,;, considered in that reference in the context
of LFIs defined on top of fuzzy logics endowed with a consistency operator.b

o

In the case of the semilinear logic of formal inconsistency (PONS)<, since it is a degree-
preserving logic, the conditions to be checked are whether the formulas

(i) op — o~

(11) o®1 A Owgy — O(‘ﬁl#‘p?)v for # € {/\a \/, *, _>}
are theorems of PON©Y. But again, taking into account that PON? is a particular case
of the fuzzy logics LT** considered in [12], for L being a (truth-preserving) fuzzy logic not

6Notice that, although the operator e® behaves like a consistency operator and is definable in the logic
PQNém, this logic is not an LFI for % since, in particular, it is explosive, and thus, not paraconsistent.
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“

satisfying the axiom
hold.

~(p A ~p)”, Proposition 5.2 in [12] proves that (i) and (ii) indeed

Proposition 7.14. (c.f. [12, Prop. 5.2]) The consistency operator o in the paraconsistent
logic (PONSY)S satisfies the propagation property with respect to the rest of connnectives,
that is, the following conditions hold:

(i) Fpangy op — o~
(ii) Fponev op1 Aops = o(@1#p2),  for # € {A,V, %, =}

If £ is an LFI (resp., LFU), another desirable property is to recover classical logic reason-
ing inside L by means of the consistency (resp., undeterminedness) operator. In general, if
a recovery operator ¢ enjoys the propagation property with respect to the classical connec-
tives, say A, V,~, in a given LFI or LFU logic £, then L satisfies the so-called Derivability
Adjustment Theorem (DAT) when for every finite set of formulas I' U {¢} in the language
of classical propositional logic (CPL)

(DAT) I'tepe @ iff T'U{op1,...,opa} brL @,
where {p1,...,pn} is the set of propositional variables occurring in I" U {¢}.

It turns out that, due to the specific properties of the dual operator ¢ in PQN-chains,
the LFU logic PONg,,, does satisfy the DAT theorem. In fact ¢ acts as a double recovery
operator since it recovers both the explosion principle and the excluded-middle principle.
The proof is analogous to that of [12, Prop. 6.3] since the formula ¢ — ¢ V ~¢ is valid
in PONG,,.

Proposition 7.15. PONGR,, satisfies the following DAT theorem: for any finite set of
formulas I'U {p} in the language of CPL and on variables pi, ..., pn,

Ibepee  iff T'U{e’py,..., e} Fpons .

In contrast, the LFI logic (PQN)S does not satisfy the above form of the DAT the-
orem. It is easy to check that, while ¢ V ~¢ is clearly a CPL theorem, ¢ V ~¢ does not
follow from oy in the logic (POQN)S, or equivalently, op — (¢ V ~¢) is not a theorem
in PON. By completeness, it is enough to show that op — (¢ V ~¢p) is not a valid
formula in all PQN?2Y-chains. Indeed, as shown also in [12], let A be a PQNS’-chain such
that {0,1} € E(A), and let e be an A-evaluation such that, for some propositional variable
p, e(p) € E(A)\ {0,1}, i.e. e(~p) =0. Then e(op) = 1, while e(p V ~p) = e(p) < 1.

Finally let us analyse the behaviour of the non-falsity preserving LFI logic nf-PON’
with the respect to the propagation properties and the DAT theorem.

Proposition 7.16. The consistency operator o in the paraconsistent logic nf-PQN?°Y sat-
isfies the propagation property with respect to the rest of connectives, that is, the following
conditions hold:

(1) oY l_nf—PQ/\/ﬁv o~
(ii) op1, 002 Fni—ponev o(p1#pa),  for # € {A,V,*,—}

Proof. Thanks to the completeness of nf-PONCY, we can prove both properties semanti-
cally.

To prove (i) amounts to checking that, for any evaluation e on a PQNZY-chain A, e(op) >
0 then e(o~p) > 0 as well, or equivalently, due to the particular form of o in a chain, if
e(op) = 1, then e(o~yp) = 1. If e(op) = 1, it means that e(¢) € F(A) = [a,1]. Then, if
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e(¢) = 0, then e(~yp) = e(op) = e(o~p) = 1. Finally, if e(p) € E(A)\ {0}, then e(~p) =0,
e(op) = 1 and hence e(o~p) =1 as well. This ends the proof of (i).

