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ABSTRACT

Defeasible Logic Programming (DeLP) is a formalism for structured
argumentation-based reasoning that is founded on a dialectical
procedure that relies on trees to compute answers to queries, which
return the so-called warrant statuses of the literals involved. In this
work, we propose a novel, more general, and minimal structure
(understanding it as the minimum information necessary to warrant
a statement) than the concept of dialectical tree, which we call
parsimonious bundle set. This structure is significant for a line of
research that we are carrying out in which we are studying the
theoretical foundations of DeLP toward the definition of model-
theoretic semantics, a contribution that, in turn, will allow us to
analyze the formalism from a different perspective, focusing on
theoretical aspects, and also to eventually generalize the query
language from literals to formulas built from Boolean connectives.
Therefore, in this first step, we focus on developing the basic tools
required to provide an alternative to the operational semantics of
DeLP that is centered on declarative definitions.
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1 INTRODUCTION AND RELATED WORK

Defeasible Logic Programming (DeLP) [8] is a structured argumenta-
tive approach to defeasible reasoning [11, 17], i.e., conflicting logical
arguments supporting specific queries are considered in a global
process to determine which survive. In DeLP, queries are analyzed
in a dialectical process that exhaustively considers arguments for
and against specific answers in search of warrants, which means
that available information supports specific conclusions. In this
way, a query « has answer Yes when there is an argument for «
that is warranted, No when there is an argument for ~a that is war-
ranted, Undecided if neither a nor ~a have arguments that warrant
them, and Unknown otherwise. DeLP is an interesting formalism
since it allows to deal with both incomplete and contradictory in-
formation in dynamic domains; hence, the framework is suitable
for representing agents’ knowledge and providing them with an
argumentation-based reasoning mechanism, and it has proven to
be successful in real-world applications [4, 7, 12, 16].

Presumptive Defeasible Logic Programming (PreDeLP) [14] is an
extension of DeLP in which presumptions are fully integrated into
the reasoning mechanism. A presumption is a piece of information
that is tentatively taken to be true although it is not known for
certain, usually in the absence of acceptable reasons to the con-
trary. Though syntactically presumptions look like defeasible facts,
treating them adequately requires a more involved approach.

Formal semantics have been defined for Abstract Argumentation
Frameworks [1] in terms of models (extensions), much like in Logic
Programming [10], defining the subset of all models that satisfy
some desirable properties. To date, no model-theoretic semantics
has been developed neither for DeLP nor PreDeLP; a promising
line of research, that we propose as future work, is to develop
such semantics with the ultimate goal of studying the theoretical
foundations of PreDeLP. As an additional benefit, this may also
pave the way towards generalizing the query language, and it may
also help programmers better understand program behavior and
results.

In this paper, we propose a novel structure, called parsimonious
bundle set, which we believe will be useful in developing the above-
mentioned line of research. Parsimonious bundle sets are more
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general structures than dialectical trees, defined in a more declara-
tive way, and which are also minimal (understood as containing
the minimal information, according to set inclusion, necessary to
warrant a claim). In this first work, we define a set of operations
that can be performed over these structures and present several
interesting properties they enjoy. The main contributions of this
work are: (i) We capture the notion of minimality of information
needed to warrant a claim through the notion of parsimony; (ii) we
propose a structure, called parsimonious bundle sets, that is mini-
mal and more general than dialectical trees, while still encoding all
the information needed to determine the warrant status of a root
argument; (iii) we explore how several set theory-inspired opera-
tions on bundle sets can be defined; and (iv) we define a warrant
procedure for query answering based on parsimonious bundle sets.

The rest of the paper is organized as follows. In Section 2 we
briefly recall the language and the main concepts of PreDeLP. In Sec-
tion 3.1 we recall some notions about bundle sets, and in Section 3.2
we characterize the notion of parsimonious bundle set, give op-
erations on them, and define a warrant procedure through this
structure. Finally, we discuss the main conclusions of the paper and
some future lines of research in Section 4.

2 DEFEASIBLE LOGIC PROGRAMMING WITH
PRESUMPTIONS

In the following, we briefly recall the most relevant concepts for
PreDeLP from [14]. In the PreDeLP language, a literal L is a (possibly
negated) ground atom. We represent strong negation with “~” and
say that L and ~L are complementary. A strict (resp., defeasible) rule
has the form L «<— Ly,...,L, (resp., L—< Ly, ..., Ly), where L is the
head, and Ly, ..., Ly, with n > 1, is the body of the rule. Body(R)
and Head(R) denote the body and head of a rule R. A defeasible rule
head — body represents a weaker connection between body and
head. It can be understood as expressing that “reasons to believe in
the antecedent body provide reasons to believe in the consequent
head” [21], but it may be the case that body is true and head is not.
Note that the symbols «— and —< denote meta-relations between a
literal and a set of literals, and have no interaction with language
symbols. As in Logic Programming, strict and defeasible rules are
not conditionals nor implications, they are inference rules [8, 9]. A
fact (resp., presumption) is a strict (resp., defeasible) rule with an
empty body, denoted as L (resp., L — ). Intuitively, presumptions are
pieces of information that are tentatively taken to be true, usually
in the absence of acceptable reasons to the contrary. They express
motives to believe in some information, and they represent weaker
assertions than facts.

