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Abstract

Salvati introduced a semantic notion of recognizable language of λ-terms in cartesian
closed categories. The seminal work of Hillebrand and Kanellakis induces a syntactic notion
of regular language of λ-terms. We show that these two notions coincide for a large class
of cartesian closed categories. This shows the robustness of the notion of regular language
of λ-terms as well as the dual one of profinite λ-term.

This is joint work with Sam van Gool, Paul-André Melliès and Tito Nguyễn.
There is a growing connection between automata theory and the theory of λ-calculus. In-

deed, the Church encoding shows that finite words and ranked trees are simply typed λ-terms.
For instance, words over the alphabet Σ = {a, b} correspond to λ-terms of type

ChurchΣ := (o ⇒ o)︸ ︷︷ ︸
a transition

⇒ (o ⇒ o)︸ ︷︷ ︸
b transition

⇒ o︸︷︷︸
initial state

⇒ o︸︷︷︸
output state

Moreover, their semantic interpretations in the cartesian closed category FinSet coincides with
their behavior in finite deterministic automata. This semantic observation led Salvati to define
the notion of recognizable language in [7] as any set of λ-terms of a given type A of the form

{M ∈ Λ(A) | JMKQ ∈ F} for some finite set Q and subset F ⊆ JAKQ.

The recognizable languages of type ChurchΣ are then exactly the regular languages of words, seen
through the Church encoding. Moreover, Salvati has shown that, for any type A, languages of
λ-terms of that type assemble into a Boolean algebra. This definition, using finite sets, extends
to any cartesian closed category.

There is another, more syntactic link between automata theory and λ-calculus. A seminal
result by Hillberand and Kanellakis [3] states that a set of finite words is a regular language if
and only if its characteristic function is λ-definable, modulo a type-casting operation sending
any M ∈ Λ(A) to M [B] ∈ Λ(A[B]). This observation is at the heart of the implicit automata
program started in [5], which shows an analogous correspondence between star-free languages
and planar λ-terms.

This line of work yields another, more syntactic notion of regular language of λ-terms of
type A, implicit in the work of Hillebrand and Kanellakis. A syntactically regular language
of λ-terms of a given type A is any set of the form

{M ∈ Λ(A) | R M [B] =βη true} for some type B and λ-term R ∈ Λ(A[B] ⇒ Bool)

where Bool is the type o ⇒ o ⇒ o and true is the first projection.
In [4], we show that, for a large class of sufficiently well-behaved cartesian closed categories,

the associated recognizable languages are exactly the syntactically regular ones. More precisely:

Theorem 1 (§7 of [4]). A language of λ-terms of type A is recognizable by a non-thin well-
pointed locally finite cartesian closed category if and only if it is syntactically regular.
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Theorem 1 provides evidence that the notion of recognizable language of λ-terms is robust,
and does not depend on the category of finite sets. Its proof relies on a new construction on
cartesian closed categories called squeezing, which is inspired by normalization by evaluation.

In [2], we have introduced profinite λ-terms, using semantic interpretation in finite sets,
which assemble into a cartesian closed category ProLam. Profinite λ-terms of type ChurchΣ
are exactly the profinite words, and they extend the correspondance coming from Stone duality
with regular languages [6, 1] in the following way:

Theorem 2 (Proposition 3.4 of [2]). The space of profinite λ-terms of type A is the Stone dual
of the Boolean algebra of regular languages of λ-terms of type A.

Dually, the combination of Theorem 1 with Theorem 2 shows that the space of profinite
λ-terms, initially defined in the setting of semantic interpretation in finite sets, does not depent
on that construction.
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