As for (ii), we prove for the case # = *. Again, for a given evaluation e on a PQN;V-
chain A, assume e(og) > 0 and e(ops) > 0, that is, e(op1) = e(ops) = 1, and let us check
that e(o(p1 * p2)) = 1 as well. By definition, e(p1 * o) = min(e(p1),e(p2)) if e(p1) >
~e(pa), e(p1*p2) = 0 otherwise. Hence, by observing that, trivially, min(e(¢1),e(p2)) > a
whenever e(p) > a and e(v)) > a, we are done. Finally, as for the case # = —, assume
e(op1) > 0 and e(ops) > 0 (hence e(¢p1), e(p2) > a) and let us check that e(o(p; — ¢2)) >
0. Notice that in any PQN-chain, x — y = 1 if z < y and © — y = max(~z,y) otherwise.
Then, it is easy to check that if z,y > a and = > y, then max(~z,y) = max(0,y) =y > a,
hence © — y > a in any case, and thus o(z — y) = 1. |

For our final result, we need a preliminary lemma that shows that every theorem of CPL
is indeed a valid formula in the non-falsity preserving variant of PON.

Lemma 7.17. Let ¢ a formula in the language of CPL. Then if ¢ is a theorem of CPL,
then ':”(IBQN ©.

Proof. Suppose F’ég)g/\f ©. Then there exists an evaluation on a PQN-chain A on [0, 1] such
that e(¢) = 0. Let a € (0,1) such that a = max{z € [0,1] | ~x > x}. Then we define a
mapping h : [0,1] — {0,1} as follows:

h(z)z{ 1, ifx>a

0, otherwise,

and let the Boolean evaluation e’ be defined as e'(p) = h(e(p)) for every propositional
variable p. It is not difficult to check that, for any formula v in the language of CPL,
€' (1) = h(e(y)). Therefore, €'(p) = 0, and hence ¢ is not a theorem of CPL. O

Now we can show that, while (PQN)S does not satisfy a DAT theorem of the form of
Prop. 7.15, nf-PON?Y does.

Proposition 7.18. nf—PQON?Y satisfies the following DAT theorem: for any finite set of
formulas I' U {p} in the language of CPL and on variables p1, ..., pn,

Irepcy  iff T'U{opi,...,opn} Foi—poney @.

Proof. In the following, since I is finite, we can assume it consists of a single formula 7.

(=) Assume 7y Fepre . The idea is to transform a proof of ¢ from «y in CPL to a proof of
@ from yU{opy,...,op,} in PONCY. To do that we first show that the following “guarded”
form of Modus Ponens is sound (and thus derivable) in PON,:

O/l)[}?OX?w?/llj _) X
X

We have to prove that, for any evaluation e on a totally ordered PQN; -algebra A, if
e(o)) > 0,e(ox) > 0,e() > 0, and e(vb — x) > 0, then necessarily e(x) > 0. Suppose
E(A) = {0} U [a,1]. Then the previous conditions amount to assuming e(y)) > a, e(x) €
E(A) and e(¢) — x) > 0. By way of contradiction, assume e(x) = 0. Then, since e(¢) > a,
and thus e(y) > e(x), we would have e(¢p — x) =max(~e(1)),e(x)) = max(0,0) = 0, a
contradiction. Thus, it must be e(y) > 0. (Here we have used the fact that in every WNM-
chain, and hence in PQN-chain a fortiori, the implication comes defined as © — y = 1 if

(MP)
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z <y and z — y = max(~x,y) otherwise, where ~ is the negation of the WNM-chain, see
e.g. [17].)

Now, let (IIy = ~,I14,...,II,, = ¢) be a proof in CPL, where each II; with ¢ > 0 is
either an axiom of CPL or has been deduced by Modus Ponens from two previous II;, I,
with j, k < i. By observing that

(i) by the above Lemma 7.17, all axioms of CPL are theorems of PON (i.e. they are
always evaluated to a positive value), and

(ii) by the above Prop. 7.16, if ¢, ..., ¢, are the propositional variables appearing in a
formula 1, then it follows that oq,...,0q, Fnr_ponev ¥,

we can then easily transform the proof (ITy = ~,II1,..., I, = ¢) in CPL into a proof in
nf-PQN°Y by replacing the applications of Modus Ponens by applications of the guarded
Modus Pones rule (M Py).