Definition 2.1. A PreDeLP program P = (Q,0, A, ®), is a set of
strict rules Q, facts ©, defeasible rules A, and presumptions .

Next, we introduce the concept of annotated derivation, where
we subscribe to the definition given in [14]. In what follows, we
use the term “annotated derivation” or just “derivation”.

Definition 2.2. Let P be a PreDeLP program and L a literal. An
annotated derivation, denoted 9, of L from P consists of a finite
sequence of rules, facts, and possibly presumptions [Ry, ..., Ry,],
where L is (i) a fact R, (ii) a presumption Ry, or (iii) the head of
the rule R,,. Furthermore, if a rule R; is in the sequence, then its
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body By, ..., By, is such that for all B;, with 1 < j < k, Bj is a fact,
a presumption or it appears as the head Ly, for some rule R, with
I<m<i

We assume a canonical form for derivations. A derivation ¢’ =
[R1,...,R;] isasub-derivation of @ = [Ry,...,R,] ifi < n. A deriva-
tion 0 is strict when neither presumptions nor defeasible rules are
used in 9, otherwise 9 is defeasible. A literal L is strictly derived
from P, denoted P + L, if there exists a strict derivation for L from
P, and L is defeasibly derived from P, denoted P I L, if there exists
a defeasible derivation for L from P and no strict derivation exists.
A derivation 0 for L is minimal if no proper sub-derivation 3’ of 9
is also a derivation of L. Considering minimal derivations avoids
the insertion of unnecessary elements that will weaken its ability
to support the conclusion by possibly introducing needless points
of conflict. Given a derivation 9 for literal L, there always exists
at least one minimal sub-derivation ¢ for L. A PreDeLP program
P =(Q,0,A, ) is contradictory if there exist derivations for two
complementary literals. We denote with IT = (Q, ©) the strict part
of P, and assume that the sub-program II is non-contradictory. Two
literals Ly and Ly disagree w.r.t. P if T U {Ly, Ly} is contradictory.
Intuitively, this means that both should not be inferred and a mech-
anism to decide between one or the other is needed. This is done
through an argumentative approach that consists of building argu-
ments for the literals in conflict—we call such literals claims—and
evaluating all such arguments in a dialectical process to decide
which prevails. A derivation 9 is contradictory if two disagreeing
literals L1 and Ly can be derived from it. In the following, we only
consider minimal and non-contradictory derivations.

2.1 Constructing and Comparing Arguments

Intuitively, arguments are structures that support a claim from
evidence through a reasoning mechanism.

Definition 2.3. An argument for a literal « from a PreDeLP pro-
gram P, denoted (A, a), is the set A of facts, presumptions, and
rules (strict and defeasible) used in an annotated derivation o for a.
An argument A is a sub-argument of an argument B if A C B.

A is called the set of premises and « is called the conclusion or
claim. Since we only consider minimal and non-contradictory an-
notated derivations, the set of premises A used in d is minimal and
non-contradictory. Non-minimal or contradictory sets of premises
are never arguments. An argument (A, ) is strict iff  is strictly
derived from A, otherwise (A, ) is a defeasible argument. In the
following, we will refer to an argument (A, a) simply as A when
its claim is not relevant to the discussion. Answers to queries are
supported by arguments built from the program. It is possible to
build arguments for complementary literals, and arguments can
thus attack each other.

Definition 2.4. Let (A, a) and (B, f) be two arguments in a Pre-
DeLP program P. (A, a) attacks (B, f) at literal y, iff there exists a
sub-argument (C, y) of (B, f) such that « and y disagree.

Given argument A and counter-argument B, a comparison crite-
rion is used to decide if A is preferred to B and, therefore, defeats 5.
The definition of such a formal criterion is a central problem in
any argumentation system where the defeat relation must be com-
puted from the structure of arguments. Although the comparison
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criterion used in DeLP, and by extension in PreDeLP, is modular,
Generalized Specificity [22] is the default. This criterion intuitively
favors arguments with greater information content (classical Speci-
ficity) or with less use of rules (a more direct derivation). However,
in the presence of presumptions, Generalized Specificity does not
always have the intended results; for that reason, other preference
criteria have been developed [14]. In this work, we assume an arbi-
trary comparison criterion denoted with A > B whenever A is
preferred to B.

2.2 Dialectical Analysis

The dialectical process exhaustively considers arguments for or
against specific queries looking for a warrant, which means that the
claim is supported by an undefeated argument. To decide whether
an argument is undefeated within a program, all related arguments,
i.e., arguments that support or interfere with it, must be considered.

Definition 2.5. Let A and B be arguments from a PreDeLP pro-
gram P such that A attacks B, and > is a comparison criterion.

o A is a proper defeater of B ifft A > B.

e Ais a blocking defeater of B iff A # B and B # A.

o A defeats B, denoted (A, B), iff A is a proper or a blocking
defeater of 8.

Definition 2.6. Let A; be an argument in a PreDeLP program
P. An argumentation line for or rooted in A is a sequence of
arguments of the form A = [Aj, ..., A,] where each element is a
(blocking or proper) defeater of its predecessor.

