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Abstract. This paper improves completeness results with respect to
linearly-ordered algebras for the multi-adjoint algebraizable lattice logic,
a minor variant of the multi-adjoint lattice logic. We show we still have
completeness when we restrict ourselves to the subclass of algebras de-
fined on the real-unit interval.

1 Introduction

Multi-adjoint lattice logic (MLL) was presented in [8] as a many-valued proposi-
tional logic framework related to multi-adjoint algebras. A minor variant of that
logic, called multi-adjoint algebraizable lattice logic (MAL), has been recently
introduced in [6], where its algebraizability was proven in the sense of Blok and
Pigozzi [2]. Moreover, an axiomatic extension of this logic, denoted as MAL`B ,
was proven to be complete with respect to the class of linearly-ordered MAL-
algebras with a Boolean implication. In this paper, we improve this completeness
result in the following sense. We show that MAL`B , as well as its {⊥,∧,∨,→}-
fragment called bounded lattice algebraizable logic (BLAL), are in fact standard
complete, that is, complete with respect to, respectively, the subclasses of MAL-
algebras and BLAL-algebras with a Boolean implication defined on top of the
real-unit interval.

2 Multi-adjoint logic over Gödel logic with ∆

Inspired in the multi-adjoint lattice logic (MLL) from [], we introduced in [] a
variant defined on top of the infinite-valued Gödel logic expanded with Baaz-
Monteiro projection operator ∆, that was denoted MGL∆. In the following we
first recall the basic notions of Gödel logic with ∆, and then we recall the defi-
nition of MGL∆.



2 Cornejo, Esteva, Fariñas del Cerro, Godo, Medina

2.1 The logic G∆

The language of Gödel propositional logic is built as usual from a countable set
of propositional variables, the constant ⊥ and the binary connectives ∧ and →.
Disjunction and negation are defined as ϕ∨ψ := ((ϕ→ ψ)→ ψ)∧((ψ → ϕ)→ ϕ)
and ¬ϕ := ϕ → ⊥, respectively, equivalence is defined as ϕ ↔ ψ := (ϕ →
ψ) ∧ (ψ → ϕ), and the constant > is taken as ⊥ → ⊥.

As a many-valued logic, Gödel logic is the axiomatic extension of Hájek’s
Basic Fuzzy Logic BL [10] (which is the logic of continuous t-norms and their
residua [3]) by means of the contraction axiom (A7), see below. Then the fol-
lowing are the axioms of G:

(A1) (ϕ→ ψ) → ((ψ → χ) → (ϕ→ χ)) (A4b) ((ϕ ∧ ψ) → χ) → (ϕ→ (ψ → χ))
(A2) (ϕ ∧ ψ) → ϕ (A5) (ϕ→ ψ) ∨ (ψ → ϕ)
(A3) (ϕ ∧ ψ) → (ψ ∧ ϕ) (A6) ⊥ → ϕ
(A4a) (ϕ→ (ψ → χ)) → ((ϕ ∧ ψ) → χ) (A7) ϕ→ (ϕ ∧ ϕ)
The deduction rule of G is modus ponens. The notion of proof for G, denoted
as `G, is defined as usual from the above set of axioms and the inference rule.

Gödel logic is an algebraizable logic that is strongly complete with respect to
its standard (real-valued) semantics that interprets formulas over the structure
[0, 1]G = ([0, 1],min,max,⇒G, 0, 1), called standard Gödel algebra. i.e. semantics
defined by truth-evaluations of formulas e on [0, 1], where 1 is the only designated
truth-value, such that e(ϕ ∧ ψ) = min(e(ϕ), e(ψ)), e(ϕ ∨ ψ) = max(e(ϕ), e(ψ)),
e(ϕ→ ψ) = e(ϕ)⇒G e(ψ) and e(⊥) = 0, where ⇒G is the binary operation on
[0, 1] defined as

x⇒G y =

{
1, if x ≤ y
y, otherwise.

Gödel logic can be expanded with the Baaz-Monteiro projection connec-
tive ∆ while preserving the strong standard completeness [1]. Standard truth-
evaluations of Gödel logic are extended adding the clause

e(∆ϕ) =

{
1, if e(ϕ) = 1
0, otherwise

Note that despite ϕ is many-valued, ∆ϕ is a two-valued formula that is to be
understood as a kind of precisification of ϕ. In G∆ we can introduce the following
definable Boolean implication connective: ϕ→d ψ := ∆(ϕ→ ψ). Note that, for
any evaluation standard e, e(ϕ →d ψ) = 1 if e(ϕ) ≤ e(ψ) and e(ϕ →d ψ) = 0
otherwise. This is why →d may be called the order implication.

