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Abstract In Abstract Algebraic Logic, the general study of propositional non-classical
logics has been traditionally based on the abstraction of the Lindenbaum-Tarski pro-
cess. In this process one considers the Leibniz relation of indiscernible formulae. Such
approach has resulted in a classification of logics partly based on generalizations of
equivalence connectives: the Leibniz hierarchy. This paper performs an analogous ab-
stract study of non-classical logics based on the kind of generalized implication connec-
tives they possess. It yields a new classification of logics expanding Leibniz hierarchy:
the hierarchy of implicational logics. In this framework the notion of implicational semi-
linear logic can be naturally introduced as a property of the implication, namely a logic
L is an implicational semilinear logic iff it has an implication such that L is complete
w.r.t. the matrices where the implication induces a linear order, a property which is
typically satisfied by well-known systems of fuzzy logic. The hierarchy of implicational
logics is then restricted to the semilinear case obtaining a classification of implicational
semilinear logics that encompasses almost all the known examples of fuzzy logics and
suggests new directions for research in the field.
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1 Introduction

Algebraic Logic is the branch of Mathematical Logic that studies logical systems by
giving them a semantics based on some particular kind of algebraic structures. It can
be traced back to George Boole and his study of classical propositional logic by means
of a two-element algebra that became its canonical semantics. Thus, in a sense, it could
be argued that Algebraic Logic is the oldest branch of Mathematical Logic. Tarski’s
refinement of the proof by Linbenbaum that classical logic is indeed complete with
respect to the semantics given by Boolean algebras starts from a theory T and a
formula ¢ such that T t/cpc ¢, i.e. T does not prove ¢ in the classical propositional
calculus, and then it considers the following binary relation on the set of formulae:

<O¢,6> S .Q(T) iff Thkopcoa« (.

This relation is shown to be in fact a congruence in the algebra of formulae Fm/;
moreover the formulae of T' constitute exactly one equivalence class. Thus it is enough
to take the corresponding quotient, Fm,/{2(T"), and show that it is a Boolean algebra
such that the class of T is its top element, and hence in this algebra the elements of T’
are interpreted as true while ¢ is not (because T /cpc ).

Analogous proofs were later used to show the completeness of non-classical logics
with respect to their corresponding algebraic semantics (e.g. intuitionistic logic w.r.t.
Heyting algebras); indeed, it became known in Algebraic Logic as the standard method
called the Lindenbaum-Tarski process. The fact that it could be analogously repeated
in many propositional logics led to more general studies where it was used to show
completeness theorems for broad classes of logics such as Rasiowa’s implicative logics
(studied in her monograph [24]). Abstract Algebraic Logic (AAL) was born as the
natural next step to be taken in this evolution: the abstract study of logical systems
through the generalization of the Lindenbaum-Tarski process to arbitrary logics. The
last decades have seen the florescence of this subfield of Algebraic Logic resulting
in a deep theory of the correspondence between logics and classes of algebras (or
logical matrices defined over the algebras). The generalization of the Lindenbaum-
Tarski construction capitalizes on the realization that the congruence 2(T) is actually
the relation consisting of those pairs of formulae that, relatively to T, are substitutable
in any context salva veritate, i.e.:

(a, B) € 2(T) if, and only if, for every formula in at least one variable x(x), x(«) is
true relatively to T iff x(0) is true relatively to T'.

Thus, 2(T) is the relation of logically equivalent formulae modulo 7', and the quo-
tient Fm, /Q2(T) can be seen as the identification of indiscernible propositions, i.e. a
formalization of the ancient Leibniz’s principle of equality of indiscernibles. Therefore,
£2(T) is called the Leibniz congruence of T. In classical logic this relation is easily
defined by means of the connective <>, whereas in other logics the situation can be
substantially more complicated even though the Leibniz congruence still can be de-
finable by means of some set of formulae in two variables (possibly infinite and with
parameters). It gave rise to the class of protoalgebraic logics: logics where there is
a set E(p,q, T) of formulae defining the Leibniz congruence. This set can be seen



as a generalization of the equivalence connective, and indeed it has been given the
name equivalence set. By imposing several extra conditions, a number of subclasses of
protoalgebraic logics were defined yielding a classification of logics called the Leibniz
hierarchy. As it was based on properties of the congruence 2 and the sets E(p,q, 7),
it was essentially an equivalence-based classification.

Largely independent of these developments, another subfield of Algebraic Logic has
been rapidly growing in recent times: the algebraic study of fuzzy logics. A number of
logical systems have been proposed and intensively studied to deal with the reasoning
with vagueness and the concept of graded truth. They include, among many others,
Godel-Dummett logic [10], Lukasiewicz infinitely-valued logic [21], Product logic [18],
Hajek’s BL logic [16], logics based on left-continuous t-norms such as MTL logic [11],
and uninorm logic UL [22]. All of them are many-valued logics which enjoy an algebraic
semantics that can be generated (as a variety) from linearly ordered algebras, and thus
they enjoy a completeness theorem with respect to linearly ordered algebras. This
common feature has led Béhounek and Cintula to argue in [2] that fuzzy logics are
the logics of chains, i.e. the logics that have a complete semantics based on linearly
ordered algebras. Moreover, these chains are typically ordered in a uniform way by
means of some implication connective — in the sense that in every algebra A there is
a set F' C A of designated elements such that for every a,b € A:

a<biffa—beF.

An implication connective like this, in addition, plays a central role in the Linden-
baum-Tarski process of these logics since the congruence 2(T") can be defined in the
following way:

(o, 3) e 2T)if TFa— Band TF G — a.

In other words, the symmetrized implication {p — ¢,q — p} gives an equivalence
set in these logics. Therefore, implication connectives play a doubly fundamental role
in fuzzy logics: they define order in the algebras and, when symmetrized, they allow the
definition of the Leibniz congruence. From this point of view, implications are much
more useful than just plain equivalence connectives.

Therefore, it makes sense to develop a finer classification in AAL based on implica-
tions instead of equivalences. This approach is more general since any implication gives
rise to an equivalence (just by symmetrizing), while equivalences do not have all the
features of an implication (they define only the identity order). This is what we intend
to do in this paper. We proceed in the pure AAL style aiming at the most general
possible framework. Thus, we allow implications to be connectives definable by means
of possibly infinite and parameterized sets of formulae. This new approach to logical
systems results in an implication-based classification of logics that expands the Leib-
niz hierarchy and will be called the hierarchy of implicational logics. Its largest class
coincides with the largest class in the Leibniz hierarchy, i.e. the class of protoalgebraic
logics, but it allows us to distinguish more subclasses yielding a hierarchy finer than
the traditional one. In particular, our approach also fits well with some previously de-
fined classes of logics: Rasiowa’s implicative logics [24], and Cintula’s weakly implicative
logics [6]. In this framework of implicational logics we introduce a very general notion
of implicational semilinear logic in a natural way: an implicational logic is semilinear
if it has a semilinear implication, i.e. a generalized implication such that the logic is
complete w.r.t. the models where it defines a linear order. In symbols, if L is a logic,



= is an implication set and MODY, (L) is the class of models where this implication
induces a linear ordering, then:

L is implicational semilinear w.r.t. = iff by, = ':MOD‘;(L)'

The term ‘semilinear’ was introduced by Olson and Raftery in [23] (in a much
more specific context of residuated lattices) and it refers to the fact that in finitary
semilinear logics the subdirectly irreducible matrices are linear (following the tradition
of Universal Algebra to call a class of algebras ‘semiX’ whenever its subdirectly irre-
ducible members have the property X; e.g. as in ‘semisimple’). This technical notion
of implicational semilinear logic is a first (big) step towards a mathematical definition
of what a fuzzy logic is in the sense of [2], because it describes the most usual way
in which logical systems happen to be semantically based on chains. In principle, this
definition might not be intrinsic in the sense that different implications could induce
different classes of linear models. Nevertheless, we will prove that for every (finite) =,
MODQ (L) coincides with the class of relatively finitely subdirectly irreducible models
of L. Moreover, for every algebra A of a reduced model, all its logical filters are up-sets
with respect to the order given by the implication set. When the order is total, the
up-sets are linearly ordered by inclusion, and hence logical filters form also a chain.
Thus, an easy method to show that an implicational logic is not semilinear consists in
giving a subdirectly irreducible algebra with two incomparable filters.

On the other hand, in the fuzzy logic literature the completeness of logics with
respect to chains is usually shown by means of linear filters, i.e. filters which induce
total orders in the quotient. One usually proves the Linear Extension Property LEP:

for every filter F and every a ¢ F, there is a linear filter F' O F such that a ¢ F'.

We study this and some related properties in our general framework showing that
it is equivalent to the semilinearity metarule and also to the fact that matrix models
are subdirect products of linear ones.

The outline of the paper is the following: after this introduction, Section 2 gives
the necessary basic notions from AAL that will be needed. Section 3 presents our
theory of implications and the hierarchy of implicational logics that they induce as an
expansion of the Leibniz hierarchy. The problem of showing mutual differences between
the classes is completely solved by a series of examples. Then we introduce the concept
of semilinear implication and show some of its general characterizations and important
consequences in finitary logics. Finally, Section 4 restricts the hierarchy of implicational
logics to the semilinear case, thus obtaining a new hierarchy of implicational semilinear
logics. Some classes are shown to collapse and others to be different. Well-studied classes
of fuzzy logics are shown to lie on the top of the classification.