Different argumentation systems can be defined by setting a
particular criterion for proper attacks or defining the admissibility
of argumentation lines. Here, we adopt the one from [8].

Definition 2.7. Given an argumentation line A:

o The supporting set is S(A) = {A; | A; € Aand i = 2k + 1} with
k €N, ie.,iis odd.

o The interfering set is I(A) = {A; | A; € Aand i = 2k} with
k € N5y, i.e,iis even.

Definition 2.8. Let (Q, 0, A, ®) be a PreDeLP program. Two ar-
guments (A, &) and (B, ) are concordant iff the set TU A U B is
non-contradictory. More generally, a set of arguments {{(A;, a;) }1-
is concordant iff IT U I, A; is non-contradictory.

Definition 2.9. An argumentation line A is acceptable if:

o A s finite.

o The supporting (resp., interfering) set is concordant.

e No argument A; in A is a sub-argument of an argument Ay,
appearing earlier in A (with h < i).

e For all i, such that the argument A; is a blocking defeater for
Ai—1, if Ajyq exists, then Ajyq is a proper defeater for A;.

The dialectical process considers all possible acceptable argumen-
tation lines for an argument, which together form a dialectical tree.
Such trees for PreDeLP programs are defined following [8], and we
adopt the notion of coherent dialectical tree from [14], which, intu-
itively, ensures that conflicting presumptions are not used together
in supporting (or attacking) a claim.

Definition 2.10. Let A; be an argument from a PreDeLP program
P. A dialectical tree for Ay, denoted 7 (:Ay), is defined as follows:
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e The root of the tree is labeled with Aj.

e Let N be a node of the tree labeled A, and A = [A4,..., Ay]
be the sequence of labels of the path from the root to N. Let
{B4, ..., By} be all the defeaters for A, from P. For each defeater
B; (1 < i < k), such that A’ = [A;,. .., Ap, B;] is an acceptable
argumentation line, the node N has a child Nj labeled B;. If there
is no defeater for A, or there is no B; such that A’ is acceptable,
then N is a leaf.

Argument evaluation, i.e., determining whether the root node
of a dialectical tree is defeated or undefeated, is done through a
marking or labeling procedure, according to which each node in a
dialectical tree is labeled as either defeated (D) or undefeated (U).
Let root(7 (A)) be the root of 7(A) and mark(N) the value of
the marking for node N in 7 (A).

Definition 2.11. Let A be an argument in a PreDeLP program P.
Let 7 (A) be a dialectical tree for A. The marking of 7 (A) will
be obtained marking every node in 7 (A) as follows:

o All leaves in 7 (A) are marked as U.

o Let B be an inner node of 7 (A). Then B is marked as U iff every
child of 8 is marked as D. Node B is marked as D iff it has at least
one child that is marked as U.

This dialectical process allows us to define a query answering
semantics, according to which a literal « is warranted in a PreDeLP
program P if there exists a tree whose root is an argument for o
marked as undefeated. This semantics enjoys the so-called direct
consistency property [3], i.e., no contradictory sets of literals can be
warranted from P.

Definition 2.12. A literal « is warranted from a PreDeLP program
P, denoted P |~,, a, iff there exists a dialectical tree 7 (A) rooted
in (A, a) such that mark(root(7 (A))) = U. If ~a is warranted,
then « is not warranted. If neither a nor ~a are warranted, then «
is Undecided. If a is not part of the language of P, it is Unknown.

3 TOWARDS WARRANTING BY MEANS OF
PARSIMONIOUS BUNDLE SETS

In Section 3.1 we recall some basic notions presented in [5, 6]
and define a marking and warrant procedure on bundle sets; then,
in Section 3.2 we substantially extend the presented framework to
capture the notion of a more general and minimal structure than
dialectical trees, while still encoding the necessary information to
determine the warrant status of a root argument.

3.1 Introducing Bundle Sets

In the following, we will refer to finite argumentation lines but not
necessarily acceptable ones; also, for simplicity, we use the term
“argumentation lines”, or just “lines”.

Definition 3.1. Let A = [A4, ..., Ap] be an argumentation line. A
segment for A is an initial sequence A’ = [Aj,..., A;] withi < n.
A segment A’ = [Ajy,..., A;] for Ais proper if i < n.

REMARK 1. A segment A of an argumentation line A" is always a
line and also the segment of another segment A’ of .

ExaMmPLE 1. Consider a PreDeLP program P where the following
set of arguments can be built: { Ay, Az, A3, Ay}, and where (only)
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Figure 1: L, L', and L are the exhaustive, a parsimonious,
and a partial bundle set, respectively, for A;. Undefeated
(resp., defeated) arguments are colored green (resp., red).

the following defeat relations hold: (A, Ay), (As, Az), (As, Ay),
and (A1, Ay). Note that the last two relations represent that Ay and
Ay are blocking defeaters. Three possible argumentation lines rooted
in Ay are Ay = [Aq], Ay = [Ay, Az], and A3 [Aq, Ay, As],
where A1 is a proper segment of Ay and Ay is a proper segment of
As. Also, an infinite number of lines rooted in Ay can be obtained
through the relation between Ay and Ay, e.g., Ag = [A1, Aq], As =
[A1, Ay, A1l As = [A1, Ay, A1, Asl, etc. Note that in the previous
case, each A; is a proper segment of Aj with4 <i < j.