Axioms and rules of this new logic, denoted as G∆, are those of Gödel logic
G plus the following axioms for ∆:

(∆1) ∆ϕ ∨ ¬∆ϕ (∆4) ∆ϕ→ ∆∆ϕ
(∆2) ∆(ϕ ∨ ψ) → (∆ϕ ∨∆ψ) (∆5) ∆(ϕ→ ψ) → (∆ϕ→ ∆ψ)
(∆3) ∆ϕ→ ϕ

and the ∆-necessitation rule: from ϕ derive ∆ϕ.
So defined, G∆ keeps being algebraizable and its equivalent algebraic se-

mantics is given by the variety of G∆-algebras. Automatically, G∆ is strongly
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complete with respect to the equational class of G∆-algebras which, in fact, is
a semilinear variety, and hence G∆ is also complete with respect to the class of
linearly-ordered G∆-algebras. Moreover, in [10] it is proved that G∆ also enjoys
strong standard completeness with respect to the [0, 1]G = ([0, 1],min,max,⇒G

, ∆, 0, 1): Γ `G∆ ϕ iff Γ |=G∆ ϕ, for any set Γ and formula ϕ, where `G∆ and
|=G∆ stand respectively for the notions of proof and semantic consequence for
G∆ defined in the natural way as for G.

2.2 The logic MGL∆

The language of MGL∆, denoted LMGL∆ is the expansion of the language of
Gödel logic with ∆ (with connectives ∧,∨,→, ∆ and the falsum truth-constant
⊥) with a (finite) set of pairs of connectives {&i,→i}i∈{1,...,n}. In other words,
LMGL∆ is built in the usual way from a countable set of propositional symbols Π
together with the set of connective symbols {∧,∨,→, ∆, {&i,→i}i∈{1,...,n}} and
the truth-constant ⊥. We will also keep using the definable connectives ¬,∨,↔
and →d.

From a syntactical point of view, the following is a Hilbert-style definition of
the logic MGL∆: axioms and rules of MGL∆ are those of G∆ plus the axioms

M1. (ϕ→d (ψ →i χ))→d ((ϕ&iψ)→d χ)
M2. ((ϕ&iψ)→d χ)→d (ϕ→d (ψ →i χ))
M3. (ψ →d χ)→d((ϕ&iψ)→d (ϕ&iχ))

The corresponding notion of proof for MGL∆, denoted as `MGL∆ , is the usual
one from the above axioms and inference rules. Note that modus ponens for →d

is now a derivable rule. Namely, from ϕ→d ψ := ∆(ϕ→ ψ) it follows ϕ→ ψ, by
Axiom (∆3), and hence, by modus ponens for →, we have ϕ,ϕ→d ψ `MGL∆ ψ.

The algebraic semantics of MGL∆ is given by the class of MGL∆-algebras.
More in detail, a MGL∆-algebra is a structure

A = (A,∧,∨,→, ∆, {&i,↙i}i=1,n, 0, 1), where (A,∧,∨,→, ∆, 0, 1)

is a G∆-algebra and (A,∧,∨, {&i,↙i}i=1,n, 0, 1) is a bounded order-left multi-
adjoint lattice.

Since MGL∆ is an axiomatic expansion of G∆, by general results on abstract
algebraic logic it follows that MGL∆ keeps being both algebraizable and semi-
linear. In fact, its equivalent algebraic semantics is given by variety of MGL∆-
algebras, and this means that MGL∆ is complete with respect to this variety of
algebras , and moreover semilinearity implies that MGL∆ is actually complete
with respect to the subclass of linearly-ordered MGL∆-algebras.

3 Standard completeness results for MGL∆

In this section we strengthen the above mentioned completeness results of MGL∆
with respect to linear structures, by showing that completeness still holds when
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restricting ourselves to algebras defined on the real-unit interval [0, 1]. This type
of real-valued semantics is usually called in the literature of mathematical fuzzy
logic as standard semantics, and completeness with respect to a standard seman-
tics is also known as standard completeness.

To prove standard completeness for MGL∆, following the technique intro-
duced in [11], we will show that any countable MGL∆-chain can be embedded
into an algebra on [0, 1] by means of a process of densification.