(<) Suppose I' /epr . Then there exists a 2-evaluation e : Var — {0,1} such that
e(I') =1 and e(p) = 0. If we define o : 2 — 2 such that o(1) = o(0) = 1, then 2° = (2,0)
is a PQNSY-algebra. Extend e to e, on 2°, then we have e,(o(p;)) = 1, eo(I') = 1 and
eo(@) = Oa hence I"U {OPh BRI Opn} an—PQN,?‘V 2

8. CONCLUSIONS AND FUTURE WORK

In the present paper, extending results reported in [35, 19], we have investigated recovery
operators within quasi-Nelson logic, with a particular focus on the prelinear case. We have
seen that the main algebraic and logical results on residuated lattice-based LFIs/LFUs
from [14] can be recovered in the quasi-Nelson setting, and our approach led us beyond [14]
in that we have been dispensed the involutivity assumption. However, the present study
does not apply to general (distributive) residuated lattices, for we did add to the picture the
powerful Nelson equation, which entails (distributivity and) three-potency. The project of a
truly general extension of [14] will therefore have to be addressed in future research. Namely,
we plan to investigate what properties are still ensured in the algebraic setting of general
non-involutive residuated lattices, for both the operators e and o, and how they relate
to their Boolean and (almost) involutive special cases. As a somewhat more narrow but
nevertheless potentially interesting direction to pursue in the prelinear (hence, distributive)
setting, let us mention the study of recovery operators on weak nilpotent minimum algebras,
of which PQN-algebras constitute a proper subvariety (see [18]).

Another direction concerns the interaction, on a logical level, between the consistency and
the undeterminedness operators, a topic which in the present paper we have only cursorily
considered in Section 5, and then only in the algebraic setting.

The attentive reader may recall a few other problems, mainly of technical interest, that
we have left open in the preceding sections: for example, the question of the identity of
the white operators og and og outside the prelinear setting (cf. Remark 4.3). These will be
addressed in a forthcoming publication.

As mentioned in the introduction, one may consider defining properties for the recovery
operators that are alternative to those considered both in the present paper and in [35, 19].
For instance, for an LFU obtained by adding a determinedness operator e, instead of the
principle (4) considered in the Introduction (- ¢ V ~¢ V ep), one can alternatively require
the principles: o%¢ - oV ~g or - ¢ — (p V ~p). Similarly, for a consistency operator
o, instead of the Boolean condition - op V ~ o ¢ one could consider the related but weaker
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postulate = ~(op A ~ 0 ). Interestingly, following this path leads to consistency operators
that are fully dual to the undeterminedness operators considered in the present paper.

Lastly, let us recall that one of the prominent features of quasi-Nelson algebras is that
they can be represented via the so-called twist construction, which has proved to be remark-
ably helpful in the study of these non-classical algebras. The main representation theorem
states that every quasi-Nelson algebra A can be identified with a pair (H, F') where H is
a Heyting algebra enriched with a modal operator (known as a nucleus) —in the prelinear
case H is a Godel algebra, i.e. a prelinear Heyting algebra— and F' is a lattice filter on H.
This correspondence can be phrased as an equivalence of categories, which in turn can be
used for a topological study quasi-Nelson algebras that builds on the well-known Esakia
duality for (modal) Heyting algebras (see [37]). Building on ideas from [14, 15], the twist
representation has been extended in [35, 19] to account for quasi-Nelson algebras expanded
with recovery operators. In the simplest case, one thus obtains a correspondence between
quasi-Nelson algebras endowed with an undeterminedness operator and pairs (H, F') as
before, where now H is a modal Heyting algebra expanded with a unary operation that
realizes the dual pseudocomplement. As in the preceding case, an equivalence of categories
is readily obtained, and we anticipate that, by suitably extending Esakia duality to deal
with pseudocomplement operations, one may build a duality for quasi-Nelson algebras with
undeterminedness operators. The case of consistency operators is technically a little more
involved, but conceptually very similar, and can be dealt with in a similar way. Such a
study will be pursued in a future publication [26].
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