An argumentation line A is exhaustive if there is no line A’
such that A is a proper segment of A’. Otherwise, A is partial.
In Example 1, argumentation line A3 is exhaustive, while all the
others are partial. A bundle set is a set of argumentation lines such
that no line in the set is a proper segment of another line in the set.

Definition 3.2. Let L be a set of argumentation lines rooted in
argument A from a PreDeLP program P. L is a bundle set for A if
there is no A, A’ € L such that A is a proper segment of A’.

We are interested in bundle sets of acceptable argumentation
lines, which we call acceptable bundle sets. From now on, all bundle
sets that we consider are acceptable unless otherwise stated. The
concept of bundle set is a more general one than that of dialectical
tree; intuitively, if we consider a bundle set rooted in argument A,
we can construct a tree structure for A where each argumentation
line is a branch in the tree structure. Indeed, several equivalent
tree structures can be constructed from the same bundle set (see
Definitions 3.5, 3.6, and 3.7 for further details). Also, the notion of
bundle set allows us to treat dialectical trees as sets whose elements
are argumentation lines, and then operate with them analogously
to operations in set theory (see Section 3.2). Given the above, from
now on we will focus on bundle sets. All the properties that we
highlight for bundle sets also extend to tree structures.

The following definition formalizes two specific kinds of bundle
sets that we are interested in.

Definition 3.3. Let L be a bundle set rooted in argument A from a
PreDeLP Program P. L is exhaustive iff L is the set of all exhaustive
lines rooted in A, i.e., there exists no A”’ rooted in A such that:
1. A" ¢L,

2. A’ is a proper segment of A”, where A’ is a segment of some
Ael, and

3. A” is not a proper segment of any A € L.

Otherwise, L is partial.
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Intuitively, if there exists an argumentation line A’ rooted in A
that does not belong to L (condition 1) such that A”” has a proper
segment A’ which is a segment of some line in L (condition 2) and
A’ is not a proper segment of any line A in L (condition 3), then
one of the lines in L is not exhaustive or A’ is a new line not in L.
In both cases, L is not the set of all exhaustive argumentation lines
rooted in A; consequently, it is partial.

Note that there exists only one exhaustive bundle set for any
given argument. Also, note that dialectical trees are exhaustive
bundle sets, i.e., consider all defeaters for a given argument, all the
defeaters of the defeaters, and so on.

ExXAMPLE 2. Let P be a PreDeLP program where the following set
of arguments can be built: { Ay, Az, A3, As, As, Ag, A7, Ag}, and
where (only) the following defeat relations hold: (A2, A1), (Asz, A1),
(Ag, Az), (A5, A2), (As, A3), (A7, A3), (As, Ag). The possible
exhaustive argumentation lines rooted in Ay are: Ao = [ A1, Az, A4],
A =[Ay, Ap, As], Ap=[Ay, A, Ag, As] and A3 =[Ay, A3, A7].
The bundle set L = {Ag, A1, Ag, A3} is exhaustive because it is the set
of all exhaustive lines rooted in Ay. The bundle set L”" = {Aq, Ag},
where Ay = [A1, As], is a partial one because one of its lines is
partial (A} is a proper segment of both, Ay and A3), and also because
although A1 is exhaustive, (at least) one of its segments [ A1, Az] is
a proper segment of Ag. Figure 1 shows these examples.

We are now almost ready to reformulate the notion of a war-
ranted literal based on bundle sets; first, we need to extend some
concepts to formalize this idea.

Definition 3.4. Let L be a bundle set for argument A; from a
PreDeLP program P. The marking of L will be obtained by marking
each occurrence of an argument in some A € L as follows:

1. Let A = [Aq,..., Ay] € L; then, A, is marked as U in A.
2. LetA=[Ay,...,Aj, ..., Ap] €L, withi < n,andletE = {A’ €
L|[Ajy,...,A;] be a proper segment of A’}. A; is marked as U in

A iff for every line A’ € E it holds that the defeater of A; is marked
as D in A’. Otherwise, A; is marked as D.

Intuitively, condition 1 states that if an argument is the last
element of a line A, it does not have any (valid w.r.t. Definition 2.9)
defeater and, consequently, is marked as U in A. Condition 2 says
that if an argument A; is an “internal” element of a set of lines E,
then the mark of all its defeaters in all lines in E must be considered,
and A; is marked in the same way in all lines belonging to E.

With root (L) we denote the argument in which L is rooted, and
the marking of the occurrence of some argument A; € A € Lis
denoted with mark(A;, A). Figure 1 shows examples of markings
for different bundle sets. For instance, in L/, Ay is marked as U
in Ay and A3 because all its defeaters in all lines in the bundle set,
namely Ay € A1 and A3 € Az, are defeated. On the other hand,
inL”, A; is marked as D in Ay and A’3 because although there is
a defeater of A that is defeated, namely Az € A1, there is also
another defeater of (A1, that is A3 € A%, which is undefeated.

