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Abstract submission for TACL 2024. Internal category theory is the study of the 2-
category Cat(C) of internal categories, internal functors and internal natural transformations
respective a base category C. The Yoneda embedding y: C — Fun(C°P, Set) can be understood
as an externalization functor of finite limit structures in C (made precise in [5]); it can be shown
to induce an embedding

y«: Cat(C) — Fun(C, Cat)

of 2-categories, at times also referred to as the externalization functor of the category C (see
e.g. [2]). On the flipside, internalization is the practice of reflecting properties and indexed
structures along y, whenever possible.

Given an oo-categorical base C (usually an oo-topos or at least left exact), the oco-category
Catoo(C) of C-internal co-categories is well-known, and internal constructions of internal oo-
categories are pervasive in the higher categorical literature. A systematic study of internal
oo-category theory as such however is not; indeed a definition of an according oco-categorical
enrichment Cat.,(C) by hand is much less tangible than in the ordinary case. Thus, following
[6], in this talk we instead discuss the co-categorical externalization functor

Yx: Catoo(C) = Fun(CP, Catyo)

first, and use it to define the (00, 2)-category Cato,(C) of C-internal co-categories as embed-
ded in the (00, 2)-category Fun(C°, Caty,) of C-indexed co-categories. We show various for-
mal (0o, 2)-categorical closure properties of Cato,(C) under the assumption of various suitable
(00, 1)-categorical closure properties of C. The main theorem states that the (oo, 2)-category
Cat(C) is a full sub-co-cosmos of Fun(C°, Caty,) which is closed under all limits (and ex-
ponentials) whenever C is complete (and cartesian closed). It thus defines a (cartesian closed)
oo-cosmos in the sense of [3]. This means that a plethora of indexed oo-categorical constructions
defined over a collection of internal co-categories indexed over such a base C can be internalized
in C automatically. We furthermore characterize the objects of Cat,(C) by means of a Yoneda
lemma that expresses indexed diagrams of internal shape over C in terms of an oco- categorical
totalization, and discuss applications.

Lastly, we relate the general theory developed to this point to results in the model cate-
gorical literature. We show that every model category M gives rise to a “hands-on” oco-cosmos
Cat. (M) (of not-necessarily cofibrant objects) directly by restriction of the Reedy model struc-
ture on M2, We then define an according right derived model categorical externalization
functor, and use it to show that the oco-categorical and the model categorical constructions
correspond to one another whenever C is presentable and M is a suitable presentation thereof.
This shows that the theory presented in this talk recovers as special cases various well-known
constructions in the model categorical literature. This for instance includes Dugger’s simplicial
replacements of model categories [1], Toén’s framework for theories of (oo, 1)-categories [7], as
well as Riehl and Verity’s co-cosmoses of Rezk-objects [4] among others.
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