This paper is the first part of our investigation on implicational (semilinear) logics.
We are currently preparing a follow-up paper [7] where we consider, in a similar fashion,
generalized disjunction connectives, and study their role in implicational logics. In
particular, it will show that the classical proof by cases property of disjunction allows
to characterize semilinearity, axiomatize semilinear logics, improve the results about
the intrinsic classes of linear models and characterize completeness w.r.t. particular
semantics in terms of embedding properties.



2 Preliminaries
2.1 Basic notions

For the development of the paper we need to recall the basic definitions and results of
Abstract Algebraic Logic.! We start with some syntactical definitions. The notion of
propositional language L is defined in the usual way (a set of connectives with finite
arity). By Fm, we denote the free term algebra over a denumerable set of variables
in the language £, by Fm, we denote its universe and we call its elements L-formulae
(we omit £ when it is clear from the context; analogously with other notions defined in
this section). The set of sequences (resp. finite sequences) of L-formulae is denoted by
Fm%w (resp. Fm3“). We denote by Eq, the set of L-equations, i.e. formal expressions
of the form ¢ ~ v, where p,9 € Fm . The endomorphisms of Fm, are traditionally
called L-substitutions.

An L-consecution® is a pair I' > ¢, where I' C Fm, and @ € Fmp. A consecution
I' > ¢ is finitary if I' is finite. Notice that a set of consecutions 1, can be understood
as a relation between sets of formulae and formulae; we often use an infix notation, i.e.
we write I' F1, ¢ instead of I' > ¢ € Fp,. We also write I" 1, A when I' b1, ¢ for every
p € A. Finally, we write I 41, A when I' b1, A and Ay, I

A propositional logic (also called sentential logic or just logic) is a pair L = (£, 1))
where £ is a propositional language and F, is a set of L-consecutions satisfying the
following conditions for every I' U AU {p, ¥} C Fm:

oL

if 'y, pand I' C A, then Ay, ¢

if 'k, o and Aby, I, then A by, .

if I' b1, o, then o[I'] b, o(p) for each L-substitution o.

B

A logic L is finitary if for every I' U {¢} C Fm, such that I" -y, p there is a finite
Iy C I' such that Iy Fp, .

A theory of a logic L is a set T of formulae such that if T' Fy, ¢ then ¢ € T. By
Th(L) we denote the set of all theories of L. Each propositional logic L defines a closure
system over the set Fm, whose closed sets are the theories of L and the corresponding
closure operator C over Fm, is defined as:

C(I) = (T € Th(L) | T C T} = {p € Fme | T Fr, o).

A logic can be presented by means of several kinds of proof systems. In this paper,
we consider mainly Hilbert-style systems. Given a logic L = (£,Fr), we say that a
set AS of L-consecutions is a presentation of L if the relation Fp, coincides with the
provability relation given by AS, i.e., for every I' U {¢} C Fmg, I' by, ¢ iff there is a
proof of ¢ from I' in AS. A proof (assuming that AS consists of finitary consecutions
only)3 is just a finite sequence of formulae (¢g, 1, ...,1¥n) such that ¥, = ¢ and for
every i < n either ¢; € I' or for some A > a € AS there is a substitution o such that

o(a) = ¢; and o[A] C {¢o, ..., Pi1}-

1 The reader can find comprehensive presentations of the field in the monographs [8,12] and
in the survey [13]. Any necessary background in Universal Algebra can be found in [5].

2 This term is borrowed from [1]; however, we use it in a very simplified version. The term
‘sequent’ is sometimes used instead.

3 In the infinitary case we would need to consider proofs as founded trees labeled by formulae
satisfying analogues of the conditions required in the finitary case.



Traditionally, propositional logics are given a semantics in terms of matrices. Given
a language £, an L-matriz is a pair A = (A, D) where A is an L-algebra and D is a
subset of A called the filter of A. A matrix is trivial if its algebra has only one element
and its filter is the singleton of this element. A homomorphism from Fm, to A is called
an A-evaluation. The semantical consequence with respect to a class of £-matrices K
is defined as:

I' =g o iff for each A € K and each A-evaluation e, e[I'] C D implies e(y) € D.

Clearly, (£, =k ) is a logic. We say that a matrix A is a model of L if by, C Ep.
Let MOD(L) be the class of all models of L. Each logic is complete with respect to
the semantics given by all of its models:

Theorem 1 Let L = (£,F1) be a logic. Then b1, = Epmobp(L)-

Given an L-algebra A, a subset FF C A is an L-filter if (4, F) € MOD(L). Let
Fir,(A) be the set of all L-filters over A. Observe that for every set T of formulae,
we have T' € Th(L) iff (Fm,,T) € MOD(L), i.e. Fir,(Fm,) = Th(L); these models
are called the Lindenbaum matrices for L. It is straightforward to check that Fiy, (A)
is closed under arbitrary intersections and hence it is a closure system. Let us recall
that a basis of a closure system C over a set A is a family B C C satisfying one of the
following equivalent conditions:

1. for every X € C\ {A} there is a D C B such that X =D,
2. for every Y € C and every a € A\'Y thereis Z € Bsuch that Y C Z and a ¢ Z.

A crucial notion for the classification of logical systems in Abstract Algebraic Logic
is the so-called Leibniz congruence of a matrix. Given a matrix A = (A, F), a binary
relation 24(F) C A x A is defined as:

(a,b) € Q4(F) if, and only if, for every L-formula o(z, Z), and @ € A< we have
©ta, @) € Fiff (b, ) € F.

Thus, we have defined the indiscernibility relation in A. This relation has an impor-
tant characterization. For an algebra A and a subset F' C A, a congruence 6 € Co(.A)
is said to be compatible with F' if for every a,b € A such that a € F and (a,b) € 6, we
have b € F.

Theorem 2 24(F) is the maximum congruence of A compatible with F.

Observe that when A is the algebra of formulae Fm/, the Leibniz congruence of a
theory T is given by the pairs (@, 3) such that for every formula in at least one variable
x(z), x(o) € T iff x(B) € T. Inspired by the famous Leibniz’s principle of equality of
indiscernibles, £24(F) is called the Leibniz congruence of (A, F). A matrix is said to
be reduced if its Leibniz congruence is the identity relation. Given an arbitrary matrix
A = (A, F), one can always produce a reduced one by factorizing through the Leibniz
congruence, i.e. A* = (A/QA(F), F/Q24(F)). Given a logic L, the class of its reduced
models is denoted by MOD*(L), and the class of algebraic reducts of MOD*(L) is
denoted by ALG*(L). Reduced models are enough to provide a complete semantics
for the logic:

Theorem 3 Let L = (£,F1) be a logic. Then b1, = Fyvop* (L) -



Matrices can be regarded as first-order structures where the filter corresponds to a
unary predicate. In this context, one can define the usual notions of substructure (now
called submatriz), isomorphism, homomorphism, strict homomorphism, direct product,
reduced product and ultraproduct for matrices. Given a class of matrices K, we will
denote by S(K), I(K), H(K), Hs(K), P(K), Pgr(K) and Py(K) the closure of K
under the mentioned operations.

The notion of subdirect product from Universal Algebra is also generalized to ma-
trices. A matrix M is said to be representable as a subdirect product of the family of
matrices {M; | ¢ € I} if there is an injective homomorphism « from M into the direct
product HiEI M; such that for every i € I, the composition of « with the i-th projec-
tion, m; o «v, is surjective. In this case, « is called a subdirect representation, and it is
called finite if I is finite. Let L be a logic and K € MOD*(L). A non-trivial matrix
M € K is (finitely) subdirectly irreducible relatively to K if for every (finite) subdirect
representation « of M with a family {M; | ¢ € I} C K there is ¢ € I such that 7; o«
is an isomorphism. The class of all relatively (finitely) subdirectly irreducible matri-
ces is denoted as K gpygr. If L is a finitary logic, one can prove that every matrix in
MOD* (L) is representable as a subdirect product of matrices in MOD*(L)ggy, which
immediately gives the following completeness theorem:

Theorem 4 Let L = (£,F1) be a finitary logic. Then -1, = Envop* (L)

RSI”

We will use the following characterizations for relatively (finitely) subdirectly irre-
ducible reduced models:

Proposition 1 Let L be a logic and A = (A, F) € MOD™(L). Then:

1. A € MOD*(L)rrsi if, and only if, F is finitely meet-irreducible in Fip,(A).
2. A € MOD*(L)gsy if, and only if, F is meet-irreducible in Fir,(A).

2.2 Leibniz hierarchy

Notice that 24 can be seen as a mapping from Fiy,(A) to Co(A); then it is called the
Leibniz operator. Some classes of logics are defined according to the behavior of this
operator. Let L. be a logic in a language £. Then:

1. L is called protoalgebraic if {2pp,, is monotone on Th(L), ie. Ty C Ty implies

rm, (T1) € 2Fm, (T2) for every T1,T> € Th(L).

2. L is called equivalential if 2py,,. is monotone and commutes with inverse substi-
tutions on Th(L), i.e.2pm, (0 [T]) = 0 [Q2pm, (T)] for every T € Th(L) and
every L-substitution o.

. L is called weakly algebraizable if 2, . is monotone and injective on Th(L).

4. L is called algebraizable if (2py,, is monotone, injective and it commutes with

inverse substitutions on Th(L).

w

All of these classes have been intensively studied and several nice characterizations
have been obtained.