We now propose a constructive definition of a more general
concept of a tree structure than a dialectical tree, which we call
argumentation tree, from a bundle set. With some abuse of notation,
we denote argumentation trees in the same way as dialectical ones.
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Definition 3.5. Let L be a bundle set for argument ‘A in a PreDeLP
program P. An argumentation tree 7 (A), can be built from L in
the following manner:

e The root of 7 (A) is labeled with A.

e Let F = {tail(A), for all A € L}, and H = {head(A), for all
A € F}L.If H = 0 then 7 (A) has no sub-trees. Otherwise, if H =
{B4, ..., B}, then for every B; € H, we define getBundle(B;) =
{A € F | head(A) = B;}. We put 7 (B;) as an immediate sub-
tree of 7 (A), where 7 (B;) is an argumentation tree based on
getBundle(B;).

Note that dialectical trees are a particular case of argumentation
trees. Intuitively, the main difference between both kinds of trees
is that argumentation ones are not necessarily exhaustive, i.e., they
do not necessarily consider all the defeaters (that do not violate
any of the restrictions of Definition 2.9) for an argument in the tree,
while dialectical ones must do so.

Next, we formalize the relation between a bundle set and an
entire class of argumentation trees. Intuitively, two argumentation
trees are equivalent if they are built from the same bundle set
(following Definition 3.5); such trees thus constitute a class, and
there is a mapping (a one-to-one correspondence) between each
bundle set and the class built from it.

Definition 3.6. Let P be a PreDeLP Program and let Trees(.A)
be the set of all argumentation trees rooted in argument A in P.
Let T (A), T'(A) € Trees(A). T (A) and T’ (A) are equivalent,
denoted 7 (A) = 7' (A), if both are built from the same bundle
set L for A following Definition 3.5.

Definition 3.7. Let P be a PreDeLP Program and let Bundle(A) be
the set of all bundle sets for argument A in P. Let L € Bundle(A).
We define the mapping T : Bundle(A) — Trees(A) as T(L) =g,f
Class(L), where Trees(A) is the quotient set of Trees(A) by the
equivalence relation =, and Class(L) denotes the equivalence class
such that all 7€ Class(L) is built from L following Definition 3.5.

ProrosiTION 1. For any argument A in a PreDeLP Program P,
the mapping T is a bijection.

PROPOSITION 2. Let P be a PreDeLP program, L be a bundle set
for some argument Ay inP, A = [Ay,...,Aj,...,An] € L, and
T (A1) € Class(L). mark(A;, A) = U (resp., D) inL iff Ay, ..., A;
is the sequence of labels of the path from root(7T (A1)) to some node
N in T (Ay) labeled with A; such that mark(N) = U (resp., D).

Proor. Intuitively, the proof shows that both marking proce-
dures consider the same cases and treat them in the same way.

= Let A = [Aj,...,A;] € L. From Definition 3.4, we know that
mark(A;,A) =U in L. As T (Ay) € Class(L), from Definition 3.7
we know that 7 (A1) is built from L according to Definition 3.5.
Then, there exists a leaf node N in 7 (A;) such that A is the se-
quence of labels of the path from root(7 (A;)) to N. From Defini-
tion 2.11, mark(N) = U in 7 (Ay).

Let A = [Ay,..., Aj, Ais1,..., Ayl € L withi < n, and let
E={A e L|[Ay,...,A;] be a proper segment of A’}. From Def-
inition 3.4, mark(A;, A) = U iff for all A’ € E, it holds that
The functions head() and tail() have the usual meaning as in list processing, re-

turning the first element in a list and the list formed by all elements except the first,
resp.
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mark(Air1, N') = D. As T (A1) € Class(L), from Definition 3.7,
T (Ay) is built from L according to Definition 3.5; then, for all A" €
E, Ay, ..., Ai,Ais1, ..., Ap is the sequence of labels of a path from
root(7 (Ay1)) to a leaf node. From Definition 2.11, an inner node N
labeled with A; is marked U in 7 (A1) iff all its children are marked
as D. From Definition 3.4, mark(A;, A) = D iff there exists A’ € E
such that mark(A;+1, A') = U. As T (Ay) € Class(L), from Defini-
tion 3.7, 7 (Aj) is built from L according to Definition 3.5; then,
forall A’ € E, Ay, ..., Aj, Ait1, . .., Ap is the sequence of labels
of a path from root(7 (A1)) to a leaf node. From Definition 2.11, an
inner node N labeled with A; is marked D in 7 (A;) iff (at least)
one of its children is marked U.

& An analogous analysis can be done from 7 (Aj) to L, i.e.,, con-
sidering that the node N labeled with A; is a leaf (resp., inner node)
in 7 (Ay). For reasons of space, we do not include it here. O

PROPOSITION 3. Let  be a literal and let P be a PreDeLP program.
P |~y « iff there exists the exhaustive bundle set L for some argument
(A, a) such that mark(root(L)) = U.

Proor.

