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Coalgebraic logic proposed by Moss uses a single modality ∇T with a set endo-functor T as
its arity and T -coalgebras as structural frames [11]. Finitary version of Moss’ coalgebraic logic
has found applications in logic and automata theory [9], its soundness and completeness has been
established in a form of Hilbert-style axiomatization [8], and the Gentzen-syle sequent calculi
[4]. An adaptation of Moss’ coalgebraic logic to a many-valued context, where formulas are
evaluated in a given algebra of truth values, has been explored e.g. in [2] and [3]. Nevertheless,
proof theory for many-valued coalgebraic cover modality has not been discussed yet. Our aim is
to bridge this gap by proposing a Gentzen-style sequent calculus for a three-valued coalgebraic
cover modality, expanding Kleene logic. Besides, we will also touch upon utilizing the abstract
approach as in [10] and propose possible axioms for Hilbert-style systems over semi-primal
algebras such as 3-valued  Lukasiewicz chain.

We start with choosing, as the propositional base, Strong Kleene logic (K3), Weak Kleene
logic (WK3), which arise from different algebras (matrices) on the three values {1, n, 0}, with
varying interpretation of the third value n (undefined, nonsensical, paradoxical) [7, 6]. Conse-
quence relations of these logics can be closely related to classical consequence. In case of WK3

where the three-element algebra is not a lattice and the third value n is infectious it is done
using certain variable containment conditions. This allows for a natural adaptation of classical
sequent calculus where some rules use variable containment side conditions [5]. We show how
these conditions can be modalized and use it to built on sequent calculi for coalgebraic cover
modality.

As a starting example, consider P to be the (covariant) power set functor and Pω be the
finitary power set functor. Let LK3 be the following language:

φ := p |
∨

Φ |
∧

Φ | ¬φ | ∇α | ∆α

where p ∈ Prop, a set of propositional variables, and Φ, α ∈ PωLK3
. The set V ari(Φ) denotes

propositional variables within formulas of modal depth i in Φ, and BasePω

LK3
(α) is defined as⋂

{X ⊆ω LK3 | α ∈ PωX}. The semantics for the logical connectives of LWK3 can be defined
using the truth tables in Weak Kleene logic. The semantics for ∇α is defined as follows:

Definition 1. Let S be a set. For a coalgebra σ : S → P(S) together with the atomic evaluation
ev : S × Prop → {0, 1, n}

s ⊩w
σ ∇α := σ(s)P̂(⊩w

σ )(α) =
∧

t∈σ(s)

∨
a∈α

t ⊩w
σ a ∧

∧
a∈α

∨
t∈σ(s)

t ⊩w
σ a

where P̂(⊩w
σ ) is the power set relation lifting of ⊩w

σ .

The infectious property of Weak Kleene logic implies that if there exist some t ∈ σ(s)
and a ∈ α such that t ⊩w

σ a = n then s ⊩w
σ ∇α = n. Otherwise the ⊩w

σ relation acts the
same as in the classical case. The Genzen sequent calculi GWK3 employs the following modal
depth-specific side conditions as in [5]. For example, the (¬-r) rule would now become:
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Γ, a ⇒ Σ
(¬-r), ∀i ≤ m, V ari(a) ⊆ V ari(Γ)

Γ ⇒ Σ,¬a
{AΦ

L ⇒ AΦ
R | Φ ∈ SRD(Γ ⊎ Σ)}

∀Φ.AΦ ∈ Base(Φ),∀i ≤ n, V ari(A
Φ
L) ⊆ V ari(A

Φ
R)

{∇α | α ∈ Γ} ⇒ {∆β | β ∈ Σ}
where m is the maximum modal depth of formulas in Γ, and n is a maximum modal depth
of formulas in Γ ∪ Σ. In this talk, we will discuss how to obtain a Gentzen system for the
coalgebraic cover modality over Weak Kleene logic.

For the Strong Kleene logic, the semantics for logical connectives in LK3 is defined via the
truth tables in Strong Kleene logic, and the modal formula ∇α is defined similarly to Definition
1. The Genzen sequent calculus GK3 is based on GWK3, obtained by removing all the side
conditions and adding six negation related rules [1]. We will show how to extend the calculus
with the ∇-modality rules. We will then discuss soundness and completeness of the resulting
calculi. As [10] indicates, completeness can be lifted from the classical logic to the many-valued
logic in case the algebras are semi-primal. Nevertheless, since the semantic for Weak Kleene
logic is not semi-primal, the approach in [10] is not feasible here.

In the end of this talk, we will briefly address the problem of axiomatizing semi-primal
algebra-valued coalgebraic logic by demonstrating when modifying the modal axioms (∇1)-
(∇4) in [8] and adding the following axioms results in a sound Hilbert-style axiomatic system:

τv(∇Φ) ≡ ∇T (τv)(Φ),

where v are elements of semi-primal algebras A and for τv are unary operations defined by

τv(x) =

{
1, if x ≥ v

0, if x ≱ v.
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[4] Marta B́ılková, Alessandra Palmigiano, and Yde Venema. Proof systems for Moss’ coalgebraic
logic. Theoretical Computer Science, 549:36–60, 2014.
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