Theorem 5 Let L = (L,Fr,) be a logic. The following are equivalent:

1. L s protoalgebraic.
2. For every L-algebra A, 24 is monotone on Fir,(A).



3. MOD*(L) is closed under formation of subdirect products.
4. There exists a set E(p,q, T) of formulae in two variables and possibly with param-
eters T such that:
- L E(p,p, T)
~ PUgepmse B0, @) Fr g
— U E(p,q, @) 1, E(c(sl,...,si,p,...,sn),c(sl,...,si,q,...,sn),ﬁ)
WGFm%“’
for every ﬁ € Fm%w, each {c,n) € L and each i < n.
5. There exists a set E(p,q, T) of formulae in two variables and possibly with param-
eters such that it defines the Leibniz congruence on every model of L, i.e., for every
A = (A, F) € MOD(L) and every a,b € A, (a,b) € 24(F) iff E*(a,b, ) C F
for every T in A.

Any set E(p, q, T) satisfying part 4 also satisfies part 5 and vice versa. These sets
are called parameterized equivalence sets.t

Theorem 6 Let L = (L, t1,) be a logic. The following are equivalent:

1. L is equivalential.

2. For every L-algebra A, 24 is monotone and it commutes with inverse images by
homomorphisms, that is, for every L-algebra B, every homomorphism h: A — B
and every F € Fip(B), Q4(c " F]) = o [2p(F)].

3. MOD*(L) is closed under formation of submatrices and direct products.

4. There exists a set E(p,q) of formulae in two variables such that:

- #L E(pvp)
- p,E(atLq
— E(p,q) b1, E(c(s1,--+,8i,Dye-»8n), (81, +38i,qy- -+, Sn))
for each {¢,n) € L and each i < n.

5. There exists a set E(p,q) of formulae in two variables such that it defines Leibniz

congruence on every model of L.

Again, any set E(p, q) satisfying part 4 also satisfies part 5 and vice versa. These
sets are called equivalence sets. It is clear that all equivalential logics are protoalgebraic.
Moreover, all the possible (parameterized) equivalence sets are mutually interderivable:

Proposition 2 Let L = (L, Fr) be a logic. Then:

— If L is equivalential and E(p,q), E'(p,q) C Fm, are equivalence sets for L, then
E(p,q) 41 E'(p, q).

— If L is protoalgebraic and E(p,q, T), E'(p,q, 7) C Fm, are parameterized equiva-
lence sets for L, then

UtE®.¢. @) | @ € Fmz*} 41 [ JIE'(p.q, @) | @ € Fmz¥}.

For finitary protoalgebraic logics, the relatively finitely subdirectly irreducible mod-
els can be described in the following way:

4 The remaining properties of equivalence (i.e. symmetry and transitivity) which are not
explicitly required in the syntactical conditions in 4, follow either directly from 5 or from 4 by
syntactical arguments.



Theorem 7 Let L be a finitary protoalgebraic logic complete with respect to a class
K C MOD*(L). Then MOD*(L)gps1 € HgSPy (KT), where KT is the class K plus
the trivial matriz.

The equational consequence relative to a class of algebras K is defined in the fol-
lowing way: II Ex ¢ &~ 1 if, and only if, for every A € K and every A-evaluation e, if
e(a) = e(P) for every o = (3 € I1, then e(p) = e(¥).

Given a collection IT C Eq, of equations and a parameterized set E(p, g, 7) of for-
mulae in two variables, E[II] denotes the set | J{E(p, ¥, @) | =v¢ € II, @ € Fm%w
of formulae. Using this notation, the following theorem shows that any (parameter-
ized) equivalence set provides a translation of the equational consequence relative to
ALG*(L) into the logic L.

Theorem 8 Let L = (L,F1) be a logic and E(p,q, 7) C Fmp. The following are
equivalent:

1. E(p,q,T) is a parameterized equivalence set for L.
2. p,U{E(p,q, @) | @ € Fm%w} b1, ¢ and for every IT U {p ~ ¢} C Eq, we have:
I Eavg L) ¢ & ¥ if, and only if, E[II] Fy, E(p ~ ¢).

Theorem 9 Let L = (L,br,) be a logic. The following are equivalent:

1. L is weakly algebraizable.
2. For every L-algebra A, 24 is monotone and injective on Fiy,(A).
3. For every L-algebra A, 24 is a lattice isomorphism of Fiy,(A) and Coarg+(v)(A)
(the complete sublattice of congruences giving a quotient in ALG™(L)).
4. L is protoalgebraic and for every L-algebra A and every F € Fir,(A), F/Q24(F) is
the least L-filter on A/ 4(F).
5. There exists a parameterized set E(p,q, T) of formulae in two variables and a set
E(p) C Eq, of equations in one variable such that:
— For every I U{p ~ ¢} CEqg, I FaLg+w) v =¥ iff E[I]FL E(p =),
— p "L E[E(p)]-

Given a set £(p) of equations in one variable and a set I" of formulae, £[I'] denotes
the set U{E(v) | v € I'} of equations.

Theorem 10 Let L = (L, tr,) be a logic. The following are equivalent:

1. L is algebraizable.

2. For every L-algebra A, 24 is injective and it commutes with inverse images by
homomorphisms.

3. For every L-algebra A, §24 is a lattice isomorphism of Fiy,(A) and Coarg+(r)(A)
that commutes with inverse images by homomorphisms.

4. There exists a set E(p,q) of formulae in two variables and a set E(p) C Eq,p of
equations in one variable such that:
— For every I'U{p} CFmg, I' by ¢ iff E[I'] Farg+ (L) £(¢),
- pRqFaLce ) €1E(p, q)] and E[E(p,q)] FaLc+(L) P~ 4
— For every 1 U{p ~ ¢} C Eqag, Il Farg-w) ¢ =¥ iff E[II] 1, E(e, 1),

p L E[E(p)].

In this case ALG*(L) is called the equivalent algebraic semantics of L.

If L is finitary, we can add:
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5. L is weakly algebraizable and ALG*(L) is a quasivariety.

We say that a (possibly parameterized) set E(p,q, 7) C Fm, of formulae in two
variables satisfies the G-rule in the logic L if p,q F1, E(p,q, 7). This property and
the finiteness of the corresponding sets E allow the definition of some other important
classes of logics. Let L be a logic. Then:

1. L is called finitely equivalential (algebraizable) if it is equivalential (algebraizable)
with a finite equivalence set.

2. L is called regularly weakly algebraizable if it has a parameterized equivalence set
satisfying the G-rule.

3. L is called regularly (finitely) algebraizable if it has a (finite) equivalence set satis-
fying the G-rule.

Theorem 11 A protoalgebraic logic L is reqularly weakly algebraizable iff MOD* (L)
is a unital class of matrices, i.e., filters in reduced matrices are just singletons.

All those classes constitute the so-called Leibniz hierarchy. They are depicted in
Figure 1 together with their subsumption order (with the largest class at the bottom,
i.e. infima are shown as joins in the usual depiction of a lattice). The intersection of
any two classes of the Leibniz hierarchy is exactly their infimum w.r.t. the subsumption
order. Examples showing that these classes are mutually different can be found in the
literature.

regularly finitely
algebraizable

SN

finitely regularly
algebraizable ‘/algebraizabl\e‘
finitely algebraizable regularly weakly
e%ivale& / \ ?raizable
equivalential weakly algebraizable

N/

protoalgebraic

Fig. 1 Leibniz hierarchy.

3 Implications and semilinear implications

First, we introduce some useful notation. Let £ be a propositional language and let
=(p,q, T) C Fm, be a set of formulae in two variables and, possibly, with parameters
7T (a sequence of variables). Given formulae ¢, 1 € Fm, and a sequence of formulae &,
=(p, 1, @) denotes the set obtained by substituting the formulae for the corresponding
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variables in =(p,q, 7), and ¢ =, 9 denotes the set | J{=(p, ¥, @) | @ € Fm%w .
Again, we omit the parameter £ when it is clear from the context. When there are no
parameters in the set =-(p, q) and it has only one element, we write ¢ — 1 instead of
¢ = 1. Moreover, we use the following notation for the symmetrized set: <(p,q, 7) =

= ¢, T)U=(g,;p, 7) and o & ¢ = (¢ = ) U (Y = ).

3.1 A hierarchy of implications

In this section, we consider a collection of properties typically satisfied by implica-
tion connectives and generalize them to sets of (parameterized) formulae, yielding a
hierarchy of generalized implications.

Definition 1 Let L be a logic and =(p,q, T) C Fm, a parameterized set of formulae.
We say that = is a weak p-tmplication in L if?

(R‘) FL()O:>90>

(MP) o= kL,

(T) p=>Y Y= xkLe =X,

(sCng) @ VL (X1 > Xir@yer-sxXn) = (X1s--r Xiry Wy -y Xn)

for each (¢,n) € £ and each i < n.

We change the prefix ‘weak’ to ‘algebraic’ if there is a set £(p) of equations in one
variable such that®

(Alg) p - <€)

We change the prefix ‘weak’ to ‘regular’ if

(Reg) @, Fr v = ¢.

We change the prefix ‘weak’ to ‘Rasiowa’ if

(W) oFLy =

Finally, if = is parameter-free we drop the prefix ‘p-’.