= Let P |, . Then, there exists a dialectical tree 7 (A) for some
argument (A, «) such that mark(root(7 (A))) = U. From Proposi-
tion 1 we know that there exists a bundle set L such that 7 (A) €
Class(L); i.e., T (A) is built from L according to Definition 3.5.
Furthermore, L is exhaustive (because 7 (A) is a dialectical tree).
From Proposition 2, mark(root(L)) = U.

& Let L be the exhaustive bundle set for some argument (A, )
such that mark(root(L)) = U. Let 7 (A) € Class(L) be an argu-
mentation tree built from L according to Definition 3.5. As L is
exhaustive, 7 (A) is then a dialectical tree. From Proposition 2,
mark(root(7 (A))) = U. Then, from Definition 2.12, P ), @. O

3.2 Minimality of Bundle Sets

Next, we introduce the necessary concepts to define a particular
type of bundle set, called parsimonious, that captures our notion of
minimality, understood as the minimal information (according to
set inclusion) necessary to warrant a literal.

In our approach, we can relate bundle sets through a specially
defined inclusion relation. Intuitively, given two bundle sets L and
L', L’ includes L if every line in L is a segment of some line in
L’. Next, based on Definition 3.1, we are going to formalize this
relation, and the following two definitions introduce the expansion
and contraction operators of a bundle set by an argumentation line.

Definition 3.8. LetL and L’ be two bundle sets rooted in argument
A from a PreDeLP program P. We define the bundle set inclusion
relation, denoted C, as a subset of Bundle(A) X Bundle(A). We
denote with L C L’ that for all A € L there exist some A’ € L’
such that A is a segment of A’. If furthermore, there exists at least
some A € L that is a proper segment for some A’ € L', then the
inclusion relation is strict, denote as L C L'.

Definition 3.9. Let L and A’ be a bundle set and a line, respec-
tively, both rooted in argument A from a PreDeLP program P. The
expansion of L by A’, denoted as L @ A’, is defined as follows:

1. If there exists A € L such that it is a proper segment of A, then
LeAN =(L\A)UA.
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Figure 2: llustrating contraction and expansion on bundle
sets (Example 3).

2. If there is no A € L that is a proper segment of A, and A’ is not
asegmentofany A €L, thenL® A’ =LUA’.

3. Otherwise, L& A’ = L.

The expansion of L by A’ produces a new bundle set L & A’ such
that LCL & A’ and A’ is a segment of some A e L & A'.

Intuitively, condition 1 says that if A’ has as proper segment
A in L, then the expansion removes A and introduces A’ into L.
Condition 2 states that if A’ neither has as proper segment A in L
nor it is a segment of any line in L, then A’ is a new line that is
directly added to the bundle set. Condition 3 captures those cases
where A’ is a segment of a line in L and then the original bundle
set remains unchanged because A’ is already contained in L.

Definition 3.10. Let L and A’ be a bundle set and a line, respec-
tively, both rooted in argument A from a PreDeLP program P. The
contraction of L by A’, denoted as L & A’, is defined as follows:

1.IfA €L, thenLo A = (L\A") UA”, if there exists A’ which
is the longest argumentation line that is a proper segment of A’
and is not a proper segment of any other A € (L \ A’). If such A”/
does not exists thenLe A’ = (L \ A’).

2. If A isaproper segment of some A € L, thenLoA” = (L\S)UA”,
where S = {A|A € L and A’ is a proper segment of A} and A" is
(if there exists) the longest line that is a proper segment of A’ and
is not a proper segment of any other A € (L \ S). If such A" does
not exists thenL e A’ = (L \ S).

3. Otherwise, L& A’ = L.

The contraction of L by A’ produces a new bundle set L & A” such
that LOA’ CLand A’ ¢ Lo A.

Condition 1 says that if A’ is in L, then the contraction removes
A’. Condition 2 states that for all argumentation lines A in L such
that A is as proper segment of A, the contraction removes A from
L. Conditions 1 and 2 add to L the longest argumentation line
A’ that is a proper segment of A’ because contraction makes the
minimal change in the original bundle set to satisfy the condition
N ¢ Lo A.However, A” is added just in those cases where A"’
is not a proper segment of some line in L, otherwise, the result of
the contraction will be not a bundle set. Condition 3 captures those
cases where A is not a segment of an argumentation line in L, then
the line cannot be removed from the bundle set.

The expansion and contraction operations allow us to declara-
tively describe changes in the bundle sets, while inclusion allows
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us to establish a relationship between the different bundle sets that
arise from distinct expansion and contraction operations. Note that
expansion and contraction on bundle sets are operations in which
we operate not only with elements of the set (the argumentation
lines that belong to the bundle set) but also with “parts” of those
elements (the segments of the argumentation lines in the bundle
set). Also, if we think of the argumentation lines in a bundle set as
different lines of dispute, where the main topic of the debate is the
root argument, the expansion operation allows us to represent all
the possible ways in which the debate can evolve.

EXAMPLE 3. Let’s recall the arguments and relations presented
in Example 2; Figure 2 illustrates this example. All possible exhaustive
lines rooted in Ay are: Ny = [Ay, Az, Agl, A = [Ay, Az, As],
Ag = [Ay, Az, Ag, Ag] and A3 = [Ay, As, A7].