In the following, for simplicity reasons and without loss of generality, we will
consider A = 〈A,min,max,→, ∆,&,→&, 0A, 1A〉 is a countable MGL∆-chain
with only a left adjoint pair (&,→&). Next we provide a sketch of the proof that

A can be always embedded into a similar algebra Â on [0, 1] following the steps
below:

1. Define a dense linear structure 〈X,�, 0X , 1X〉 as follows:

(i) X = {(a, q) | a ∈ A, a 6= 0A, q ∈ Q ∩ (0, 1]} ∪ {(0A, 1)}.
(ii) The ordering on X is defined as: (a, q) � (b, q′) iff either a < b, or a = b

and q ≤ q′, which is a linear order on X, whose bounds are 0X = (0A, 1)
and 1X = (1A, 1).

2. Define on X the binary operation ◦ on X as follows:

(a, q) ◦ (b, r) =

{
0X , if a&b = 0
(a&b, q · r), otherwise

Notice that, since 0&a = 0, we have 0X ◦ (a, q) = 0X .
3. So defined, ◦ is clearly monotonically incresing in the second variable, and
◦ is also left-continuous in the first variable with respect to the order topol-
ogy on 〈X,�〉. Indeed, for any increasing sequence {(ai, qi)}i∈N in X, if
sup

i∈I
{(ai, qi)} = (a, q) then sup

i∈I
{(ai, qi) ◦ (b, r)} = (a, q) ◦ (b, r). This can

be proved by using the definition of ◦ and the fact that & is left-continuous
in the first variable, that follows in turn from the assumption that (&,→&)
is a left adjoint pair.

4. Consider the map Φ : A→ X defined as Φ(a) = (a, 1). This induces an em-
bedding of 〈A,&,≤, 0A, 1A〉 into the structure 〈X, ◦,�, 0X , 1X〉. Moreover,
restricted to Φ(A), the residuum of ◦, call it →◦, exists. Namely, it is easy
to check that Φ(a)→◦ Φ(b) = (a, 1)→◦ (b, 1) = (a→& b, 1) = Φ(a→& b).

5. Since (X,�, 0X , 1X) is countably infinite and dense, the structure 〈X, ◦,�
, 0X , 1X〉 is order-isomorphic to a structure 〈Q ∩ [0, 1], ◦′,≤, 0, 1〉 over the
rationals of [0, 1], and in turn the latter can be embedded into an analogous
structure 〈[0, 1], ◦̂,≤, 0, 1〉 on the real unit interval, where ◦̂ is the extension
of ◦′ defined by taking suprema (which preserves the left-continuity of ◦′ in
its first variable), i.e. α◦̂β = sup{x ◦′ y | x, y ∈ Q ∩ [0, 1], x ≤ α, y ≤ β}.

6. Since by construction ◦̂ is left-continuous in its first variable on [0, 1], its
left-adjoint →◦̂ exists. Then (◦̂,→◦̂) is an adjoint pair on [0, 1], and hence

Â = 〈[0, 1],min,max,→G, ∆, ◦̂,→◦̂,≤, 0, 1〉, with the standard definitions of
→G and ∆, is a G∆-chain with an adjoint pair (◦̂,→◦̂) in which the initial
chain A can be embedded.
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Theorem 1. MGL∆ is sound and complete with respect to the class of MGL∆-
algebras over the real unit interval [0, 1].

Proof. Soundness is easy. As for completeness, suppose Γ is finite and Γ 6`MGL∆

ϕ. Then, there exists a linearly ordered MGL∆-algebra A and an evaluation
e on A such that e(ψ) = 1A for all ψ ∈ Γ and e(ϕ) < 1A. Consider A∗ to
be the MGL∆-subalgebra of A generated by (finite) set of elements {e(χ) |
χ is a subformula appearing in Γ ∪ {ϕ}}. Then A∗ is countable and e can be
considered now as an A∗-evaluation. By the above construction, there is also

an evaluation ê on Â∗ such that ê(ψ) = 1 for all ψ ∈ Γ and ê(ϕ) < 1. Hence
Γ 6|=MGL∆ ϕ. ut

4 Conclusions and future work

In this paper we have shown that MAL`B , a variant of the propositional multi-
adjoint lattice logic MLL introduced in [8], as well as its {⊥,∧,∨,→}-fragment
BLAL`B , can be shown to have a general real-valued semantics in terms of
algebras defined on the real unit interval [0, 1]. As future work we mainly plan
to study (i) extensions of MAL`B capturing particular properties of the adjoint
pairs in multi-adjoint algebras, and (ii) the first order extension to MAL`B .
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