The consecutions (R), (MP), (T), (sCng), and (W) correspond to usual proper-
ties fulfilled by implication connectives: reflexivity, modus ponens, transitivity, sym-
metrized’ congruence and weakening. Furthermore, (Alg) (resp. (Reg)) corresponds to
the class of algebraizable (resp. regularly algebraizable) logics, as will be justified later.
Strictly speaking, the names of these consecutions should be parameterized by the used
implication (and the set £(p) in the case of (Alg)).

5 Throughout the paper we use acronyms inside parentheses to denote logical properties
expressed by the satisfaction of certain consecutions, and acronyms without parentheses to
denote metalogical properties.

6 Recall that E[IT] denotes the set J{E(p,%, @) | ¢~y € I, @ € Fm%w} of formulae.

7 Notice that we could also study the following symmetrized version of modus ponens (sMP):
p,p = ¥, = ¢ 1, Y. Many of the theorems we are going to prove would also be valid for
this more general notion, but due to the lack of any good motivating examples we are not
going to do so. The reader can easily recognize where we use full (MP) and which results
would hold more generally (see e.g. the next proposition). Notice that if = satisfies (W), then
(sMP) implies (MP). Indeed, from (W) we obtain ¢, = ¢ b, ¥ = ¢ and hence by (sMP)
we obtain ¢, p = 9 k1, P.
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Proposition 3 All the properties except (sCng) are preserved in any expansions and

(sCng) is preserved in those expansions in which the new connectives also have the
symmetrized congruence property.

Furthermore, if = is parameter-free, then all the properties are preserved in frag-
ments containing the language of = (and that of £(p) in the case of (Alg)).

Proof The only non-trivial part is to show the first claim for parameterized sets. We
present the proof for (T); the others are analogous. Let (£,1,) be a logic satisfying
(T) and (£, F1,) some of its expansions. We know that p =, q,q =, s k1, 6(p, s, 7)
for every d(p, q, 7) from =. We can safely assume that none of p, ¢, s occurs in 7. For
every U € sz,‘", we define an £'-substitution o by o(p) = ¢, o(q) = ¥, o(s) = x,
and o(7) = 7. Thus we obtain that o[p = ¢|,o[¢ = s] b1 6(p, x, 7). To complete
the proof, just notice that o[p =, ¢ C o =, ¢ and o[g =, s] S =,/ x.

Notice that, unlike in the definition of (parameterized) equivalence sets, we need
to require the transitivity condition in the case of weak (p-)implications. Another
crucial difference is the fact that the congruence property we had for (parameter-
ized) equivalences cannot be translated into weak (p-)implications by writing the weak
(p-)implication in the place of the (parameterized) equivalence, but we need to use the
symmetrized set in the hypotheses. Let us now clearly state the relation between the
equivalence and weak (p-)implication sets.

Proposition 4 Let L be a logic and = a weak (p-)implication in L. Then L is equiv-
alential (protoalgebraic) with the (parameterized) equivalence set <.

On one hand, observe that if L is an equivalential (protoalgebraic) logic then its
(parameterized) equivalence set is a weak (p-)implication in the sense of the defini-
tion above. Recall that all (parameterized) equivalence sets in a given equivalential
(protoalgebraic) logic are interderivable. On the other hand, there could be different
implications in a given logic, take e.g. the classical logic: both the implication and the
equivalence connective are weak implications in the sense of the definition above, in
fact, they are regular implications; but equivalence is not a Rasiowa implication.

Proposition 5 FEach Rasiowa p-implication is a regular p-implication and each reqular
p-implication is an algebraic p-implication.

Proof The first claim is trivial. To prove the second one, let o denote a formula in one
variable p such that 1, a (such formula clearly exists: take any formula from p = p
and substitute p for all parameters). Define £(p) = {p &~ a} and observe that (Reg)
gives the first part of (Alg), whereas the second part follows from (MP).

Several classes of logics are defined by the existence of distinct kinds of implications.

Definition 2 Let L be a logic. We say that L is a weakly/algebraically/regularly/Ra-
stowa- (p-)implicational logic if there is a (parameterized) set of formulae = which is
a weak/algebraic/regular/Rasiowa (p-)implication in L.

We add the prefix ‘finitely’if the set = is finite and we use the adjective implicative
instead of implicational if = is a parameter-free singleton.

8 Recall that an expansion of a logic can contain new connectives. Extensions are those
expansions where the language remains the same.
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Rasiowa-implicative logics were already defined in 1974 by Rasiowa [24] and weakly
implicative logics in 2006 by Cintula [6]. Notice that for the so-called conjunctive logics
(i.e., those having a definable binary connective A and consecutions oAV F ¢, o AY F 1,
and ¢, - @ A1, see e.g. [19]) the classes of finitely weakly implicational and weakly
implicative logic coincide (analogously in the algebraic, regular, and Rasiowa case).

Now we study the relation between the classes of logics just defined and those in
the Leibniz hierarchy. First notice that the first two claims of the next proposition
follow directly from Proposition 4, while the remaining ones are corollaries of the
characterizations of the corresponding classes in the Leibniz hierarchy presented in the
Preliminaries.

Proposition 6 The following pairs of classes of logics coincide:

— weakly p-implicational logics and protoalgebraic logics,

(finitely) weakly implicational logics and (finitely) equivalential logics,

— algebraically p-implicational logics and weakly algebraizable logics,

— regularly p-implicational logics and regularly weakly algebraizable logics,

— (finitely) algebraically implicational logics and (finitely) algebraizable logics,

— (finitely) regularly implicational logics and (finitely) regularly algebraizable logics.

Proposition 7 Let L be a weakly implicative logic. If L is regularly/algebraically
p-tmplicational, then it is reqularly/algebraically implicative.

Proof Since L is regularly p-implicational, we know that there is a parameterized equiv-
alence set E such that ¢, b1, E(p,1,7). On the other hand, since L is weakly im-
plicative, we know that {p — ¢,q — p} is an equivalence set as well. Since all (param-
eterized) equivalence sets are interderivable, the claim follows easily. The proof for the
other case is analogous.

Thus, we have obtained a new classification of logics expanding the Leibniz hier-
archy as drawn in Figure 2. We call it the hierarchy of implicational logics.9 However,
our intention is not to replace the traditional terminology. We only have provided a
new systematic way to describe it: on one axis, we are simplifying the structure of
an implication and go from p-implicational, implicational, and finitely implicational
to implicative; on the other axis, we strengthen the properties of the implication and
use the prefixes ‘weakly’, ‘algebraically’, ‘regularly’, or ‘Rasiowa-’. In the rest of the
paper, we will use the traditional names for particular old classes, and we will use the
new systematic names only for the new classes or when we need to formulate general
theorems for more classes at once (see e.g. the previous or the next proposition).

Proposition 8 Let L be an algebraically/regularly p-implicational logic. Then any
weak p-implication is algebraic/reqular.

Obviously, the analogous statement is not true for Rasiowa p-implications.

Theorem 12 All classes of logics in the implicational hierarchy depicted in Figure 2
are mutually different.

9 The class of finitely protoalgebraic logics (finitely weakly p-implicational logics) has not
been investigated so far as part of the Leibniz hierarchy. For this reason, and because
they would make the diagram 3-dimensional, we will also disregard the classes of finitely
algebraically /regularly/Rasiowa- p-implicational logics.
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Rasiowa-implicative

/N

regularly finitely
implicative Rasiowa-implicational
algebraically regularly finitely Rasiowa-implicational
implicative algebraizable / \
weakly finitely regularly Rasiowa-p-implicational
implicative algebraizable ‘/algebraizable /
finitely - finitely algebraizable regularly weakly — regularly
weakly implicational equivale&l / \\ / algebraizable ™ p-implicational
weakly implicational = equivalential weakly algebraizable = algebraically

\\ / p-implicational

weakly p-implicational = protoalgebraic

Fig. 2 The hierarchy of implicational logics

Below we give a series of examples which proves this theorem: the first three ex-
amples show the strictness of all right-to-left arrows; the next three ones show the
strictness of all left-to-right arrows.

Example 1 Let us consider the following examples showing the separation of classes in
the hierarchy of implicational logics:

1. Consider first the equivalence fragment of classical logic. This logic is clearly
regularly implicative and we show that it is not Rasiowa-p-implicational. We know that
this fragment is complete with respect to the two-valued matrix M = ({({0, 1}, <), {1}),
where < is the classical equivalence operation. Assume that there is a Rasiowa p-impli-
cation =. We know that =,z = y = y. Take an evaluation e such that e(z) = 1 and
e(y) = 0. There has to be a formula x(z,y, Z') € = and a sequence of formulae w (i.e.
v = x(z,v, E)) € = = y) such that e(p) = 0. Let us define a substitution o(v) = z if
e(v) = 1 and o(v) = y otherwise. Define the formula ¢ = x(z,y, M) Observe that
@ = o, it has just two variables z and y, ¢ € z = y, and e(p) = 0. Let us write it as
#(1,0) = 0. Observe that from (R) we obtain ¢(1,1) = ¢(0,0) = 1 and from (W) we
obtain that also ¢(0,1) = 1. Thus we conclude that ¢ is the classical implication. As
classical implication is not definable in the pure equivalence fragment, we have reached
a contradiction and the proof is done.