Let L = {A1, A2, A3} and assume that we want to contract L by
A} = [A1, A3, As|. As A, is a proper segment of Ay, then L © A,
(L\ {A2}) UAY where {Az} is the set of all lines in the bundle set
that has A, as a proper segment, and where A does not exist because
the longest proper segment of A, that is [A1, As], is also a proper
segment of As. Then, we have that L' =L © A, = {A1, As}.

Assume now that we want to contract ' by Ay. In this case, as
Ay €L thenl © Ay = (' \ A1) UA] where A = [Ay, As] is the
longest proper segment of Ay such that A is not a proper segment of
any other line inL' \ Ay. Then,L” =" © A1 = {A], A3}.

Finally, assume that we want to expand "’ by Ag. As Ay has as
proper segment some line in L, that is, A/ is a proper segment of Ao,
thenL” & Ay = (L” \All) U Ag. Then, " =L” @ Ag = {Ao, As}.

The concepts of expansion and contraction will also help us
to define the notion that we need to be able to capture the idea
of a parsimonious bundle set. Intuitively, the requirement for a
bundle set to be parsimonious is that it yields the same informa-
tion as the exhaustive bundle set about the warrant status of the
root argument while being minimal. We express this idea formally
through the notion of relevance. This concept was first introduced
by Prakken et. al. in [18] and further studied in [19] in the context
of argument games and dialogue games, respectively. According
to [19], a move is relevant in a dialogue iff it changes the status of
the dialogue’s initial move. Mapping our context into theirs, argu-
ments correspond to moves, argumentation lines represent lines of
discussion/dispute, and bundle sets correspond to (argumentative)
dialogues. In Prakken’s approach, relevance is a property subject
to the relationship between an argument and a dialogue. In our
approach, relevance is a notion associated with (each argument
in) an exhaustive argumentation line and its relation with the rest
of the lines in a bundle set. We consider (each argument in) an
exhaustive argumentation line because in this way we can take
into account all moves that belong to that dispute (if the line were
partial there could be moves that we are not considering and that
could affect our analysis), and we consider the relationship of each
argumentation line with the other lines in the bundle set since the
warrant status of the root argument depends on that.

Intuitively, an argumentation line is relevant to a bundle set if it
constitutes a line of dispute, understanding dispute as an exchange
of arguments between a proponent and an opponent, such that the
information discussed in it contributes to the general debate, i.e., the
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Figure 3: Illustrating relevance (Example 4).

dispute changes the warrant status of the claim under discussion.
Formally, we have:

Definition 3.11. Let L and A be a bundle set and an exhaustive
argumentation line, respectively, both rooted in argument A from
a PreDeLP program P. We say that A is relevant for L if:

e A ¢ L,and there exists a segment A’ of A such that mark(root(L))
# mark(root(L & A')), or
e A € L, and mark(root(L)) # mark(root(L © A)).

Otherwise, A is irrelevant for L.

An argumentation line is relevant (resp., irrelevant) for a bundle
set according to its contribution to the warrant status of the root
argument. Then, the notion of relevance is tied to a specific bundle
set, i.e., an argumentation line may be relevant for a given bundle
set and irrelevant for another. The next example illustrates two
interesting cases of relevance.

EXAMPLE 4. The following example is illustrated in Figure 3. Con-
sider a PreDeLP program P where the following set of arguments can
be built: { A1, Ay, A3, A}, and where (only) the following defeat re-
lations hold: (Az, A1), (A3, Az), (Ay, Az). All possible exhaustive
lines rooted in Ay are: Ao = [Ay, Ao, Aq], and A1 = [Aq, Az, As3].

LetL = {Ao, A1} be the exhaustive bundle set shown in part (1).
Lines Ao and Ay are irrelevant to L since for each there exists a
different A; € L that contributes to maintaining the warrant status
of Ay. If we contract L by Ao, shown in part (2), or by A1, shown in
part (3), the warrant status of Ay is maintained. However, if after
contracting by A1 (3), we contract the resulting bundle set L' by A
(4) the warrant status of Ay changes because Ag is relevant forL'. A
similar situation occurs if, after contracting by Ay (2), we contract the
resulting bundle set L by Ay (4) the warrant status of Ay changes
because A1 is relevant for L.

Let L”" be the bundle set shown in part (4). Both Ay and A, are
relevant for L”. However, if we expand it by Ay (resp., Ag), for the
resulting bundle set L'’ (2) (resp., 3) the argumentation line A (resp.,
A1) is irrelevant.

Definition 3.12. Let L be a bundle set for argument A from a
PreDeLP program P. L is parsimonious if all, and no other, rele-
vant argumentation lines for L belong to L. Otherwise, L is non-
parsimonious.

The set of all bundle sets rooted in an argument represents all
possible states in the debate about that argument. Intuitively, a par-
simonious bundle set represents a state of the debate in which some
lines of discussion have been explored to their final consequences,
understanding this as no new arguments can be provided in these
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lines, where none of these lines is irrelevant, and where a conclu-
sion has been reached about the topic of debate. Then, additional
arguments will not change the status of the claim under discussion.

