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A counterfactual conditional (or simply a counterfactual) is a conditional statement of the
form “If antecedent were the case, then consequent would be the case”, formalized as “pO—)”
where the antecedent is usually assumed to be false. Counterfactuals have been studied in
different fields, such as linguistics, artificial intelligence, and philosophy. The logical analysis of
counterfactuals is rooted in the work of Lewis [4, 3] and Stalnaker [8] who have introduced what
has become the standard semantics for counterfactual conditionals based on particular Kripke
models (called sphere models) equipped with a similarity relation among the possible worlds.
Lewis [4] develops a hierarchy of logics meant to deal with different kinds of counterfactual
conditionals; they are usually referred to as wvariably strict conditional logics.

Although the research on Lewis’s conditional logics has been and still is very prolific, the
algebraic perspective is essentially lacking; while a few works present a semantics in terms of
algebraic structures for Lewis’s conditional logics ([5, 7]), the results therein are either partial or
fall outside the framework of the abstract algebraic analysis. A foundational work that carries
Lewis’s hierarchy within the realm of the well-developed discipline of (abstract) algebraic logic
is notably missing in the literature; the present contribution aims at filling this void.

To this end, we start by considering Lewis’s logics as consequence relations, instead of
just sets of theorems, and we introduce novel (and simpler) axiomatizations. This brings us
to consider two different kinds of derivation, depending on whether the deductive rules are
applied only to theorems (giving a relatively weaker calculus) or to all derivations (i.e. yielding
a stronger calculus); this distinction, although relevant, is often blurred in the literature. As it
is the case for modal logic (see [1, 9]), these two choices turn out to correspond to considering
two different consequence relations on the intended sphere models: a local and a global one; the
latter, to the best of our knowledge, has not been considered in the literature.

Inspired by some results connecting modal operators and Lewis counterfactuals (see [4]),
our work unveils a deep relationship between Lewis’s logics and modal logic. Specifically,
we demonstrate how several model-theoretic techniques commonly used in standard Kripke
semantics for modal logic (such as the generated sub-model construction) can be successfully
applied to Lewis’s sphere semantics, thanks to a modal operator [J that can be term-defined
in the language. This allows us to, for example, prove a deduction theorem for the strong
calculus (whereas the weak calculus is known to have the classical deduction theorem) and to
characterize the global consequence relation in terms of the local one, paralleling analogous
well-known results in modal logic (see [9]).

Furthermore, we introduce a new variety of algebras, that we call V-algebras, consisting
of Boolean algebras equipped with a binary operator 00— that stands for the counterfactual
conditional. We show that the stronger calculi, associated to the global consequence relation,
are strongly algebraizable in the sense of Blok-Pigozzi, with respect to (subvarieties of) V-
algebras. In turn, we demonstrate that the weaker calculi, associated to the local consequence
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relation, are not algebraizable in general, but they correspond to the logics preserving the degrees
of truth of the same algebraic models. Thus the same class of algebras can be meaningfully used
to study both versions of Lewis’s logics; precisely, we have strong completeness of both calculi
with respect to V-algebras. We also initiate the study of the structure theory of the algebraic
models; interestingly, we demonstrate that the congruences of the algebras, which are in one-
one correspondence with the deductive filters inherited by the logics, can be characterized by
means of the congruences of their modal reducts.

The second part of our work develops a duality result for V-algebras, circling back to the
original intended sphere models. In more details, we show two different dual categorical equiv-
alences of our algebraic structures with respect to topological spaces based respectively on
Lewis’s spheres and (Stalnaker’s inspired) selection functions. The dualities we show are en-
richments of Stone duality between Boolean algebras with homomorphisms and Stone spaces
with continuous maps, where the operator O is interpreted first by means of a selection func-
tion, and then by a map associating a set of nested spheres to each element of the space. The
formal work developed for the dualities also allows us to demonstrate the strong completeness
of sphere models with respect to Lewis’s logics. Finally, thanks to the duality results, we also
clarify the role of the limit assumption, a condition on sphere models that has been extensively
discussed in the literature (see for example [6, 2] ). In particular, we will see that both the
strong and weak calculi are strongly complete with respect to models that do satisfy the limit
assumption; in this sense, models without the limit assumption are not really “seen” by Lewis’s
logics.

In conclusion, this contribution is meant to provide a logico-algebraic treatment of Lewis
variably strict conditional logics. Our results aim at clarifying several ambiguities in the liter-
ature surrounding these logics, explicitly defining and refining their properties and theorems,
and introducing a novel general algebraic and topological framework for their technical analysis.
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