2. Let UL be the Uninorm Logic studied in [22]. This logic is algebraically im-
plicative but it is not regularly weakly algebraizable. Indeed, it has a binary primitive
connective — which fulfills the properties of algebraic implication; however, it is not reg-
ularly weakly algebraizable because MOD™(UL) is not unital (see Theorem 11). We can
find many other examples with these features among well-known substructural logics:
for instance, in [14], all the axiomatic extensions of FL which are not extensions of FLy.
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3. Consider the truth-degree-preserving three-valued Lukasiewicz logic L§ defined
in [3]: I’ ):LE ¢ if, and only if, for every evaluation e on the three-element Lukasiewicz
chain, min{e(y) | v € I'} < e(p). This logic is weakly implicative with E(p,q) =
{(p < ¢)*} but it is not weakly algebraizable, as shown in [3]. A better known example
of the same sort is the logic BCI which is clearly weakly implicative but known to be
not weakly algebraizable (see [4]).

4. Let L be the logic in the language £ = {—1, —2} with two binary connectives
given by the matrix A with a three element domain {0, a,1}, the filter {1} and the
operations

—1 = |

= O =O

= o=
= e
o O =IO
— o= e
e

0 0
a a
1 0 1

We show that L is finitely Rasiowa-implicational but not weakly implicative. On one
hand, it is easily checked that the finite set p = ¢ = {p —1 q,p —2 ¢} is a Rasiowa im-
plication. On the other hand, assume in search of a contradiction that a formula §(p, q)
defines a weak implication. Observe that the element a never appears in the truth-table
of a non-atomic formula. Due to (R) and (MP) the truth-table for ¢ has to look like this:

Operations definable in A are obtained as combinations of atoms by —; and —5. One
can prove that the truth-table of any binary operation has at most two zeros (it is
routine to check the claim for definitions involving only two primitive operations, and
then observe that, because of the definitions of —; and —2, any other combination
will have the same property). Therefore, § is not a weak implication, because it fails
to satisfy (sCng): 6(0,a) = §(a,0) =1, but also 6(a —1 a,a —1 0) = 0.

5. Dellunde’s logic presented in [9] is finitary and regularly algebraizable but it is not
finitely equivalential. It is, as far as we know, the only example with these properties one
can find in the literature. We can improve her example to show Rasiowa-implicational
logics which are not finitely equivalential logic. We will do it in two different ways:

5.1. First, let L be any regularly algebraizable logic not finitely equivalential, for
instance that given by Dellunde. Let < be an infinite equivalence set without param-
eters for L, consider the class of its reduced models MOD™ (L) and define any linear
order <A for each A € MOD™ (L) such that the unique element in the filter, say ta,
is the maximum (recall that every reduced matrix is unital). We expand the language
by adding a new binary connective A and expand the matrices by defining for each
A € MOD*(L) and each a,b € A: a A2 b=aif a <a b, a A* b = b otherwise. Let L
be the logic of these expanded matrices which, obviously, is a conservative expansion
of L. Define the set p = ¢ = pA ¢ < p. Now, for every expanded matrix A = (A, {ta})
and a,b € A:a =8 b= {ta} if aABb o a= {ta} if aAN®b=aiffa <p b
Therefore, it is clear that = is a Rasiowa implication in La. To show that it is not
finitely equivalential, first observe that < is also an infinite equivalence set without
parameters for La. If Lo would have a finite equivalential set, then it would be finite
subset <>¢ C <>, due to Proposition 2. But then, since L is a conservative expansion
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of L, <o would be an equivalence set for L. as well — a contradiction. Moreover, since
it is a conservative expansion of L, it cannot be finitely equivalential.

5.2. Second, we will construct a particular example by generalizing the ideas in
the previous example of a finitely Rasiowa-implicational but not weakly implicative
logic. Let ({—;| ¢ € w}, ) be the logic, where all connectives are binary, given by the
matrix A with domain w™, the filter {w} and the operation —:

—0 | O 1 2 R e i+1 w
0 woow  w w w w w
1 woow  w w w w w
2 w 0 w w w w w

i—1 | w 0 0 w w w w
i w 0 0 0 w w e w

i+1 | w 0 0 0 0 w w
w 0 W w w w w w

and —; for every i > 0:

—; | 0 1 2 i—1 1 i+1 w
0 w o ow  w w w w w
1 w ow  w w w w w
2 w 0 w w w w w

i—1 | w 0 0 w w w w
7 0 0 0 0 w w w

i+1 0 0 0 0 w w
w woow  w e w 0 w e W

Notice that the truth table of —g has to be defined separately as 0 HOA 0=w
rather than O (as tables for ¢ > 0 could suggest). It is easily checked that the set
p=q={p—iq|i€w}is an infinite Rasiowa implication. Assume that L is finitely
equivalential, i.e. there is a finite equivalence set E’. If we show that for each formula
»(p, q) of two variables, there is at most one j € w such that goA (w, j) # w, the proof is
done. Indeed, in such a case there has to be a j € w such that B (w, j) = {w} (because
E' is finite) and so E’ cannot define the Leibniz congruence on A for it identifies an
element in the filter with some element outside.

We show the needed fact by induction over the complexity of the formula. First no-
tice that for non-atomic formulae 1) we have 1 (w,j) € {0,w}. We distinguish several
cases:

—p=p—q @A(w,j);éwiffj:i.
— @ =1 —; p: clearly apA(w,j) = w for each j € w.
— @ =q —; ¢ clearly goA(o.z,j) = w for each j € w.

Assume that 1) # ¢ and x is not an atom:

— =Y —;q @A(w,j)#wonly if j = 1.
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—p=q—;x: ¢ (wj) #wonlyif j =i.

— @ =1 —; x and i > 0: p™(w, j) = w for each j € w.

— =1 —0x: goA(w,j) # w only if XA(w,j) = 0. From the induction assumption
we know that x™*(w,j) # w for at most one j € w.

6. The logic of ortholattices (and, in general, any orthologic which is not orthomod-
ular) is regularly weakly algebraizable but it is not equivalential (see [8, Chapter 4.7.]).
Another example of such a situation is a subtractive logic defined by Agliano and Ursini
(as proved in [8, Page 368]); it is the logic L given by a finite matrix A with filter {1}
and the following binary operation:

QL O o |+
&nwap—tj
R 0 = Q|9
IS SIS R
= =2 2 o|a
== Q o Q|

The set p & g = {(p+u)+ (¢+u)} is a parameterized equivalence for L. Moreover
one can prove that L is regularly weakly algebraizable (because it is assertional; see [8])
but not equivalential (because the class of its reduced models is not closed under sub-
matrices; see Theorem 6). We can build from this example a Rasiowa p-implicational
logic which is not equivalential. It is enough to repeat the trick we have used in Ex-
ample 5.1. Consider the linear ordering d < ¢ < b < a < 1 and expand A with a
binary connective A such that for every z,y € A,z Ay=zifx <y,andz Ay =y
otherwise. Let La be the logic of the expanded matrix. Again, L is a conservative
expansion of L. The parameterized set p = ¢ = p A ¢ < p is a Rasiowa p-implication
for La. Moreover this logic is not equivalential because the submatrix defined on the
subuniverse {c, d, 1} is not reduced (its Leibniz congruence identifies ¢ and d).

An interesting question is whether the relation of subsumption has the same nice
intersection property that the original Leibniz hierarchy has, i.e. the intersection of
any two classes is their infimum w.r.t. the subsumption order. Of course, everything
works fine in the original part of the hierarchy and due to Proposition 7 also in the
weakly /algebraically /regularly implicative part. The rest is an open problem:

Problem 1 What are the intersections in the hierarchy involving Rasiowa classes?

3.2 Semantics of implications

The syntactical notion of a weak p-implication that we have introduced has a natural
semantical counterpart: a preorder in the models that becomes an order in the reduced
models. Let us formalize this notion.

Definition 3 Let L be a logic, = a weak p-implication, and A = (A, D) a matrix.
We define a binary relation SX on A by: a §X biffa = b CD.

Proposition 9 Let L be a logic, = a weak p-implication, and A = (A, D) € MOD(L).
Then:

— <X is a preorder.
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The symmetrization of <% is the Leibniz congruence of A, i.e. 24(D) =
= =1
<K N(SK) -
— <X is an order if, and only if, A is reduced.
— D is an up-set w.r.t. <%, i.e. ifa € D and a <} b, then b € D.

Proof All the properties are easily checked.

If there is a weak p-implication = in L, then, by virtue of Theorem 3, L is complete
with respect to the class of ordered matrices. Also, for an L-matrix A and a weak
p-implication = we call SZ the matriz (pre)order of A. The following theorem shows
an interesting link between reduced models and the regularity of implication.

Theorem 13 Let L be a logic and = a weak p-implication. Then:

— = is a regular p-implication if, and only if, for each A = (A, D) € MOD*(L),
there is an element a € A such that D = {a}.

— = is a Rasiowa p-implication if, and only if, for each A = (A, D) € MOD*(L),
there is an element a € A such that D = {a} and a is the mazimum of <% .

Proof The first claim follows from Theorem 11. For the second claim, assume that =
is a Rasiowa p-implication, i.e. ¢ 1, p = ¢, and take any A = (A, D) € MOD*(L).
By the first claim, D = {a} for some a € A. Let b be an arbitrary element of A and
e and A-evaluation such that e(q) = a and e(p) = b. Then b = ¢ = {a} and hence
b <% a. Conversely, if all reduced matrices have a singleton filter whose element is the
maximum, then it is clear that ¢ k1, p = q.

