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The problem of modelling the structural rules of type dependency using categories has
motivated the study of several structures, varying in generality, occurrence in nature, and
adherence to the syntax of dependent type theory. One aspect, that involving free variables
and substitution, is neatly dealt with using (possibly refinements of) Grothendieck fibrations.
The other main aspect of type dependency is the possibility of making assumptions as encoded
in the two rules below

Γ ` A Type

` Γ.A ctx

Γ ` A Type

Γ.A ` vA : A

where the first one (context extension) extends the context Γ with the type A, and the second
one (assumption) provides a “generic term” of A in context Γ.A. In the first order setting, they
allow us to add assumptions to a context, and to prove what has been assumed, respectively.

We present a purely 2-categorical comparison of the two main categorical accounts of
these two rules: Jacobs’ comprehension categories [Jac99] and Dybjer’s categories with fam-
ilies [Dyb96]. They differ in that the former gives prominence to context extension, and the
latter to assumption. The comparison itself consists of a biequivalence of 2-categories, which
generalises the classical 1-equivalence between the discrete versions of these structures due to
Hofmann [Hof97].

The biequivalence goes via a third 2-category of a less known structure called weakening
and contraction comonad. These appear already in [Jac99, Definition 9.3.1], where Jacobs uses
them to justify the definition of comprehension category [Jac99, Theorem 9.3.4]. We call them
w-comonads for short. On the other hand, categories with families can be formulated as a pair
of discrete fibrations over the same base connected by a (suitable) adjunction. This is known
thanks to the observations (and proofs) of, among others, Fiore [Fio08], Awodey [Awo18],
and Uemura [Uem23, Section 3]. In order to have a uniform comparison with comprehension
categories, we drop the assumption of discreteness on the two fibrations and call the resulting
structure a generalised category with families.

Morphisms of these structures can vary according to the degree of preservation of the rel-
evant structure. We use the well-established taxonomy of morphisms of adjunctions and of
(co)monads [KS74, Str72] to classify morphisms of comprehension categories and of generalised
categories with families according to the degree of preservation of context comprehension. In
particular, this classification entails that there is a single notion of morphism of which all those
that have appeared in the literature are particular cases.

Categories with families are in bijection with discrete comprehension categories because,
for every object A of U , the objects of U̇ mapped to A (the terms) are in bijection with
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Figure 1: The underlying diagrams in Cat of, from left to right, a comprehension category, a
w-comonad, and a generalised category with families.
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sections of the display map χA. In general, sections can be described as coalgebras, and
these specific sections are the coalgebras of the w-comonad K induced by χ. This simple
observation suggests that the classical correspondence between categories with families and
comprehension categories could be phrased within the framework of the correspondence between
adjunctions and comonads. The structure-semantics adjunction [Dub70, Str72] can be used to
show that comonads are 2-reflective in a suitable 2-category of adjunctions, where the 1-cells
are pairs of functors commuting with the left adjoints. Of course, this reflection is in general
far from being an equivalence. Nevertheless, we show that it lifts to a 2-reflection between
generalised categories with families and w-comonads which becomes a biequivalence if one takes
as morphisms of generalised categories with families functors that commute with left adjoints up
to a natural vertical isomorphism. We call these loose morphisms. In type theoretic terms, this
means preserving typing only up to (vertical) isomorphism. The equivalence in the discrete case
is recovered thanks to the fact that vertical isomorphisms in discrete fibrations are identities.

References

[Awo18] Steve Awodey. Natural models of homotopy type theory. Mathematical Structures in Com-
puter Science, 28(2):241–286, 2018.

[Dub70] Eduardo Dubuc. Kan Extensions in Enriched Category Theory, volume 145 of Lecture Notes
in Mathematics. Springer-Verlag, Berlin-New York, 1970.

[Dyb96] Peter Dybjer. Internal type theory. In Stefano Berardi and Mario Coppo, editors, Types for
Proofs and Programs, pages 120–134, Berlin, Heidelberg, 1996. Springer Berlin Heidelberg.

[Fio08] Marcelo Fiore. Notes on algebraic type theory. Available at https://www.cl.cam.ac.uk/

~mpf23/Notes/att.pdf, 2008.

[Hof97] Martin Hofmann. Syntax and semantics of dependent types. In Andrew M. Pitts and Peter
Dybjer, editors, Semantics and Logics of Computation, Publications of the Newton Institute,
page 79–130. Cambridge University Press, 1997.

[Jac99] Bart Jacobs. Categorical logic and type theory. Elsevier, 1999.

[KS74] Gregory M. Kelly and Ross Street. Review of the elements of 2-categories. In G. M. Kelly,
editor, Category Seminar, pages 75–103, Berlin, Heidelberg, 1974. Springer Berlin Heidelberg.

[Str72] Ross Street. The formal theory of monads. Journal of Pure and Applied Algebra, 2(2):149–168,
1972.

[Uem23] Taichi Uemura. A general framework for the semantics of type theory. Mathematical Structures
in Computer Science, 33(3):134–179, 2023. Available as arXiv:1904.04097.

2

https://www.cl.cam.ac.uk/~mpf23/Notes/att.pdf
https://www.cl.cam.ac.uk/~mpf23/Notes/att.pdf
https://arxiv.org/abs/1904.04097

