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Syntax

e Language L extends the propositional language with the modal
connectives O and <.

pu=L|TIpl-¢[oAd[dVe|DOd]|Od

where p € P and P denotes a countably infinite non-empty set
of propositional variables.
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Semantics

e Standard Kripke semantics for modal logic defines a frame,
which consists of a non-empty set W of possible worlds, and a
binary relation R.

W — Set of possible worlds

R — Accessibility relation

e Function I: W x R — {0,1}.
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Axiom

e These axioms imply that the relation R is reflexive, symmetric
and transitive.

K.0(A— B) —» (DA — 0OB)
T.OA— A

B.A— O0A
4.0A — OoA
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Satisfiability Relation

e The satisfiability relation F for formulas in £ is recursively
defined as follows:

(W, I,w)ET

(W, I,w) Epiff I(w,p) =1

(W, I,w) E —¢ iff (W, I,w)F ¢

(W, I,w)E ¢ Apiff (W, I,w)E ¢ and (W, I,w) E ¢
(W, I,w)E oV iff (W, I,w)E ¢ or (W, 1,w)E ¢
(W, I,w) EOg iff V' € W,(W, [,w') E ¢

(W, I,w) E S iff Fw' € W (W, Lw') E ¢
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Applications

e Knowledge Compilation

@ Niveau, A., & Zanuttini, B. (2016, July). Efficient representations for the modal logic
S5. In Twenty-Fifth International Joint Conference on Artificial Intelligence, [JCAI'16.

@ Bienvenu, M., Fargier, H., & Marquis, P. (2010, July). Knowledge compilation in the

modal logic S5. In Proceedings of the AAAI Conference on Artificial Intelligence
AAAI'10.

e Epistemic planner
@ Wan, H., Yang, R., Fang, L., Liu, Y., & Xu, H. (2015, June). A complete epistemic

planner without the epistemic closed world assumption. In Twenty-Fourth International
Joint Conference on Atrtificial Intelligence, [JCAI'15.



= Find S5 Minimal Model | 7/32
SUADS

INSTITUTE OF SOFTWARE CHINESE ACADEMY OF SCIENCES

Problems

1 [S5-Satisfiability (S5-SAT)] Determining if there exists a
model (W, I,w) that satisfies a given S5 formula 6.

2 [S5-K-Satisfiability (S5-K-SAT)] Determining if there exists
a model (W, I,w) where |W| = K that satisfies a given S5
formula 6.

3 [Minimal S5-Satisfiability (MinS5-SAT)] Finding a model
(W, I,w) that satisfies a given S5 formula 6 and it has no
model (W', I',w") such that [W'| < |W|.
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S5-NF

e S5-NF is a kind of CNF-like first degree normal form which is
made up of Sh-literals:

Definition (S5-literal)

Propositional literal: p e.g.mq, q
B-literal: O(pV gV ...V r) e.g. O(—pVgqV-r)
D-literal: G(pAgA...AT) e.g. O(—pA-r)

Example (An S5 formula 6 and its S5-NF ¢)

0 =¢a((r = pAQA(S(=r = ~pAQ))A(=p — —O(gAT))

¢=0(pVqV-r)A{O(-pAqQ)VOriA{pV O(mgA-T)}
8: 872 Cs
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Model

e ¢=0pVqV-r)N{O(pAq)VOr}A{pV O(mgA-r)}
871 Ca g’s

{=p, 1q, —r}
@ & (ag AAr) & (g AAr) lW
W2

{_‘p' q, —|T‘} @ Or {—|p, -q, —|T}

r.qr} {r.qr}
M, M,
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Model

e The key is how to assign the possible worlds to D-literals.

{_‘p' -q, ﬁr}
@ <>(—|q A=) <>(—|q A—r) [’//‘\'—V \\‘“
N\ 2 ’/‘

{-p,q,—r} @ Or {-p,q, 1}

{r.q 1} {r.q.7}
My M,




ISCAS

INSTITUTE OF SOFTWARE CHINESE ACADEMY OF SCIENCES

Find S5 Minimal Model | 10/32

Two Paradigms

1 Querying SAT lIteratively
2 Solving via MaxSAT
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Via SAT

e Propositional variable p; to denote the truth value of p in the
possible world w;. Translation function trg (¢, K) can
produce a propositional formula for an input S5-NF ¢ with K
possible worlds:

1 T=T L1=1
2 For all propositional literals p in ¢: p = pg
3 For all B-literals in ¢:
K-1
O(pVvqV---Vs)= /\ (pj Vg;V---Vsj)
j=0
4 For all D-literals in ¢:

K-1
Opngn---Ar)= \[ (B Agi A Ary)
j=0
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Via SAT

e The MinS5-SAT problem can be seen as an optimization
problem:

minimize K
s.t. trg, (¢, K) is satisfiable.
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Via SAT

e If an S5-NF has 1 clauses with diamond operators, then the
upper bound of the number of possible worlds 11 < m.
1 K=1~up
2 K=u~1
3 Binary search for the minimal K
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Via MaxSAT

e For each possible world w;, add a switch Boolean variable v; to
open or close it.
1 When v; is false, the possible world w; will be closed.
2 When v; is true, the possible world w; will be open.
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Via MaxSAT

e Translation function trp,,4(¢#, ;1) can produce a partial
MaxSAT formula for an input S5-NF ¢ with at most p (upper
bound) possible worlds:

1 T=T 1l=1
2 For all propositional literals: p = pg
3 For all B-literals:

pn—1
O(pVvqV---Vs)= /\(pj\/qj\/'--\/sj)
j=0
4 For all D-literals:
p—1
OpAgn---Ar) =\ (0 Apj Agi A---AT))
§=0
5 Add a unit clause: vg
pn—1

6 Add unit soft clauses: /\ (—v;)

Jj=1
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Via MaxSAT

10) =F(quv —|7“Z/\\{<>(—|p/\ Q) VEOryA{pV O(—gA-r)}

-~ -~

C1 Cy Cs

If the upper bound g for the S5-NF ¢ in is 3, then the
trpag(®,3) is

2 2
/\pJVqJ =77l /\{\/ vj A—pj Agj)V \/v]/\rj
7=0 7=0 7=0

2
A \ vi Ng; N rs) Avg A v A v
{po \/(J qj J)} 0 1 2

J=0 Soft  Soft
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SIF Strategy

e Smallest Index First a static symmetry breaking technique

1 The key to find a minimal model is searching for an optimal
assignment of possible worlds for satisfied D-literals.

2 Each D-literal only need one world.
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SIF Strategy

e Considering (1.

o= OpVaVv-r) AN{O(pAQVOrtA{pV O(mgA-r)}
C1 Ca a;
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SIF Strategy

e Considering C'. :
e Considering . N y

¢=0(pVqV-r)A{O(pAgVOr} ApV O(~gA-r)}
r ol Cs
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SIF Strategy

e Considering 1. 4 1
I \
e Considering C5. “ j
| \\ @ //

\ /

¢=0pVqV-r)AN{O(=pAQ VOrtA{pV G(mgA-r)}

4

-~

C1 Co C3
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SIF Strategy

e 0 ={leN0<I<L-1}and Qy={leN|L<I< K —1}.
Initially L =1, Q1 = {0}, Qo = {1, K — 1}

e Whenever the translation procedure encounters an Sh-clause
which has D-lierals, update L to Min(L + 1, K —1).
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SIF Strategy

e Translation function trgar(¢, K) is the improved version of
trg 4p(¢, K) with the SIF strategy:
When the procedure is translating S5-clause C;, update L, iff
C; has D-literals. For all D-literals in Cj:
SpANgN--- A1) = \/ (pj Ngj N---Arj)
JEM
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SIF Strategy

e Translation function trpyrs(¢, i) is the improved version of
trparg (@, 1) with the SIF strategy:
pn—2
(I) Add : /\ (Uj-‘rl — ’Uj)
§=0
When the procedure is translating S5-clause C;, update L, iff C;
has D-literals.

(ii) For all D-literals in C;:

SAGN---AT) = \/ (Vi ADj ANg; A AT5)
JE
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SIF Strategy

e The Benefit of SIF

Basic Methods

: Improved Methods :
D-literals in the ; :
first clause

Wo

D-literals in the

Wy
second clause

D-literals in the
third clause

Wo Wy W3 Wo Wy - W3

The search spaces of the basic and improved methods.
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Experimental Evaluation

Table: The comparison of efficiency on all benchmarks.

solved within the time bound(300s).
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means no instance can be