Given a logic L with a weak p-implication = (i.e. a protoalgebraic logic) and a
matrix A = (A, D) € MOD*(L), we denote by [D, A] the set of all filters from Fiy,(A)
that contain D. Recall that Fip,(A) is a complete lattice (hence bounded) where the
meet is the set intersection, the bottom is the intersection of all filters and the top is
the set A, and thus [D, A] is a complete sublattice. It is easy to show that if L is weakly
algebraizable, then we actually have Fi,(A) = [D, A]. Let us denote by Up~ (A) the
complete bounded lattice of §Z>—up—sets.

Proposition 10 Let L be a logic, = a weak p-implication, and A = (A, D) a reduced
matriz. Then [D, A] forms a sublattice of Up™ (A).

Proof Take any D’ € [D, A] and consider the matrix A’ = (A4, D’). Assume that a € D’
and a <% b. Then a =A b C D and, since D C D', we obtain a <A b. As we know,
D’ is an up-set w.r.t. <%, and thus we obtain b € D', and hence D' € Up™ (A).

Definition 4 Let L be a logic, = a weak p-implication, and A = (A4, F) € MOD(L).
Then F is called =-linear if gj is a total preorder, i.e. for every a,b € A, a =4 CF
orb=*qa C F. Furthermore, we say that A is a linearly ordered model (or just a linear
model) with respect to = if SZ is a linear order (equivalently: F' is =-linear and A is
reduced). We denote the class of all linear models with respect to = as MODY, (L).

Observe that the class of linear models is not intrinsically defined for a given logic:
it depends on the chosen implication. However, we shall see later that, in a reasonably
wide class of logics, all semilinear implications define the same linear models. But even
in the general case we can make an interesting observation about the linear models.
Observe that, if <% is a linear order, then Up~ (A) is linearly ordered by inclusion,
and hence by Proposition 10 we easily obtain the following corollary:
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Corollary 1 LetL be a logic, = a weak p-implication, and A = (A, D) € MOD (L).
Then [D, A] is linearly ordered by inclusion.

Theorem 14 Let L be a protoalgebraic logic. Then MODQ (L) € MOD*(L)Rrysr for
any weak p-implication.

Proof Given any linear model (A, D), we know that the filters in [D, A] are linearly
ordered and, hence, D is finitely meet-irreducible. Thus, by Proposition 1, the model
is relatively finitely subdirectly irreducible.

Another interesting question is under which conditions the =--linear theories form
a basis of the closure system Th(L). We formulate this question as a kind of extension
property:lo LEP. Our characterization is based on a generalization of the so-called
‘Prelinearity property’ (see [6]). However, we prefer the new name ‘Semilinearity Prop-
erty’, following the tradition of Universal Algebra to call a class of algebras ‘semiX’
whenever its subdirectly irreducible members have the property X (see Theorem 16).

Definition 5 Let L = (£,F1,) be a logic and = a parameterized set of formulae. We
say that L has the

— Linear Extension Property LEP with respect to = if for every theory T' € Th(L)
and every formula ¢ € Fm/\T), there is a =-linear theory T" D T such that ¢ ¢ T".
— Semilinearity Property SLP with respect to = if the following metarule is valid:

INe=4yky x Iy =oky x
Fl—LX

Notice that LEP and SLP are properties of the pair (L, =); however, we will often
slightly abuse the terminology by saying that just a logic or a set of formulae has one
of these properties when the other element of the pair is clear from the context. The
proof of the next proposition relating LEP and SLP can be obtained as a generalization
of [6, Lemmata 10 and 11].

Proposition 11 Let L be a logic and = a parameterized set of formulae. Then we
have:

— IfL has the LEP, then it has the SLP.
— If L is finitary, then L has the LEP iff it has the SLP.

The next theorem shows that, in finitary logics, the notion of the LEP can also be
meaningfully defined for other than the Lindenbaum matrices. !

Theorem 15 Let L = (L£,F1) be a finitary logic with the LEP and A € ALG"(L).
Then the linear filters form a basis of Fiy,(A).

Proof We must show that for each F' € Fip,(A) and t € A\ F there is an =-linear
filter F’ O F such that t ¢ F'. We distinguish two cases based on the cardinality of A.

10 Recall the equivalent definitions of basis in the Preliminaries.

11 This theorem can be seen as one of the so-called transfer theorems in the theory of
g-matrices (see [13]), since it transfers a property (in this case the LEP) from the Linden-
baum basic full g-models to other basic full g-models.
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1) Firstly assume that A is at most countable. We can assume that the set of
propositional variables contains (or is equal to) the set {vq | a € A}. Let p(vay, ... va,)
mean that a formula ¢ includes variables vq,, .. .vq,,, and by @A(al, ...an) the value
of ¢ in A in the evaluation e(vq;) = a;. Consider the theory T axiomatized by the
following set of formulae:

I'={vq|a€eF} U U ©(Vars---Va,) € VpA(ay,...an)-

#(Vay »--Vay, )EFmMe

Clearly, vy € T (because for the A-evaluation e(vq) = a we obtain e[I'] C F and
e(vt) € F). Now we use the LEP to obtain a linear theory T’ D T such that v; & T".
Consider a subset of A defined as I’ = {a | vq € T'}. Clearly F’ O F and t ¢ F’, what
remains to be shown is that F’ € Fir,(A) and it is linear.

Linearity is simpler: if we show that ve = v, C T’ implies a =4 p C F’, the
proof can be finished by the linearity of 7”. To show a =4pC F’, we need to have
XA(a, b, 7) € F' for any x € = and any vector 7 of values assigned to the parameters
of x. From our assumption we know that x(va, vy, 77) € T and from the construction of
T’ we have x(vq, vy, T7) < Uy A (a,h,T) C T’ and so by (MP) we obtain VyA(ah, ) € T
and hence XA(a, b, 7)€ F'.

To show that F' € Fip,(A), we first prove the following chain of equivalences
for any A-evaluation e and any formula ¢(py,...pn): e() € F'iff vy € T iff
VA (e(pr),..e(pn))) € T’ iff Y(Ve(py)r -+ -1 Ve(pn)) € T' iff o1 € T’ for the substitu-
tion op = v(p). The first equivalence is the definition of F”, the second and the last
ones are simple, and the third one follows from the fact that zp(ve(pl)7 RN ve(pn)) &
VA (e(p1),enre(pn)) & T’ and (MP). Assume that S I, ¢ and for some A-evaluation e
it is the case that e[S] C F’. Using the chain of equivalences, we obtain ¢[S] C T’ and
thus also o € T (because o[S] -1, o). Thus finally e(p) € F'.

2) Secondly assume that A is uncountable. We introduce a new set of propositional
variables VAR = {v, | a € A}; we can safely assume that it contains the original
propositional variables. We define a new logic L’ in the language £’ which has the
same connectives as £ and atoms from VAR (let us, in this proof, assume that the set
of atoms is part of the notion of a propositional language) in the following way: T b1/ ¢
iff there is finite subset 7/ C T and L’-substitution ¢ such that o[T'] U {o¢} C Fm,
and o[T’'] 1, 0. From [8] (remark after Exercise 0.3.3.) we know that L is a finitary
logic and it is a conservative extension of L.

Notice that = is a weak p-implication in L’; we show that L’ has the SLP: assume
that T, = 9 ki, x and T,9 = ¢ ks x. Since L’ is a finitary logic, we know
that there is a finite 77 C T such that 7", = % Fi, x and T,¥ = ¢ k1 x.
Obviously, there is an £'-substitution o such that o[T'] U {op, c¢pox} C Fm . Clearly
also o[T'],0¢ = oy k1 ox and o[T’],0¢ = o k1, ox. Using the fact that L’
expands L conservatively, we obtain ¢[T"], 0 = o1 F, ox and o[T']oy) = o b, o).
From the SLP of L we know that U[T’} 1, ox. The definition of L’ gives T by, x and
thus we obtain the SLP in L',

By the previous proposition (notice that the cardinality of the set of atoms does
not play any réle in its proof), L’ has also the LEP. Knowing this, we can repeat the
constructions from the first part of this proof; we construct 7' (we obtain vy ¢ T' from
the obvious observation that A € MOD*(L’)), T (because L’ has the LEP), and F".
The rest of the proof is fully analogous.
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3.3 Semilinear implications

Now we introduce the central concept of a semilinear implication which, among others,
provides another characterization of the LEP and allows us to characterize implications
such that the converse inclusion of Theorem 14 holds.

Definition 6 Let L be a logic and = a weak p-implication. We say that = is a weak
semilinear p-implication if F1, = Epope @)
=

Theorem 16 (A characterization of semilinear implications) Let L be a logic
and = a weak p-implication. Then the following are equivalent:

1. = is semilinear in L,
2. L has the LEP w.r.t. =.

