
Subdirectly irreducible and generic equational states

Serafina Lapenta, Sebastiano Napolitano∗ and Luca Spada

University of Salerno
{slapenta, snapolitano, lspada}@unisa.it

An Abelian lattice-ordered group (ℓ-group, for short) is an Abelian group G endowed with
a lattice order that is translation invariant. An ℓ-group is called unital if it contains an element
u, such that for any positive g ∈ G there exists a natural number n for which the n-fold sum of
u exceeds g. A state of a unital ℓ-group is a normalized and positive group homomorphism in
R. It is well known that states correspond to expected-value operators on bounded real random
variables. Unital ℓ-groups are not first-order definable, yet they are categorically equivalent to
the equational variety of MV-algebras [1]. Thus, states can be studied in an equational setting
by looking at their counterpart in MV-algebras, as first proposed in [9]. However, since states
on MV-algebras are defined as particular maps into the real unit interval [0, 1], a completely
algebraic characterization was still missing.

Efforts to find an algebraic theory of states continued in [5] (see also [2]). There the authors
introduced the notion of internal state as an additional unary operation with specific axioms
relating it to the other MV-operations. This framework was used to provide an algebraic
treatment of the Lebesgue integral. A drawback of this approach is that an internal state can
be applied to itself. More recently, a different approach has been proposed. In [6] the authors
first extend Mundici’s equivalence between unital ℓ-groups and MV-algebras to an equivalence
between states between ℓ-groups and states between MV-algebras. Secondly, they introduce the
class of equational states as a two-sorted variety of algebras. An equational state (A1,A2, s) is
a two-sorted algebra in which each sort A1 and A2 is an MV-algebra with customary operations
and the state-operation s has A1 as domain and A2 as codomain. This approach opens the
way to studying probabilistic notions with algebraic tools; for instance, [6, Theorem 4.1] gives
a characterization of free equational states.

Another reason for considering the class of equational states is that they provide an alge-
braic semantics to the probabilistic logic FP( L,  L). The system FP( L,  L) is a two-layer logic
introduced in [4] to provide a formal framework to deal with the probability of vague events.
If a vague event is codified by a formula φ in  Lukasiewicz logic, its probability is given by the
formula □(φ), which is a  Lukasiewicz atomic formula interpreted as ”φ is probable”.

An adaptation of the classical Lindenbaum-Tarski construction produces an equational state
ESVar with the following properties.

Theorem 1 ([7, Theorem 8]). Let Var be a (one-sorted) set of propositional variables. For any
FP( L,  L) formula Φ, the following are equivalent.

1. Φ is a theorem.

2. Φ is valid in the equational state ESVar.

3. Φ is valid in all equational states.

Corollary 1 ([7, Theorem 15]). The equational state ESVar is the free equational state generated
by (Var, ∅).
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We present here a continuation of the algebraic study of equational states started in [8],
where it is proven that the lattice of ideals and the lattice of congruences of any equational
state are isomorphic (see [8, Corollary 2]). This isomorphism enables us to characterize the
subdirectly irreducible equational states as follows.

Theorem 2. An equational state (A1,A2, s) is subdirectly irreducible if and only if one of the
following is true:

1. A2 = ∅ and A1 is a subdirectly irreducible MV-algebra.

2. A2 is a subdirectly irreducible MV-algebra, and the state-operation is faithful, i.e. s(x) = 0
implies x = 0.

Combining the characterization of subdirectly irreducible equational states with some ideas
of [3] we prove that two notable classes generate the variety of equational classes.

Theorem 3. The following classes generate the variety of equational states:

1. The class of all equational states of the type ([0, 1]W , [0, 1]), with W an arbitrary set.

2. The class of finite equational states, i.e. equational states whose universe is finite in each
sort.
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