The bundle set L” = {A1, A3} shown in Figure 1 is parsimonious
because it contains the minimum information necessary to unam-
biguously determine the warrant status of the root argument; that
is, if L’ is expanded by another (exhaustive) line, the root state will
not change, and if L’ is contracted by A; or As, the status of the
root argument will change.

Note that there may exist several parsimonious bundle sets for
the same argument. The bundle sets shown in parts (2) and (3) in Fig-
ure 3 are both parsimonious bundle sets for the same argument Aj.
Also note that a bundle set may be exhaustive and parsimonious,
partial and parsimonious, or partial and non-parsimonious.

The following proposition formalizes that parsimonious bundle
sets are minimal bundle sets that allow to unequivocally identify
the warrant status of the root argument.

PROPOSITION 4. Let L be a bundle set for argument A from a
PreDeLP Program P. Then, L is parsimonious iff L is a minimal (w.r.t
bundle set inclusion T) bundle set such that for any bundle set " for
A such that L T L', it holds that mark(root(L)) = mark(root(L")).

Proor.

= Let L be a parsimonious bundle set for A. Then, L contains all
and only those argumentation lines A relevant to it. Then, it must
hold that: (1) for all A ¢ L, there does not exist a segment A" of
A such that mark(root(L)) # mark(root(L & A’)); and (2) for all
A € L, mark(root(L)) # mark(root(L & A)). For (1), it holds that
mark(root(L)) = mark(root(L’)) for all L’ such that L C L/, and
for (2) L is the minimal bundle set (w.r.t. C) satisfying the previous
property.

& Let L be a minimal (w.r.t. C) bundle set for A such that for
any bundle set L’ such that L C L/, it holds that mark(root(L)) =
mark(root(L’)). Then, (1) for all A ¢ L, there does not exist a
segment A’ of A such that mark(root(L)) # mark(root(L & A’));
and (2) for all A € L, mark(root(L)) # mark(root(L © A)). For (1)
and (2), L contains all and only those lines relevant to it. Then,
from Definition 3.12, L is parsimonious. O

Using Proposition 4, it is straightforward to show that exhaustive
and parsimonious bundle sets are equivalent concerning their root
arguments’ warrant status.

PropoSITION 5. LetL andL’ be the exhaustive and a parsimonious
bundle set, respectively, both for some argument ‘A in a PreDeLP
program P. Then, mark(root(L)) = mark(root(L’)).

Proor. Since L is the exhaustive bundle set for argument A,
then L’ E L. As L’ is a parsimonious bundle set for A, from Propo-
sition 4 we know that for all bundle set L’ such that L’ C L”
it holds that mark(root(L’)) = mark(root(L’")). As consequence,
mark(root(L')) = mark(root(L)). o

Finally, the previous result allows us to define the warrant pro-
cedure through parsimonious bundle sets.

PROPOSITION 6. Let  be a literal and let P be a PreDeLP program.
P |~y a iff there exists a parsimonious bundle set L for some argument
(A, a) such that mark(root(L)) = U.
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Proor.

= Let’s assume that P |~,, a. Then, we know from Proposition 3
that there exists the exhaustive bundle set L” for some (A, «) such
that mark(root(’)) = U. As L’ is exhaustive, then there exists
a parsimonious bundle set L for (A, a) such that L © L’. Then,
by Proposition 5, mark(root(L)) = mark(root(L")) = U.

& Let’s assume that L is a parsimonious bundle set for some
(A, a), and let mark(root(L)) = U. Let L’ be the exhaustive bun-
dle set for argument (A, a). We know from Proposition 5 that
mark(root(L")) = mark(root(L)) = U. Then, from Proposition 3 it
follows that P |, a. ]

4 CONCLUSIONS AND FUTURE WORK

In this work, we addressed the problem of declaratively charac-
terizing the concept of warrant in PreDeLP. Toward this end, we
defined a novel structure, called parsimonious bundle set, that is
more general, yet minimal, than dialectical trees. This notion cap-
tures the minimal information needed to warrant a claim. The main
motivation behind this work was to study the properties of these
structures toward the definition of model-theoretic semantics for
PreDeLP, a contribution that we consider to be of value in struc-
tured argumentation. From the study of parsimonious bundle sets
and the expansion and contraction operations, it follows that, un-
like set-theoretic operations in this context, we must consider—in
addition to each element of the set—the internal structure of each
one of them. In other words, expansion and contraction of bundle
sets are operations in which we operate not only with elements of
the set (the lines in the bundle set) but also with “parts” of those
elements (the segments of the lines in the bundle set).

The development of model-theoretic semantics for PreDeLP is
one of our main goals for future work. However, several interesting
lines of research are still open, such as the study of the relation
between operations defined on bundle sets with Belief Revision
operators over argumentative frameworks [2]. Expansion and con-
traction, apart from having the same names, satisfy some properties
similar to the postulates of success and inclusion of the expansion
and contraction operations in Belief Revision. Defining an operation
similar to that of revision, and describing the entire construction
process of a bundle set through Belief Revision-inspired operators,
are problems that remain open for structured argumentation frame-
works [13, 15, 20] and in particular for PreDeLP. The more practical
aspects of the present work, that is, the design of algorithms to com-
pute the different concepts presented so far and their corresponding
complexity analysis, is another line of research that remains open.
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