Furthermore, if L is finitary, the list of equivalences can be expanded with:

8. L has the SLP w.r.t. =,
4. MOD*(L)gs1 € MODX, (L).

Moreover, if = is finite (but possibly with parameters), we can add:

5. MOD* (L)grst € MODX (L).

Proof The equivalence of 1 and 2 is proved by generalizing the proof of [6, Theorem 1];
2 and 3 are equivalent due to Proposition 11; 4 implies 1 is an easy consequence of
Theorem 4; we prove that 2 implies 4. Assume that A = (A, F) ¢ MODQ (L). If
A ¢ MOD*(L), then trivially A ¢ MOD™(L)grsr. Assume that A € MOD™(L). By
the LEP and Theorem 15 we obtain that F' is the intersection of all =-linear filters
containing F' and, since F' is not =--linear, it follows that F' is meet-reducible. By
Proposition 1 we obtain A ¢ MOD*(L)ggr-

Clearly 5 implies 4, thus to complete the proof we just show that 1 implies 5:
from the assumptions we know that L is a finitary protoalgebraic logic complete with
respect to the class MODQ (L), which clearly contains the trivial matrix. Thus, from
Theorem 7, we obtain MOD* (L)grrs; € HsSPy (MODQ (L)). By [8, Theorem 0.6.1]
we know that SPy(MODY (L)) € MOD(L). It suffices to show that the matrix
preorder is linear for each matrix in SPy(MODY, (L)) (since all models in MODY, (L)
are reduced and Hg only yields isomorphic copies when applied to reduced matrices).
Consider the matrices as first-order structures with one unary predicate F'. The matrix
preorder can be formally defined as:

a<F bl A YT( A Flx(a,b D).
XE=
Then the fact that <% is a linear ordering is expressible in the first-order language
and hence preserved under Py. Finally, the preservation under S is obvious.

Note that the implication ‘1 implies 3’ holds even without the additional assumption
of finitarity of the logic (by Proposition 11). Also the implication ‘5 implies 1’ holds
even without the additional assumption of finiteness of the implications.

The previous theorem has several interesting and important corollaries. From The-
orem 14 we obtain that, at least for finitary logics, being the class of linear models
with respect to any finite semilinear implication is an intrinsic property of a logic, for
it corresponds to the class of relatively finitely subdirectly irreducible matrices.
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Corollary 2 Let L be a finitary protoalgebraic logic. Then, for any finite weak semi-
linear p-implication =, the equality MOD* (L)gps1 = MODQ (L) holds.

The restriction to finite implications in this corollary (and in the last part of the
previous theorem) is certainly an eyesore, but fortunately can be removed in a wide
class of logics (namely, those having a suitable definable disjunction, as proved in the
follow-up of the present paper [7]).

The second corollary uses the trivial observation that ¢, = ¢ 1, 1 = ¢ and for
regular implications also ¢, ¢ = ¥ 1, 1 = . Thus, if = is semilinear, we can use the
SLP to obtain that = is a Rasiowa implication.

Corollary 3 Fach regular semilinear p-implication is a Rasiowa p-implication.

Another interesting corollary is obtained by a simple observation that the LEP of
a logic is preserved in all its axiomatic extensions.

Corollary 4 Let L be a logic and = a weak semilinear p-implication. Then = 1is
semilinear in every axiomatic extension of L.

This corollary will be particularly useful for showing that some logic has no semi-
linear implication: all we have to do is to find an axiomatic extension with this property.

It is quite easy to show that an implication in some logic is not semilinear, consider
e.g. the normal implication of the intuitionistic logic. The well-known fact that the
linear Heyting algebras do not generate the variety of Heyting algebras does the job.
The next proposition uses the characterization theorem (together with Corollary 1) to
show much more: there is no weak semilinear p-implication definable in the intuitionistic
logic, i.e. not only the standard nice Rasiowa implication given by a single formula is
not semilinear but even if using an infinite set with parameters we could never obtain
an implication whose linearly ordered Heyting algebras would generate the variety of
Heyting algebras.

Proposition 12 No weak semilinear p-implication is definable in intuitionistic logic.

Proof We provide two alternative proofs of this fact. First a very simple ad hoc one, and
then a more sophisticated proof using the machinery introduced in the present paper
which has the advantage of providing a general method for showing the undefinability
of weak semilinear p-implications in many logics.

1. Assume that = is a weak semilinear p-implication in intuitionistic logic; we show
that p = ¢ 4Fpc p — ¢ (where — is the usual intuitionistic implication), which
entails that — is a semilinear implication—a contradiction. One direction is simple:
from p,p = q Frpc ¢ we obtain (using the Deduction Theorem:) p = g Fipc p — ¢.
The reverse direction: using the first direction we obtain ¢ = p,p — q Fipc ¢ — p.
Since, trivially, ¢ = p,p — q F1pc p — ¢ and all equivalence sets are interderivable
(Proposition 2), we obtain ¢ = p,p — ¢ bFipc p = ¢. Now, using the trivial fact
that p = ¢,p — g Frpc p = ¢ and the SLP, we conclude that p — g Fipc p = q.

2. Consider IPC in the language £ = {A,V,—, L, T}. It is well known that it is a
regularly algebraizable logic whose equivalent quasivariety semantics is the variety
of Heyting algebras (HA) with E(p,q) = {p — ¢,¢ — p} and E(p) = {p~ T}. On
one hand, the regularity implies that the class of reduced models is unital, hence the
filters of these models are just singletons of the form {TA}‘ On the other hand, the
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Leibniz operator defines a bijective correspondence between filters and congruences
in any Heyting algebra and hence {TA} is meet-irreducible in Fipc(A) if, and
only if, the identity relation is meet-irreducible in Co(A), i.e. A is subdirectly
irreducible. Thus, MOD*(IPC)grg; = {<A7{TA}> | A € HAgr}. Assume now, in
search of a contradiction, that =(p,q, T) C Fm, is a weak p-implication in IPC.
By Theorem 16, we have {(A,{T*}) | A € HAg;} € MODX (IPC). Now, it is
sufficient to consider a subdirectly irreducible Heyting algebra where the natural
lattice order is not linear (it is well-known that such algebras exist) and it will have
two incomparable filters (IPC-filters are known to be the same as lattice filters over
the Heyting algebra). Then Corollary 1 yields the contradiction.

Corollary 5 Let L be the logic of any quasivariety of pointed residuated lattices"?
containing the variety of Heyting algebras. Then there is mo weak semilinear p-im-
plication definable in L.

Let us give a list of some well-known logics falling under the scope of the previous
proposition: the multiplicative-additive fragment of (Affine) Intuitionistic Linear logic,
Full Lambek logic (possibly extended by exchange/weakening/contraction), Relevance
logic R. On the other hand, observe that the second proof of Proposition 12 can be
extended to many other protoalgebraic finitary logics L: all one needs to do is to find a
relatively subdirectly irreducible member of MOD*(L) with two incomparable logical
filters. For instance, consider the variety V' of pointed residuated lattices generated by
the symmetric rotation (for this construction, see e.g. [15,20]) of all Heyting algebras.
Clearly, its corresponding logic has an involutive negation, that is, it proves =—¢p — .
Exactly the same reasoning as before yields that no weak semilinear p-implication
is definable in this logic and thus the same holds for the logic of any quasivariety
of pointed residuated lattices containing V. In particular, this shows that no weak
semilinear p-implication is definable in Girard’s Linear logic (precisely, in its reduct in
the language of pointed residuated lattices).

We close this subsection with another corollary of Theorem 16 that shows that
semilinearity of implications is preserved under intersections of logics; we also discuss
some of its consequences.

Corollary 6 Let = be a parameterized set of formulae, T be a family of logics in the
same language and L its intersection. If = is a weak semilinear p-implication in every
logic of Z, then so is it in L.

Proof We show that L has the LEP. Let T be an L-theory and ¢ ¢ T, i.c. T 7 . Thus
there has to be a logic L € 7 such that T t/1, ¢, i.e. ¢ € T where T is the L-theory
generated by 7. Thus by the LEP of L there is a linear L-theory 7 D T D T and
@ & T'. Since T' is clearly an ﬁ—theory as well, the proof is complete.

The following theorem states that each logic with an implication can be extended to
the weakest logic where that implication is semilinear. The claim is a trivial consequence
of the previous corollary because any weakly p-implicational logic has at least one
extension where its weak p-implication is semilinear, namely the inconsistent logic.

Theorem 17 Let L be a logic and = a weak p-implication. Then there is the weakest
logic extending L where = is semilinear (the intersection of all its extensions where =
is semilinear). Let us denote this logic as Lg.

12 See e.g. monograph [14].
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In the paper [7] we show how to axiomatize L. . However, determining a complete
semantics is simple, as described in the following straightforward proposition.

Proposition 13 Let L be a logic and = a weak p-implication. Then }—Le:> = |:MODZ:(L)
and MODY, (LL,) = MODY, (L).

Moreover, we can show that if a logic L is finitary, than so is Lg.

Proposition 14 Let L be a finitary logic and = a weak p-implication. Then Le:> 18
finitary.

Proof Recall that the finitary companion of a logic S, denoted as FC(S), is defined as
follows: I' Fr¢(s) ¢ iff there is a finite subset Iy C I such that Ip g ¢. Observe
that FC(S) is the largest finitary logic contained in S. Thus, since L is finitary, we
know that L C FC(LL) C LY . If we show that = is semilinear in FC(L% ) we obtain
FC (Lg) =LY% and hence LY, is finitary. Actually, one can easily show in general that
if = is semilinear in a logic S, then so is it in FC(S), just by checking that satisfaction
of the SLP is preserved.

Finally, observe that if L is finitary and = a weak p-implication, then Ll; is the
intersection of all the finitary extensions of L where = is semilinear.