Ins (#Total) Inc. Dec. Bs. PMS. S52SAT1.0 Lck.
#Win Tug Mem #Win Tug  Mem #Win Tay Mem #Win Twy ~ Mem Tug  Mem Loy Mem
QMLTP(41) 41 05 08M 0 13 1M 0 091 09M 0 11 201M 7890 250M 439109  21G
QS5.1(252) 248 19956 486 0 297453 556 0 680064 53G 4 58464  6.6G 1073782  64G - -
$5-2(240) 149 1203039 31G 0 1897857  85G 0  164857.9 62G 5 1812728  8.8G 2002058  64G - -
(55) 54 194762 62.8M 0 2239196 109.7M 0 406692 76.IM 0 2380462 250.1M 1268043 235G - -
VFnu(945) 939 77762 599M 0 2075202 100.7M 0 483209 555M 0 1874221 1740M 2902059  64G - -
LW B_k (42) 42 1545 468M 0 1806 515M 0 166.7 488M 0 1764  594M 813269  64G 147467.9  64G
LW Bkt (105) 105 78 48IM 0 156 551M 0 142 559M 0 184  628M 309162  64G 611031  58G
LWBs4(105) 105 404 68M 0 476 7IM 0 465 7IM 0 518 7.7M 382994 245G 573934  62G
abfS (177) 177 15 30M 0 578  48M 0 319 30M 0 324 124M 59144 84.0M - -

S5cheetah 2.0 and benchmarks:

http://www.squarel6.org/tools/sbcheetah/


http://www.square16.org/tools/s5cheetah/
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Experimental Evaluation
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The comparison of running time on 3CNF and QS5.(The x-axis corresponds to the
time used by incremental method and the y-axis corresponds to the time used by other

methods.)
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Experimental Evaluation

1] 3CNFpy Qs5_2
10°
10*
P =
) v 10*
En E
P v
£ £
10! . =
® Inc. vs. Inc.(No SIF) 10°4 m Inc. vs. Inc.(No SIF)
10 A Dec. vs. Dec.(No SIF) A Dec. vs. Dec.(No SIF)
1o Bs. vs. Bs.(No SIF) Bs. vs. Bs.(No SIF)
« PMS. vs. PMS.(No SIF) 102 » PMS. vs. PMS.(No SIF)
10° 10¢ 10? 103 104 10%

107
Time (ms) Time (ms)

The comparison of running time on 3CN F,,u and QS5_2. (The x-axis corresponds to
the time used by methods with SIF and the y-axis corresponds to the time used by
methods without SIF.)
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Upper bounds

e m + 1, m is number of modal operators. (1977)
e dd(0) + 1, dd(-) is diamond degree.(AAAI-2017)
e x + 1, x is reasoned from S5-NF.(IJCAI-2019)
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Table: The minimal number of possible worlds VS. estimated upper bounds.

Ins MinW  x+1 dd(f)+1 m+1
QMLTP 131 1.75 6.87 242.73
Q551 1.00 16.05 2826.70  8333.36
Q552 1.92 40.93 1329.41 35095.44
3CNF 7.03 125.45 152.82 427.85
3CNF,, 689 23347 316.50 797.16
LW B_k 1.50 3.47 440.92  1049.48
LW B_kt 1.40 4.00 217.89  1035.52
LW B_s4 1.20 2.57 236.22 1130.41
gbfS 200  3.00 45.07  1637.87
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Analyses

e Why is a minimal model small?

o Key D-literals — D-literals that have to be true to satisfy ¢.
e Conflict edges — Two D-literals can't be true in the same world.

Key D-literal3

P
Key D-literall «- < ~»Key D-literal4

Key D-literal2

The conflict graph of four key D-literals.
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Analyses

e The chromatic number

X(G) <= megcmin(di +1,7)
1€

where d; is the degree of vertex i and dy > do > ... > d|V|.
Then the probability that x(G) less than constant H is:

P(0 < H) = P({dild; = H}| < H)



Find S5 Minimal Model | 29/32

UADS

INSTITUTE OF SOFTWARE CHINESE ACADEMY OF SCIENCES

Analyses

e Independent random variable X;;(i,j € {1,2,...,m}) denotes
the appearance of edge between two vertexes ¢ and j.Based on
central limit theorem, we have:

B Y Xij — mpipe

\/ mpipe(1 — pipe)

~ N(0,1)

H — mpip.

So, P(d; > H) = ®(1 ) where @ is the

\/ mpipe(1 — pipe)
cumulative distribution function (CDF) of normal distribution
N(0,1).
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Analyses

o We simply use independent random variable Y; to denote
whether d; > H and P(Y; = 1) = P(d; > H) = pgq. Then we
have:

P(|{d;|d; > H}| < H) = ZY<H

ZizlYi —mpa . H —mpy
pa(1 —pa)  /pa(l —pa)

Reuse the central limit theorem, we have:

H —mpy

P(6 < H)=P({di|di > H}| < H) = &(
pa(1 — pa)
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Analyses

1 1

e If m =200, P, = 3 and P, = 7 then
P < 1% = 20) = 99.99%.

o If m =300, P(6 < 1@0 = 20) ~ 100%.

e The minimal chromatic number x(G) can be much smaller than
the estimated upper bound §
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