4 The hierarchy of implicational semilinear logics

According to [2], fuzzy logics are the logics of chains in the sense that they enjoy a
complete semantics based on linearly ordered algebras. Such a claim must be read as a
methodological statement, pointing at a roughly defined class of logics, rather than a
precise mathematical description of what fuzzy logics are, since there could be many
different ways in which a logic might enjoy a complete semantics based on chains.
Nevertheless, the framework we have developed in the present paper provides, in a
natural way, a particular technical notion corresponding to this intuition. We define
implicational semilinear logics as logics possessing some weak semilinear p-implication.
Obviously, they are fuzzy logics in the sense of [2] for they happen to be complete w.r.t.
the class of models where the weak semilinear p-implication induces a linear order.
Notice that we choose the term ‘semilinear’ instead of ‘fuzzy’ in spite of the fact
that a first step towards the general definition we are offering here had been done by
the first author in [6], where he defined the class of weakly implicative fuzzy logics (in
our new framework: logics with a weak semilinear implication given by a single binary
connective). We have realized that the attempt of [6] to use the term ‘fuzzy’ to formally
define a class of logics was rather futile because the word is heavily charged with many
conflicting potential meanings which are hard to be put away for many. Therefore,
we have now opted for the new neutral name ‘semilinear’ (which, on the other hand,
has the advantage of describing an equivalent algebraic property in the finitary case)
although our intention remains the same: to capture the class of fuzzy logics among the
protoalgebraic ones (originally, among the weakly implicative ones only). Nevertheless,
by doing so we do not expect to capture in a mathematical definition the whole intuitive
notion of an arbitrary fuzzy logic yet, for there could be (and some works in the
literature suggest that this is the case; see e.g. [3] or some recent work on modal
fuzzy logics) several other ways in which a logic might have a complete semantics
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somehow based on chains. But at least we aim to clearly define a broad class of logics
which can arguably be regarded as fuzzy logics that contains almost all the prominent
examples known so far. To this end, analogously as in Definition 2, we define classes of
implicational semilinear logics based on the form of semilinear implication they possess.

Definition 7 Let L be a logic. We say that L is a weakly/algebraically/Rasiowa-
(p-)implicational semilinear logic if there is a (parameterized) set of formulae = such
that it is a weak/algebraic/Rasiowa semilinear (p-)implication in L. We add the pre-
fix ‘finitely’ if the set = is finite and we use the adjective “/mplicative’ instead of
“4mplicational’ if = is a parameter-free singleton.

Notice that if we would have defined the class of regularly (p-)implicational (im-
plicative) semilinear logics, by the Corollary 3 we would obtain that each regularly
p-implicational semilinear logic is a Rasiowa-p-implicational semilinear logic (and anal-
ogously for the other three Rasiowa classes in the hierarchy of implicational logics).

In accordance with Proposition 6 and our decision to preserve traditional terminol-
ogy as much as possible, we will use ‘protoalgebraic semilinear logics’ instead of ‘weakly
p-implicational semilinear logics’, ‘(finitely) equivalential semilinear logics’ instead of
‘(finitely) weakly implicational semilinear logics’, and ‘(finitely) algebraizable semilin-
ear logics’ instead of ‘(finitely) algebraically implicational semilinear logics’. However,
in the light of the previous observation, we will have no ‘regularly (finitely/weakly)
algebraizable semilinear logics’ and we will use ‘(finitely) Rasiowa-(p-)implicational
semilinear logics’ instead. See all the classes and their inclusions in Figure 3.

Rasiowa-implicative = regularly implicative

/N

algebraically finitely — regularly finitely
implicative Rasiowa-implicational  algebraizable
SN N
imvglei}g:g:/e algggirtaeig/able Rasiowa-implicational =a|9r1?3%$:3&;2gb|e
equ:c:ﬁel?'l\tial algebraizable Rasiowa-p-implicational = rzglygleirg;/:;zly
NSNS
equivalential weakly algebraizable

N/

protoalgebraic

Fig. 3 The hierarchy of implicational semilinear logics

Proposition 15 Let X be one of the following expressions: ‘protoalgebraic’, ‘equiv-
alential’, ‘finitely equivalential’, or ‘weakly implicative’. Then, a logic is algebraically/
Rasiowa- X semilinear logic iff it is simultaneously an X semilinear logic and an
algebraically/Rasiowa- p-implicational logic.
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Proof Let a logic L be a X semilinear logic, then it possesses a semilinear implication
= of a proper form (a parameterized set, a parameter-free set, a finite parameter-free
set or a singleton). Let < be the (parameterized) equivalence set given by symmetriza-
tion of this implication . Further assume that L is a Rasiowa-p-implicational logic.
Therefore, there is a parameterized equivalence set <’ such that ¢, Fi, ¢ < .
Since all parameterized equivalence sets are interderivable, = is a regular semilinear
p-implication and hence by Corollary 3 it is a Rasiowa p-implication. Thus the claim
follows easily. The proof for an algebraically p-implicational L is analogous.

Roughly speaking, this proposition says that in order to locate a logic in the hier-
archy of implicational semilinear logics it is enough to place it in one of the semilinear
classes on the left-down branch (i.e. those given by X) and in one of the classes on the
right-down branch of the general (not semilinear) diagram (i.e. weakly algebraizable or
regularly weakly algebraizable). Notice that no semilinearity is required in the second
step. This proposition has an interesting corollary and raises an open problem.

Corollary 7 The intersection of any two classes of the hierarchy of implicational semi-
linear logics is their infimum w.r.t. the subsumption order.

The proof is simple if we notice that it is sufficient to show it for the first class
being one of the equivalential, finitely equivalential, or weakly implicative semilinear
logics and the second being one of the weakly algebraizable or Rasiowa-implicational
semilinear logics, and for these classes the claim follows from the previous proposition.
The open problem is a kind of dual of the proposition, where we switch the right-down
and the left-down branches.

Problem 2 Let X be either ‘protoalgebraic’, ‘weakly algebraizable’ or ‘Rasiowa-p-
implicational’. Is a logic (finitely) X implicational/implicative semilinear logic iff it is
simultaneously an X semilinear logic and a (finitely) implicational /implicative logic?

If we inspect the logics in Example 1 showing the separation of the classes in
the hierarchy of implicational logics, we notice that 2, 3, 4, 5.1 and 6 have, in fact,
semilinear implications. Thus, they also show the separation of all the corresponding
classes of implicational semilinear logics.

Theorem 18 All classes of logics in the implicational semilinear hierarchy depicted
in Figure 3 are mutually different.

Recall that Corollary 2 together with Corollary 1 suggest how to show that a fini-
tary weakly algebraizable logic is not semilinear: all we need to do is to find some
relatively subdirectly irreducible reduced model and show that it has two incompa-
rable filters. From Corollary 5 we conclude that many important logics (those which
can be axiomatically extended to intuitionistic or affine linear logic) are not protoal-
gebraic semilinear logics and hence do not belong to the hierarchy of implicational
semilinear logics. In particular, since the intuitionistic logic is Rasiowa-implicative we
can conclude:

Proposition 16 Let X be any class in the hierarchy of implicational logics. Then there
is an X logic which is not an X semilinear logic.
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Finally, it will be interesting for the reader coming from the Fuzzy Logic world to
locate some well known families of fuzzy logics in the hierarchy. The three main logics
based on continuous t-norms (Lukasiewicz logic, Gédel-Dummett logic and Product
logic) as well as the logic of all continuous t-norms BL have a primitive implication
connective — which is known to be a Rasiowa semilinear implication in our terminol-
ogy. Thus, they are Rasiowa-implicative semilinear logics. The same is true in general
about left-continuous t-norm-based logics such as MTL and its t-norm based axiomatic
extensions, and even for all aziomatic extensions of MTL (even those which are not
complete with respect to a semantics of t-norms) because all of them are complete with
respect to a subvariety of MTL-algebras generated by its linearly ordered members.
Two incomparable superclasses of the class of axiomatic extensions of MTL have been
considered in the literature (see Figure 4). On one hand, we have the so-called (A—)core
fuzzy logics introduced in [17] as finitary protoalgebraic logics axiomatically expanding
MTL (MTLA). On the other hand, we can consider the class of all semilinear finitary
extensions of MTL. Their equivalent quasivariety semantics are the subquasivarieties
of MTL-algebras generated by chains. Since such quasivarieties need not be varieties,
we have that this class is strictly bigger than that of axiomatic extensions of MTL.
Both of these incomparable classes are included in the class of semilinear expansions
of MTL, and finally this class is included in the Rasiowa-implicative semilinear logics.

In the recent paper [22], the fuzzy logic UL based on uninorms instead of t-norms
has been studied. It is an algebraizable logic without weakening, so it belongs to the
class of algebraically implicative semilinear logics. We can consider the same structure
of classes as above without weakening by replacing MTL for UL. See the resulting
hierarchy of classes of semilinear logics in Figure 4.

axiomatic
extensions of MTL

Azzy . extensions of MTL

axiomatic ..-= logics
extensions of UL :

. i expansions of MTL
axiomatic .---
expansions of UL extensions of UL
Rasiowa-implicative
expansions of UL

algebraically
implicative

Fig. 4 Prominent classes of fuzzy logics on the top of the hierarchy of implicational semilinear
logics. All of them are mutually different.

We realize that all of them lie on the top of our classification, above Rasiowa-
implicative or algebraically implicative semilinear logics. But if we have succeeded in
capturing an important characteristic of fuzzy logics by means of the definition of
semilinear implication presented in this paper, then fuzzy logics are a much wider
class than those studied so far. Thus we believe that the future research in the field
will bring new significant examples of fuzzy logics throughout the whole hierarchy of
implicational semilinear logics.
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